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ABSTRACT 

A conceptual hydrogeologic model of the Palo DJo Basin, Texas Panhandle, subdivides 

the basin into three hydrogeologic units: the snallow Ogallala and Dockum aquifers, the 

Permian _evaporite aquitard, and the deep confined, underpressured Permian and Pennsylvanian 

brine aquifer. The first permeable units beneath the thick Permian evaporite section are 

-Wolfcamp strata composed of carbonates, shales, and arkosic sand and gravels (granite wash) 

with average effective permeability values of 8.9, 0.0001, and 8.6 md, respectively. Ground 

waters in the Wolfcamp aquifer flow to the northeast toward the semi-impermeable, granitic 

Amarillo Uplift. This anomalous hydrologic condition (flow toward a low-transmissi vity barrier) 

may result, from the _presence of highly permeable granite-wash deposits that flank the uplift 

and function as "hydrologic sinks." 

A tWO-dimensional, vertical-averaging finite-element model, incorporating the different 

lithologies and their different permeabilities as well as leakage through the overlying evaporite 

aquitard, has been used to simulate the observed potentiometric surface of the Wolfcamp 

aquifer. The conditions that best simulate the observed WoJfcamp potentiometric surface are a 

combination of specified head and no-flow conditions along the uplift, permeability values 

greater than 260 md for the granite-waSh deposits that flank the uplift (in contrast to the 

average value of 8.6 md), and an increased permeability v$.lue of 50 md for the highly porous 

carbonate zone. The best estimate of the vertical permeabillty of the evaporite aquitard is' 

0.00008 md. 

Treating the whole deep-brine aquifer as a single permeable unit beneath the evaporite 

aquitard, ground-water flow is to the northeast toward the uplift with a sllghtly larger west-to-

east component than that found when considering only flow in Wolfcamp strata. The conditions 

that best simulate the averaged potentiomet.r:i~1.$·tlittace are those from the best simulation of 

Woifcarnp strata, with,)ncreasc:d ,perf\leabillty ,<alues o~ 260 md for the Pennsylvanian granite-
Ii··; .... j"~~~{~~~':;~ -::';-/"';< .. '.'."-",,':.;: C.';"I' oJ ~~ ~,-, '.,~" ;"'\.-'-"'1.>J(~~~,) (~f tIll~ 

wash close to the :Uplift and250 -md for the hign.:.'porosity PenJ11sYil/ani-arH::a;rR/:)n;9J;~. 
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The Palo 

GENERAL GEOLOGIC AND HYDROGEOLjOGIC SETTINGS 

Duro Basin is a Paleozoic depositional SUbb~sin of the larger Permian Basin of 

southwest Texas and southeastern New Mexico. The basin is bounded on the north by the 

Amarillo Uplift and Bravo Dome, on the south by the Matador Arch, and on the west by the 

Tucumcari Basin and the Sierra Grande Uplift and on the east by the Hardeman Basin (fig. 1). 

The transition between the Palo Duro and the Tucumcari and the Hardeman is poorly defined. 

The detailed stratigraphy and depositional systems of the basin have been discussed in several 

research reports (Gustavson and others, 1981; Handford, 1980; Dutton and others, 1982). A 

simplified stratigraphic column consisting of different hydrogeologic elements and hydrogeo-

logic units is defined for the study of regional ground-water movement and mass transport in 

the present work. 

Major Hydrogeologic Units 

Table 1 summarizes the stratigraphic and hydrogeologic divisions of the Palo Duro Basin. 

The hydrogeologic elements were designated according tOI their relative water-conducting or 
! 

water-retarding character. The hydrogeologic units are composed of one or more of the 

hydrogeologic elements, and represent assemblages of vertically contiguous strata that have 

different primary. lithologies, but have the same general hydraulic properties (Bassett and 

Bentley, 1983). Some of the hydrogeologic elements are cpmposed of a sequence of telati vely 

high and low permeability lithologies, reflecting the he~erogeneity and complexity of the 

system. Nevertheless, there are three major hydrogeologic units overlying the impermeable 

crystalline basement: the Deep-Basin Brine Aquifer; the Permian evaporite aqui tard; and the 

shallow Ogallala-Dockum Aquifer. 

Deep-Basin Brine Aquifer 

The Deep-Basin Brine Aquifer is composed of the prr-pennSYlVanian, Pennsylvanian, and 

Wolfcampian (Lower Permian) strata extending from the top of the Precambrian crystalline 
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rock up to the top of the Wolfcampian dolomite. The aquiferr is generally composed of shelf and 

shelf-margin carbonates and fluvial-deltaic arkosic/nonar~osic sandstones interbedded with 

basinal shale (mudstone). 

The pre-Pennsylvanian strata contain three depositional units: a basal clastic unit; a 

Lower Ordovician, predominantly dolomitic unit; and a relatively thick sequence of Mississip-

pian carbonates (predominantly limestones). These units are not continuous, but occur in 

various combinations throughout the basin (Dutton and others, 1982). The crystalline basement 

deepens toward the southern center of the basin with the deepest part occurring just north of 

the Matador Arch in Floyd and Motley Counties (fig. 2). The same trend is observed for the 

structure contours of the top of the. Mississippian system (fig. 3), but with a smaller slope, 

indicating that the pre-Pennsylvanian strata thicken toward Floyd and Motley Counties. The 

thickest pre-Pennsylvanian sequence is, however, encountered in the faulted, northeastern part 

of the basin. ·The thickness of the pre-Pennsylvanian strata can be determined from the 

structure contour maps of figures 2 and 3. 

The Pennsylvanian and Wolfcampian strata are the most laterally and vertically extensive 

elements of the Deep-Basin Brine Aquifer with four genetic stratigraphic units of (l) shelf and 

shelf-margin carbonates, (2) fan-delta, coarse arkosic deposits (granite wash), (3) deltaic-

nonarkosic sandstones, and (lj.) basinal shale. The depositional patterns and total thickness of 

the Pennsylvanian strata were strongly influenced by regional subsidence which was actively 

shaping the basin geometry. The northwest-trending area of thickest Pennsylvanian strata. 

occurs in the basin center and thins onto the bounding Precambrian basement highlands and 

western edge of the basin (fig. lj.). Thick, coarse-grained clastics were deposited adjacent to the 

sources, the Amarillo Uplift to the north and east, and the ~ravo Dome to the northwest, and 
, I 

prograded away from the source area forming the "granite-1Iwash" deposits (fig. 5). Deltaic­
i 

nonarkosic sandstones in the southeastern Palo Duro Basin! extend westward into the basin 

(fig. 6), probably originating in the Wichita Mountains in Oklahoma (Dutton and others, 1982). 

Basinward from these peripheral terrigenous clastics are interbedded shelf carbonates which 
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grade basin ward into thicker, more vertically persistent, helf-margin carbonate buildups. The 

interbedded, shelf carbonates in the lower Pennsylvania strata are relatively thin (fig. 7), 

whereas thick, well-defined Shelf-margin carbonates are common in the upper Pennsylvanian 

strata (fig. 8). High-porosity trends in the Pennsylvanian carbonates follow the shelf margins 

(fig. 9) and excellent correlation exists between high-porosity zones and dolomite occurrence' 

(Dutton and others, 1982). 

There is no major lithic change from the Pennsylvanian rocks to the Wolfcampian rocks; 

therefore, it is difficult to place the system boundary, The operational marker fer the boundary 

is a thin, widespread limestone unit which was deposited near the end of the Pennsylvanian. 

Where the llmestone was not deposited, the boundary is conventionally placed at the top of a 

widespread Shale (Dut'ton and others, 1982). A typical cross section in figure 10 illustrates 

thick, widespread sequences of fine-grained sediments of silty Shales and dark micritic 

limestones which filled the deeper portions of the basin during late Pennsylvanian and early 

Wolfcampian time. Depositional environments during the Wolfcampian are the same as those 

existing in the Pennsylvanian, although the basin was transforming from a relatively deep basin 

to a restricted carbonate platform. Wolfcampian strata thin onto and over the Precambrian 

basem'ent uplifts with the thickest parts trending north-northwest (fig. 11). Granite-wash 

deposition was confined primarily to the flanks of the uplifts due to reduction in the supply of 

clastic sediment during the Wolfcamp. Some deltaic-nonarkosic sandstones extend westward 

into the basin through the southeastern boundary in, ~imilar patterns as those of the 

Pennsylvanian system (fig. 12). The thickness of Wolfcamp carbonate varies fro;n 120 to 580 m 

(400 to 1,900 ft), with the thickest part lying approximately along the shelf margins (figs. 11 

and 13). High-porosity trends in the Wolfcamp carbonates also follow the shelf margins (fig. 14) 

and correlate witt(zon~s of dolomitizat,i,9D· CAUT!~)N 

,.,. ' 
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Permian Evaporite Aquitard 

The term, "Permian Evaporite Aquitard," in this refers to the relatively low-

permeability, Permian evaporite-bearing strata extending from the top of the Wolfcampian 

strata (fig. i5) to the top of the Alibates Formation (fig. 16). Ground-surface elevation (fig. 17) 

was used as an approximation of the strata's upper boundary east of the Caprock Escarpment 

where the Alibates does not exist. The Permian evaporite-bearing strata consist almost 

entirely of four major lithofacies: halite, anhydrite, dolomite, and fine-grained siliciclastic red 

beds (Handford, 1980). A core study of the Permian section in the DOE-Gruy Federal No. 1 

Grabbe test well in Swisher County (fig. 18) indicates that the section consists of 58 percent 

salt and anhydrite, 32 percent red beds, and 10 percent dolomite. Another rough estimation 

from the sample log of Castro County No.1 well shows a combination of 67 percent salt and 

anhydrite, 30 percent red beds, and 3 percent dolomite (A. Dutton, personal communication, 

1983). Total thickness of the evaporite aquitard estimated from figures 15 and 16 varies from 

650 to 1,550 m (2,100 to 5,100 ft), and the aquitard thickens toward ,the southwestern part of 

the basin. 

Ogallala-Dockum Aquifer 

Overlying the Permian evaporite aquitard in the central and western parts of the Palo 

Duro Basin are the fluvial, deltaic, and lacustrine deposits of the Triassic Dockum Group and 

the alluvial deposits of the Tertiary Ogallala Formation. The Dockum Group is composed 

dominantly of terrigenous clastic red beds, mudstones, siltstbnes, sandstones, conglomerates, 

and minor facies of dolomite and chert (McGowen and others, 1979). The Ogallala Formation is 

made up of large alluvial fans of sand, gravel, and clay resulting from the eastward fluvial 

transport of eroded clastics from the Rocky Mountains (Seni, 1980). In contrast to the Dockum 

• 

I I· : I; 

sandstones, which have low specific capacities and produce waiers that range widely in salinity, i ,! 

the Ogallala aquifer has supplied most of the water used in I the High Plains for agricultural, 

industrial, and domestic purposes. In the Palo Duro Basin, the aquifer is about 120 m (4-00 ft) 
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thick along a northwest-southeast trend and thins in Ie southwest direction to about 30 m 

000 ft) and in the east and northeast directions to zerol(Seni, 1980, fig. 5). The percentage of 

sand and gravel decreases from 70 percent to 20 perce1t in the same patterns as those of the 

aquifer's thickness (Seni, 1980, fig. 10). 

A Conceptual Ground-Water Flow Model 

Figure 19 depicts the conceptualized regional ground-water flow patterns in the Texas 

Panhandle (after Bassett and Bentley, 1983). The flow system is characterized by the geometry 

of the region, its hydraulic conditions, the relative average permeabilities of major hydro-

geologic units, and the permeability distribution within each major hydrogeologic unit. The 

preliminary values of the relative ayerage permeabiE ties gi ven in figure 19 are intended only 

for illustrating their effects on the conceptual flow patterns. The distribution of the actual 

permeability values is far more complicated in the real system. The flow regime is bounded 

vertically by the land surface with a water table that essentially follows the topography, and by 

the basement aquiclude. The flow system is assumed to be currently under steady-state 

conditions. 

The low-permeability evaporite aquitard separates the flow regime into two distinctly 

I different flow systems: the upper unconfined aquifer (<pgallala-Dockum) and the Deep-Basin 

Brine Aquifer. Considering the ratio of average thickness to average areal extent of the 

I 
I 
I 
I 
I 
I 
I 

aquifer in the Palo Duro Basin, which is about 1 to 4-00 for the upper unconfined and 1 to 190 for 

the deep brine, both aquifers can be treated as extensi ve ones in which losses of head due to the 

vertical velocity components may be neglected. Thus, flow in both systems is essentially 

horizontal. The results of pressure-depth analysis of the deep-basin fluids indicates vertical 

uniformity of heads (Bentley, 1981; E. Orr, personal co~munication, 1982), suggesting that: 

(l) the whole deep-brine aquifer is interconnected, probably by depositional thinning of the 

shale aquitards that are interbedded with the carbonates and sandstones and/or by faults and 

fractures and (2) the assumption of predominantly horizontal flow in the aquifer is valid. The 
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same pressure-depth results also indicate that the deep-b ine aquifer is underpressured in most 

parts of the-basin, especially beneath the Hlgh Plains, an that it is artesian. In other words, 

the piezometric heads in the deep basin are below the land surface, but are well above the top 

of th~ deep-basin aquifer and are within the salt section. 

Recharge to the deep aquifer probably takes place in the updip areas to the west in 0lew 

Mexico where the aquifer crops out (fig. 19) and along the upper boundary where vertical 

leakage from the upper aquifer moves through the evaporite aquitard. The amount of local 

recharge from leakage depends on the potentiometric-head difference between the upper and 

the deep-brine aquifers and the thickness and vertical permeability of the evaporite aquitard. 

Although average vertical-permeability of the evaporite section may be very small, vertical 

leakage across the aquitard may be significant due to the large contact area between 

formations. Locating areas where leakage is relatively high is also difficult because of the low 

density and unreliability of data. 

Flow in the Ogallala-Dockum Aquifer is essentially horizontal and the flow system is 

effectively separated from the deep-brine system. Although flow patterns in the aquifer are not 

the subject of this study, long-term, equilibrium, potentiometric head contours of the aquifer 

I 
are necessary for the evaluation of flow patterns in the deep aquifer because the upper aquifer 

I is a factor controlling the vertical leakage _ across the evaporite aquitard. The Ogallala and 

I 
I 
I 
I 
I 

, 

I 
I 

Dockum Formations may not constitute a unified and interconnected aquifer, but may represent 

two separate aquifers. Available data are not sufficient to separate the two formations into 

two separate aquifers. A conservative approach is maintained by assuming the potentiometric 

surface of the Ogallala is representati ve for both formations. 

The Wo!fcamp is the first permeable strata beneath the proposed repository site and is a 

possible pathway for contaminant transport ~.r:9-:r"tr~;- reposi tory to the biosphere. The whole 
\. ,_ ~ ~,' '. 1 \ ). \J . 

- I 

Deep-Basin Brine Aquifer can also be treated as a major Ipathway for contaminant transport, 

owing to the hYdr,aull~I'lig\~rt6~ne~-t·i;6~:~r'th~.-~Jq~if~'~'(b~+(~)o~s~fg~rg-!itr~8£i~ 1Jd~~ Additional 
{;~::. :.;~,\ 'l', ", 'j',. ,: ';',<.".' t., ,:_".:';', ..... : .. ~ .. ~q""' '.' -... : ," ", ";-,;': :"~<.:;: l/~~rD 
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pathways may exist in continuously permeable dolomites (e.g., San Andres dolomites, Dutton, in 

press) in the evaporite section. 

HYDROGEOLOGIC PROPERTIES OF THE FLOW SYSTEM 

Fluid Properties 

Procedures for computing salinity values of the deep-basin fluids from geophysical logs 

and from chemical analyses of fluid samples were described in Bassett and Bentley (1983). The 

average salinity in terms of total dissolved solids (TDS) of brines in the Wolicamp-carbonate 

section of the Palo Duro Basin is 130,000 mg/L, determined from 110 data points (Bassett and 

Bentley, 1983, fig. 10). Similarly, the average salinity of brines in the deep-basin granite wash 

of the Palo Duro Basin was estimated, from 87 data points, to be 123,000 mg/L (Bassett and 

Bentley, 1983, fig. 11). In this study, an average salinity value <:>f 127,000 mg/L was used for 

the deep-basin brines. Using the average geothermal gradient of 0.6°CI 100 ft for the region, 

the average temperatures of brines in !he Wolfcamp carbonates and in the granite wash were 

computed to be lJ.l°C (l05°F) and 5~C (l25°F), respectively. It is expected that a small 

temperature gradient will have a negligible effect on regional ground-water flow patterns and, 

therefore, an average temperature of lJ.6°C (l15°F) was used to represent the fluid temperature. 

Using these average fluid properties (salinity and temperature) to convert units of permeability 

to hydraulic conductivity for the flow system. 1 md equalS 0.00115 mjday. 

Permeability and Hydraulic Conducti vity 

In order to do numerical simulations of ground-water flow patterns and calculate travel 

times in the deep brine aquifer of the Palo Duro Basin, tnowledge of the permeability of the 

various hydrogeologic units is necessary. It is also necFssary to recognize that when two­

dimensional flow takes place in a stationary and isotropic redium under a uniform gradient, the 

' •.. 
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effective permeability of the medium is given by the geo etric mean of permeability values at 

data points (Neuman, 1982). For problems of two-dime sional areal flow, each horizontally 

distributed. point quantity must represent the vertically a ,eraged permeability of the aquifer at 

that point which can be determined, for example, from pU~Ping test data. The geometric mean 

of these point quantities is then used as an effective permeability value for the aquifer. The 

following is a discussion about the availability of permeability data for the deep-basin aquifer 

system and the use of ·the data in the numerical simulations. 

Permeability data are available for Wolfcamp carbonates, Pennsylvanian carbonates, 

granite wash, and pre-Pennsylvanian rocks (Table 2). Much of the permeability data is from 

petroleum exploration testing in basins adjacent to the Palo Duro Basin and is included in the 

data base. Permeability data for Wolfcamp carbonates are available from 25 DSTs (drill-stem 

tests), described by Bassett and Bentley (1983), from six pumping tests and 70 core sample 

tests. The six pumping tests are multiple tests of a single Wolfcamp interval in the DOE-Stone 

and Webster No. 1 Sawyer test well in Donley County, Texas. The 70 core sample permeability 

values are from oil fields in the Anadarko, Midland, and Dalhart Basins (Texas Water 

Development Board, 1972). Pennsylvanian permeability data are available from 25 DSTs and 

118 analyses of core samples. Upper and lower Pennsylvanian samples are not differentiated in 

the core data. Granite-wash permeability data are availab~e from 10 DSTs, 10 pumping tests in 
! 

a single granite-wash interval in the No. 1 Sawyer test well, and 4-26 laboratory core analyses. 

Of the core sample analyses, 415 are from six wells in the Mobeetie Field in the Anadarko 

Basin. Pre-Pennsylvanian permeability data are very limited and consist of values from 4- DSTs 

of the Ellenburger Group, 6 DSTs of Mississippian carbonates, 1 pumping test of the Ellenburger 

Group, and 14- pumping tests in a single Mississippian carbonate interval in the No.1 Sawyer 

test well. From this data base, Smith (1983) summarized the permeability values of each 

hydrogeologic unit and computed the geometric mean, arithmetic mean, and variance of the 

permeability for each type of data. Additional permeability data from five pumping tests in the 

Pennsylvanian granite-wash at DOE's SWEC-J. Friemel NO~ 1 well indicate a permeability range 

9 



of 10 to 400 md with the average of 140 md. Laboratory tests on a granite-wash core sample 

from the same well indicate a permeability range of 97 to 

It should be noted that none of the above perm ability data represent a vertically 

averaged permeability of the hydrogeologic unit at a given location which is the desirable nodal 

point value in two-dimensional areal flow simulations. Although each permeability value from 

pumping tests represents the average fluid-conducting property of a relatively large volume of 

the medium compared with that of a core sample, the tested zone of the medium is still a small 

portion of the whole section of the hydrogeologic unit. No attempt was made to compute the 

vertically averaged permeability at data points where there are more than one permeability 

value because of the insufficiency of information and the variety of testing techniques used to 

obtain the permeability data. Instead, all the permeability data for each hydrogeologic unit 

(including those' of the neighboring basins) were used in the computation of the unit's geometric 

mean and variance. 

Table 2 summarizes the effective permeability values and the variances for each 

hydrogeologic unit of the Palo Duro Basin. The variances, given in the table are those of DST 

permeability data which, for all strata, are the highest. The range of variance from 5.08 

to 5.70 for the carbonates seems high compared with the typical range of 1.12 to 1.49 from 

24,222 core samples of limestone (Bennion and Griffiths, 1966). The variance of 7.13 for the 

granite wash is also high compared with the range of .21 to 5.30 from more than 60,000 core 
. ! 

samples of conglomerate and sandstone (Bennion and Gri~fiths, 1966; Law 1 1944). The large 

values of variance indicate that there is a large natural variation in the permeability of each 

hydrogeologic unit and also suggest a lack of sufficient data. T.he effective-average 

permeability value is slightly increased with the inclusion of permeability data from neighboring 

basins 

wash. 

for the Wolfcamp and Pennsylvanian carbonates, b~t slightly decreased for the granite 

A conservative approach is maintained by using the rrger value in each case. 

The vertical permeability of 0.00028 md for the eva orite aquitard was derived from the 

\,. harmonic means of permeabillties of two typical cross sections of the evaporite strata USIng 

10 



typical or measured values of permeability for each subst ata. A typical cross section of the 

evaporite strata is illustrated in figure 19. The typical or measured values of permeability of 

the evaporite's substrata are: 0.0001 md for red-bed shale ,(Davis and DeWiest, 1966), 0.0073 to 

0.012 md for salt and anhydrite (Davis and DeWiest, 19616; Peterson and others, '1981), and 

0.1 md for dolomite (DST results, A. Dutton, personal communication, 1983). Table 2 includes 

the typical values of permeability of carbonates, shale, and granite wash taken from the 

literature. 

Porosi ty 

There are no direct measurements of porosity available for the deep-brine aquifer of the 

Palo Duro Basin. An indirect method using neutron-density logs was employed to make 

quantitative determinations of porosity of the Wolfcamp and Pennsylvanian strata (R. Conti, 

personal communication, 1983). From two neutron-density logs which penetrate the Pennsyl­

vanian strata at the DOE-No.1 Sawyer test well in Donley County and the DOE-No.1 Mansfield 

test well in Oldham County, porosity values of the Wolfcamp and Pennsylvanian carbonates and 

the granite wash were estimated at 50 ft intervals according to the procedure described in 

Schlumberger (1979). Results of the analyses are given along with some typical values in 

Table 3. Conti (1983, personal communication) has determined the porosity distributions of the 

Wolfcampian carbonates using 20 neutron-density logs in the Palo Duro Basin (fig. 20). 

HYDRAULIC AND BOUNDARY CONDITIONS 

Head Map of the Ogallala-Dockum Aquifer 

Potentiometric heads in the Dockum Group indicate hydraulic conditions on the upper 

boundary of the underlying evaporite aquitard. Availa~le head data are insufficient for 

constructing a reliable potentiometric head map of the Dockum unit. Published information on , 

the characteristics of the Ogallala Formation is readily aV9ilable. Using these data, combined 

11 



with Dockum head data, Bassett, Bentley, and Simpkins 09 1) constructed a head map of the 

unconfined Upper Aquifer that overlies the evaporite aquitar in the Palo Duro Basin (fig. 21). 

Head M.ap ,of the Deep-Basin Brine ~quifer 

, 
The whole deep-brine aquifer can be treated as a single permeable unit beneath the salt 

section provided that there is adequate vertical communication of flowing fluid between units 

comprising the aquifer. Based on the available geologic information and the results of pressure-

depth analysis (which indicate general vertical uniformity of heads in the deep basin), this 

simplification seems to be justified for the evaluation of ground-water flow patterns on a 

regional scale. Therefore, it can be assumed that heads in the Wolfcamp and the Pennsylvanian 

strata are similar and that regional flow patterns in the deep basin may be characterized by ah 

average potentiometric head surface. 

Almost all of the head data from the Deep-Basin Brine Aquifer used in this study were 

derived from the results of drill-stem tests (OST) conducted in petroleum wildcat wells and 

from bottom hole pressures measured in oil fields (data available from the Petroleum Informa-

tion Corporation (pI) commercial file). There are about 1,4-60 sets of data for the Palo Duro 

Basin and the northern part of the :vlldland Basin, just sout~ of the :viatador Arch. Sixty-six 

more sets of data with pressure/time charts were obtained directly from operators in the Palo 

Duro Basin in the form of DST technical reports. This type ot data, classified as "class H" data, 

is considered to be the best since the pressure/time charts are available for analysis (Matthews 

and Russell, 1967; Bassett and Bentley, 1983). The Petroleum Information Corporation data are 

ranked according to number and quality of shut-in period data. With decreasing reliability, data 

are classified as: "class A" data if there are two shut-in pressures and both agree within 

10 percent, "class B" if both shut,-in pressures do not agree within 10 percent, and "class CIt if 

there is only one shut-in pressure. Note that, in fact, class C group may include some good data 

such as those of class A, although good data could not be diff!erentiated from bad with a single 
I 
, 
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shut-in pressure. The higher pressure of the two shu -in pressures was chosen and then 

converted to equivalent fresh-water head. 

An average head surface for the deep-brine aquife was constructed by averaging head 

values at data points where there are multiple values. By doing this and by. choosing not to use 

class B and cl~s C data, because of their lesser reliability, the data base of measured heads 

was reduced to 42 class H heads and 305 class A heads. 

For a better understanding of the characteristics of each class of head data, class Hand 

.' class A·. data were first separately investigated and then merged. Class H head data are 

.. sparsely distributed and are very rare in the middle-north and northeast of the basin (fig. 22) . 
./ 

The head contours indicate a decline of head from west to east' and from southwest to 

northeast. Class A head data are sparsely distributed within the Palo Duro Basin but densely 

packed in the northern parts of the Midland Basin, south of the Matador Arch (fig. 23). An 

average head map constructed from class A data (fig. 24) indicates that: (1) there is a general 

trend of head decline from west to· east and from southwest to northeast across the Palo Duro 

Basin but with variability of localizedzqnesof.low and high head, and (2) there is no well­

defined direction of regional head declinesouthof the :'v1atador Arch due to the high density and 

variability of localized zones of low and high head. The zones of low head are probably created 

by depressurization of the aquifer from oil and gas production, especially south of the Matador 

Arch; or they may be due to measurement errors. The zones of high head could be due to local, 

hi gh intensity recharge from the overlying evapori t"e aqu~ tard. Since we are interes ted in 

studying the ground-water flow patterns on a regional scale and the available information is 

neither sufficient nor accurate enough for a detailed investigation of the effects of locally high 

recharge or depressurization due to oil and gas production, the irregularities of the head 

contours are treated as noise in the head data due to s,mall-scale variations of head and 

measurement errors. 
I 

To obtain a smoother head map, a statistically rnoving-average technique called "kriging". 

was employed to filter out the noises. The programs for the kriging technique employed in this 
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study. (GAMM and UKRIG) were developed by Knudso and Kim (1978) based on Matheron's 

(1963) intrinsic hypothesis that the first order differenc (or increment) of observed values of 

the phenomenon (the head values in this case) forms a stationary process (has the same 
I 

. probability distribution at different locations). In other words, the programs assume a constant 

driit of head values over the area from which data are selected to make an estimate. In 

general, the kriging technique pr,ovides unbiased estimates of values of a variable at the nodal 

points of a regular or irregular grid given measured values of the variable at arbitrary points in 

·.space. 'The method differs from other spatial interpolation and averaging techniques in that it 

also provides estimates of the variance of the corresponding errors of estimation. 
/' 

. The first step in applying the kriging technique is to compute a representative variogram 

from a given set of observed data (using program GAMM). The variogram provides information 

about the form of relationship between two observations as a function of the intervening 

distance. Different functions can then be used to fit the computed variogram in order to 

describe it mathematically. The kriging program employed in this study (UKRIG) uses a 

spherical function for describing a variogram which can be defined by parameters: c, a, and co, 

respectively called the sill, the range, and the nugget effect. The reader is referred to Clark 

(I979), David (1977), and Royle and others (1980) for comprehensive discussions of geostatistical 

theory and mathematical methods. The next step after obtaining a representative variogram is 

to specify a block system of either regular or irregular sizes. Kriged estimates of the variable 

are then computed for each block by weighted averaging of the values of the surrounding data 

points (using program UKRIG). The weight of each surrounding data point in weighted 

averaging depends on the varia gram structure and the location and orientation of the data 

relati ve to the kriged point. 

An extensive variogram study of class A head data resulted in an anomalous representa-

ti ve variogram. The varia gram indicates, from its periodic-sIne-function shape, that class A 

head data belong to a purely random process with highly irregular patterns of data points. This 

phenomenon is mainly due to the highly inaccurate and fl~ctuating head values in the dense1y-
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packed groups of data in the northern parts of the M' dland Basin which may be due to 

depressurization from oil and gas production. Since the hig y inaccurate head values are in the 

area outside the Palo Duro Basin, they are rejected and onlt those of class A data located above 

the 31'4-9' latitude used in this study. 

By combining the best classes of head data, the new data base consists of 118 selected 

class A and 4-2 class H head values (fig. 25). The representative variogram of these 160 head 

va'l~es (fig. 26) gives the following information: (1) The range, the distance at which the 

var:iogram levels off, is 4-5,000 m, meaning that all the head data points within a distance of 

4- 5,000 m from a given point are related to the head value at that point and thus are" used in the 
T"' 

estimate of kriged hea.d at the point. (2) The nugget effect is 2,700" m2, indicating that the 

average standard error of the head data is about - 52 m which is relatively high compared to the 

head difference of about 500 m across the basin. (3) The average square difference of the head 

values (Gamma) increases from the nugget effect with distance until it levels off at a distance 

equal to the range and gamma equal to the sill, that is, head data nearby ha~e similar values, 

and data far away are' likely to have less similar values. (4) The average square difference of . 

the head values begins to increase approximately linearly at some distance after it levels off. 

This indicates that the mean trend (or drift) of head begins to exert its influence and that a 

regional trend of head distribution is expressed in these hea,d values. Note that drift, a large-

scale phenomenon, does not exert its influence on data points separated by a distance less than 

the range .. 

The study area (fig. 25) was divided into a system of regular blocks, 20,000 m on a side. 

Based on the 160 selected class A and class H head data and their variogram structure (fig. 25), 

head values at the center of each block were computed using program UKRIG (Table A-I in 

Appendix). A head map constructed from these computed head values (fig. 27) clearly' shows a 

. decline of head from southwest to northeast across the basi~ with a slightly larger decline from 

east to west along the basin's southern boundary_ The kri~ng program not only provided 

estimate of head value at a kriged point but also the e*timation variance (and hence 
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standard error of estimate) at each point. The estimation v riance refers to the variance of the 

error between the true head value and the estimated head alue of a block. The standard error 

of estimate is the square root of the estimation variance and represents the magnitude of error 

associated with an estimated value. A contour map of the standard errors of estimate for the 

kriged heads in figure 28 shows that the error is very high in the middle-north and northeast 

, areas of the basin where there are almost no data. 

Head Map of the Wolfcamp Aquifer 

Due to the limited amount of Wolfcamp head data in the Palo Duro Basin, Smith (1983) 
"" 

used all classes of head data in both the Palo Duro and Anadarko Basins to construct a 

Wo!fcamp head map. His data base consists of 23 class H heads, 71 class A heads, 19 class B 

heads, and 167 class C heads. His variogram analysis resulted in a representative variogram 

having a range of 20,000 m~ a nugget effect of 5,340 m 2 (57,500 ft 2), and a sill of 9,530 m 2 

(102,500 ft2). The Wolfcamp nugget effect is larger than the nugget from the averaged heads 

variogram of the Deep-Basin Brine Aquifer, indicating that the Wo!fcamp head data have a 

higher standard random error which, in this case, is mainly due to measurement errors. The 

Wolfcamp head map (fig. 29) is based on kriged estimates of head at the center of blocks 

20,000 m on a side. The standard error of estimate associated with the kriged head is given in 

figure 30. 

Boundary Conditions 

There are generally two types of boundary conditions in any ground-water flow system: 

specified head and specified flow conditions. The eastern and western boundaries of the Palo 

Duro Basin are treated as head boundaries along which va ues are specified according to the, 

relevant head map, that is, from figure 27 for the Deep- asin Brine Aquifer simulations and 

from figure 29 for the Wolfcam.pian aquifer simulations. ThE! same head maps also indicate that 
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the southern boundary along the Matador Arch is a nO-f~ow boundary since the equipotential 

lines of both aquifer systems are essentially perpendicular 0 the boundary. 

The conditions on the northern boundary along the marillo Uplift are more complicateci 

due to the presence of the basement uplift that was exposed throughout the entire Pennsyl-

varuan and a major part of the Wolfcampian and due to the presence of oil and gas fields • 

. Geologic information indicates that the eastern section of the northern boundary is a no-flow 

boundary. This is supported by' hydrologic information (the head maps). The massive block of 

. the Amarillo Uplift apparently acts as an impervious barrier, direc~ng most of the approaching 

fluid from the Palo Duro Basin eastward along the downthrown block of the uplift. There is a 
~,.r 

thin layer of Wolfcampian brown dolomite overlying the uplift (fig. 31; Handford, 1980, fig. 5; 

Dutton and others, 1982, figs. 12, 22, plate II) that may provide channels for fluid flowing over 

-: the uplift. However, this fluid conducting unit has a relatively small transmissivity compared 

with those of the adjacent Wolfcamp aquifer and the whole deep-brine aquifer in the Palo Duro 

. ,. 

Basin. Based on the average thickness of 60 m (200 ft) and the permeability of Wolfcamp 

carbonates, the permeable unit on the uplift has a transmissivity of 0.6 m2jday compared with 5 

to 50 m2jday for the adjacent Wolfcampian aquifer and 10 to 80 m2jday for the whole deep-

brine aquifer. Therefore, flow in this small transmissivity unit is not expected to have any 

significant effect on the regional flow field of the Palo DUriO Basin. Moreover, the presence of . 

oil and gas in the Wolfcampian brown-dolomite unit on the Amarillo Uplift (Pippin, 1968) may 

reduce the efie<:ti ve permeability of water flow· and act as another impervious barrier 

preventing ground water from flowing over the uplift. The head map of the whole deep-brine 

aquifer (fig. 2~) clearly indicates that the northern bounda~y along the Amarillo Uplift can be 

treated as a no-flow boundary, although the Wolfcamp head map (fig. 29) and the Brown 

Dolomite isopach map (fig. 31) does not obviously reveal a no-flow condition along the uplift. 
- _. 

Further discussion on the boundary conditions is given in the following section. 
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NUMERICAL SIMULA TI NS 

General Description of Numeric Modeling 

For detailed characterization and evaluation of regional ground-water flow in the deep-

brine aquifer, the conceptualized physical flow-system is represented by a steady-state, two-

. dimensional, vertical-averaging, mathematical model of a confined aquifer with vertical 

I leakage. The mathematical model is then numerically solved using the computer program 

. "TRAVEL." . Program TRAVEL is a general purpose program for two-dimensional steady-state 

I ground-water flow analysis. It can be used to investigate two-dimensional, profile or areal, 
,/' I.. flow and mass transport problems. Program TRAVEL was written based on the Galerkin Finite-

I 

I 
i. 

Element technique and the use of quadratic-quadrilateral elements in discretizing a flow region. 

Background materials, as well as some examples of application, are available in a report by 

Charbeneau and Street (1978). Fl,lll descriptions of the program's use and capabilities, as well as 

an example of application, are available in the user's guide for the program (Wiroja0agud, 1983). 

The studied flow region of the Palo Duro Basin was discretized into a finite element mesh 

of 120 elements with 4.05 nodes (fig. 32). The' X and Y coordinates of the finite element mesh 

have their origin at 103.7501Y longitude and 33.3871Y latitude, respectively, the same as that of 

the well-control points mentioned earlier. The coordinate of each node point is gi ven in meters 

from the origin. A data file called "PALOFL" was cr.eated to numerically represent the 

geometry of the flow region, thicknesses of the hydrogeologic units, and. some hydraullc 

conditions of regional flow within the Palo Duro Basin. As Table A-2 in the Appendix 

illustrates, the PALOFL file consists of the following data at each node point (all length units 

are in meters): 

(1) nodal point number; 

(2) X-coordinate of node point; 

(3) Y -coordinate of ' node point; 

(4) elevation of top of the crystalline basement in I~eters from sea level (from fig. 2); 
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(5) thickness of pre-Pennsylvanian rock (from figs 2 and 3); 

(6) thickness of the Pennsylvanian carbonates (fro figs. 7 and 8); 

(7) thickness of the Pennsylvanian granite Ulash (from figs. 5 and 12); 

(8) thickness of the Pennsylvanian shale in meters from fig. lj., (6), and (7); 

(9) thickness of the total Pennsylvanian rock (from fig. lj.); 

(10) thickness of the Wolfcamp carbonate (from figs. 11 and 13); 

(11) thickness of the Wolfcamp granite wash (from fig. 12); 

(12) thickness of the Wolfcamp shale (from fig. 11, (0), and (10); 

(13) thickness of the total Wolfcampian rock (from fig. 11); 

(I q.) thickness of the total granite wash (from fig. 5); 

(15) thickness of the evaporite aquitard (from figs. 15,16, and 17); 

(16) potentiometric head in the upper unconfined aquifer (from fig. 21); 

(I7) thickness of the high-porosity Wolfcamp carbonates (from fig. Ilj.); 

(18) thickness of the high-porosity Pennsylvanian carbonates (from fig. 9); and 

(19) NCODE, an integer identifying zones of granlte-washcoarsening in the Pennsyl-

vanian strata; it has' the value of 2 for nodes in the coarsening zone, 1 for nodes at 

the Doundary of the coarsening zone, and a for ordinary nodes. 

In Table A- 2, the deep-brine aquifer was divided into three subunits: the Wolicamp, the 

Pennsylvanian, and the pre-Pennsylvanian strata. The Wolfcamp and the Pennsylvanian strata , 

were further subdivided into carbonates, granite wash, and shales. The nonarkosic sandstones in 

the southeastern parts of the basin that are interbedded with carbonates were combined with 

the carbonates because of the relatively small thickness of these sandstones. The numerical 

values of elevation, thickness, head, and NCODE for each node point were obtained by 

superimposing a work map of the finite element mesh onto thle relevant work map (or maps) as 
I 
! 
I 

indicated above and either reading the values directly or domputing them. Combined with 

information about the hydrogeologic properties (hydraulic conductivity and porosity) of the flow 
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system, the data in Table A-2 were used in 
. \ 

preparmg partl, of 
! 

the input data file for the two-

dimensional areal flow simulations. 

Input data files for numerical simulations were preJared following the user's guide for 

TRAVEL (Wirojan.agud, 1983). Although the whole procedure for preparing an input data file 

will not be described in this report, the computation of four parameters representing the 

hydrogeologic properties of the flow system will be briefly discussed. In an input data file, the 

aquifer's transmissivities in the X and Y directions (TRANSX and TRANSY) must be specified at 

each node, whereas the vertically integrated porosity (PORTH) and the leakage coefficient 

(COEF) must be specified element by element. In the Wolfcamp aquifer simulation, for 
,-/ 

example, the nodal point transmissivity is simply the summation of the products of the 

hydraulic conductivity and thickness of each Wolfcamp subunit (the carbonate, granite wash, 

and shale). The contribution of the shale subunit to the overall transmissivity value is 

practically negligible due to its very low permeability, but it is included in the computation for 

completeness. Nodal point values of the vertically integrated' porosity were computed in the 

same manner and then averaged for each element. The leakage coefficient (defined as the 

aqultard's hydraulic conductivity divided by its thickness) was computed node by node and then 

averaged for element-wise values. The computational procedure for the properties of the whole 

. deep-brine aquifer is similar. 

The physically complex system has been represented by a numerical model whose behavior 

is governed by the boundary conditions and the values of four model-para-meters:TRANSX, 

TRANSY, PORTH, and COEF. The reliability of a numerlical result is, therefore, directly 

related to the availability and accuracy of the basic information required in computing the 

input parameters. Owing to the lack of accurate data on the potentiometric head and 

permeabilityo~ all of the major hYdrogeolo~j;ljl\~~:.~!r the Palo Duro Basin, no single numerical 

simulation result presented in this report' is intended to r~present the actual regional flow 
I 

pat ter ns. I nstef:f.~. ek:c.fi ,'~ ilIa hon ~ esul t ~ h~Uj d. be vIew" d ~h :POS~I ~ I &r e;:~:: n ta tl 0 n of th ~ 
actual flow system; and; results from theso-cal1ecl",best mo'~el" .re!?.r~se,~t, t~.~ most probable 

. . --, ;" ,~. 

;;<;";' :2'0.:'! ,";' "" ,: 
;-'.:;,'/ ;-',':"C' ::.it:h :'l :_.'.\ :,.';:;'~\ ;p(u, ~-(;~',\~~)n .~ild iUr·tri'~-~i· 

,. .; :,' ." " i. _~ ~ '..... t 

, 

, ~ If I 



I 
i 
I 
f 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

flow patterns. Numerical simulation is undertaken in an e fort to better characterize the deep-

basin ground-water flow system based on the available in ormation and to evaluate changes in 

the flow patterns in response ~o any expected variations in the flow parameters and boundary 

conditions. 

The Wolicamp Aquifer 

Regional ground-water flow patterns in the Wolfcamp aquifer are of concern because the 

Wolfcamp is the first permeable unit beneath the proposed repository level in the salt section. 

Major contributors to the transmissivity of the Wolfcamp aquifer are the carbonates and the 
,/ 

granite wash. They would be the major pathways for any contaminant transport in the upper 

part of the deep-brine aquifer. The low permeability shale functions as an aquitard, underlying. 

and inter bedding with the carbonate aquifer. 

Table 1+ summarizes numerical simulations of the Wo!fcamp aquifer. The specified head 

values along the eastern and western boundaries were set according to the Wo!fcamp head map 

(fig. 29). The head value declines from 860 m (2,820 ft) in the south to 550 m (1,800 ft) in the 

north along the western boundary, and from 1+80 m (1,575 ft) to 380 m (1,250 ft) along the 

eastern boundary. The southern boundary along the )Aatador Arch is a no-flow boundary. The 

head map also indicates that the northern bound,ary along the uplift in Oldham and Potter 

Counties is a no-flow boundary, but this cannot be clearly seen along the eastern part of the 

boundary in Carson, Gray, Donley, and Collingsworth Counties, probably due to the lack of head 

data in these areas. Owing to the physical complexity imposed by the uplift and lack of head 

data along the northern boundary, two configurations of boundary conditions have .been modeled 

(see figs. 31+ and 35). 

Simulation .'\-1 I 

In Simulation A-I, the known values of permeability tnd porosity from Table 2 were used 
, 

as input parameters for the numerical model (fig. 33) with the boundary conditions as shown in. 
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figure 34. The 'resulting Wolfcamp transmissivity is ~airly unlform throughout the basin 

(fig. 33). However, contours of computed head from \ the simulation results (fig·.34) are 

completely different i0 patterns from the contours of ~easured Wolfcamp head (fig. 29 and 

figure 4.18 in Stone &: Webster, 1983) indicating that the specified model parameters do not 

satisfactorily represent-the actual physical flow system. Therefore, the transmissivity values, 

the permeability of the evapori,t.e aquitard, and the boundary conditions are modified in the 

subsequent simulations, based on' geologic and hydrologic information, so that the simulated 

head surface is as much in agreement as possible with the measured 'head surface. 

Simulation A-2 

The model par.ameters for Simulation A-2 were the same as those of Simulation A-I 

except that the boundary conditions along the uplift were modified (fig. 35). The contours of 

computed head (fig. 35) are still not in good agreement with those of measured head. It should 

be noted that a more restricted model was tried with specified values of head throughout the 

northern boundary along the uplift, but that model was also unable to satisfactorily simulate the 

measured Wolfcamp head surface. 

Simulation A-3 

Simulation A-3 investigated the effects of varying the transmissivity distribution of the 

aquifer. It is reasonable to expect that there are zones of high transmissivity in the 

northeastern part of the basin because the Wolfcamp head map indicates that there is regional 

ground-water flow toward that direction. High transmissivity zones may be related to the 

Wolfcamp granite wash that was primarily deposited in the northeastern part of the basin 

(fig. 12). The relatively thin granite-wash deposit with an expected high permeability may 

function as a high transmissivity zone (or sink) at the northeastern comer of the basin (fig. 36), 

pulling theg~ou~d ~ater to\Va;d that direction. The grani~e-wash permeability was gradually 

increased to 260 md in Simulation A-3. Contours of computed head from Simulation A-3 

(fig. 37) are similar to the contours of measured head except in the northwestern parts of the 
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basin where they indicate some flow toward the no~th and northwest directions. These 
! 

unexpected flow directions may be caused by the specifie~ no-flow condition along the northern 
I 

boundary or by .the high vertical leakage specified for ~he evaporite aquitard, which allows a 

large amount of leakage into the Wolfcamp aquifer, resulting in ground-water flow out of the 

basin through its western boundary. 

Based on the results of Simulations A-I, A-2, and A-3, it can be concluded that zones of 

high transmissivity must exist in the northeastern parts of the basin for the model to reasonably 

simulate the measured Wolfcamp head map. 

Simulations Band C / 

The effects of. leakage on the simulation results were investigated in Simulation B by. 

assuming a no-leakage condition (permeability of the evaporite aquitard equals zero). An 

improvement in the simulated head contours (fig. 38) indicates that the specified value of 

0.00028 md for the vertical permeability of the evaporite aquitard in previous' simulations was 

too high. The contours of computed head in figure 38 are generally in good agreement with the 

. Wo!fcamp head maps (fig. 29 and fig. 4-.18, Stone &: Websttr, 1983), although they are smoother 

and more north-south. Increasing the permeability of the evaporite aquitard to 0.0000& md in 

Simulation C slightly improves the head distribution (fjg. 39) such that it shows a more 

southwest to northeast flow direction than the results of Simulation B. The change of flow 

patterns from their original southwest-northeast direction to west-east direction along the 

northern boundary shows the effect of the no-flow condition imposed on that boundary. While a 

no-flow condition may be justified in the eastern part of the northern boundary where the uplift 

was almost· completely exposed throughout Wolfcampian time, it may be an unrealistic 

restriction in the western part of the boundary where the brown dolomite over the uplift is up 

to 100m (350 ft) thick (fig. 31). -This unrealistic no-flow a~sumption may also be the reason for 
'I 

the east-to-west flow direction in the northwest part of '[he basin (fig. 4-0), an unacceptable 

condition according to the measured Wolicamp head maps .. The streamlines and travel times in . 
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figure 40 were computed assuming a number of starting point along the western boundary. The 

spaces between streamlines do not constitute flow tubes as in a flow net and, therefore, there is 

not equal flow between streamlines. The travel-time interval between marks along streamlines 

is 400,000 years. 

Simulation 0-1 

The numerical model was !urther refined in Simulation 0-1 by imposing a specified head 

condition along the western part of the northern boundary, keeping all the other boundary 

conditions the same (fig. 41). This, in effect, allows a possibility of flow over the uplift. The 

resulting head distribution and streamlines (figs. 41 and 42) illustrate a..s'ignificant improvement 

of the flow patterns. in the northwestern part of the basin with the head contours being 'more 

similar to the measured head maps than the previous simulation results. The streamlines are 

essentially parallel to the. uplift along the western part of the northern boundary in Oldham 

County but show some components of flow across the boundary (over the uplift) in Potter and 

Carson Counties where the overlying brown dolomite thickens to about 240 m (fig. 31). It 

should be noted that the northern boundary of the numerical model is on the downthrown 

(southern) side of the uplift. Therefore, the model does not recognize any physical configura-

tions on the uplift, such as the existence of brown dolomite, although the existenc~ of the uplift 

itself is recognized by the model in Carson, Gray, and Wheeler Counties through the assumption 

of the no-flow condition. The occurrence of larger flow components across the northern 

boundary through the zone of thick brown dolomite is considered to reflect a reasonable 

representation of the physical system by the model parameters and boundary condi tions. 

Simulation 0-2 

The model was refined in Simulation 0-2 by using the a~eraged porosity distribution of the 

Wolfcamp (fig. 20), keeping all the other parameters the samr as those of Simulation 0-1. As 

SUCh, only the travel times differ from the results of Simulation 0-1 (fig. 43). Owing to the 

smaller average Wolfcamp porosity from figure 20 (0.064) compared to the porosity values used 
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in Simulation 0-1, the travel times in figure 43 are less thf.n those in figure 42. The time it 

takes for ground water to flush through the modeled sectio~ of the basin within the Wolfcamp 

aquifer is computed to be about :.4 to 1.3 million years (fig. 14-3). Travel times across the entire 
• I 

Palo Duro Basin (biosphere to bio (115"F) was used to represent the fluid temperaturie unit 

beneath the salsphere) are larger. 

Simulation E . 

Simulation E is another alternative for refining the mumerical model using a qualitative 

isopach map of hi'ghly porous carbonate in the Wolfcamp aquifer (fig. 14-). 'Porosity and 

permeability values of the highly porous carbonates were increased to 0:10 and 50 md from 'the 

average values of 0.08 and 3.9 md, respectively. The resulting transmissivity distribution 

(fig. 4-4) shows a significant increase in transmissivity along the shelf margins and a low trans-

missivity zone trending from south to northwest across the basin center. The boundary 

conditions in Simulation E are the same as those imposed in Simulations 0-1 and 0-2. As 

expected, the contours of computed head (fig. 4-5) indicate a high hydraulic gradient along the 

low-transmissivity zone, a phenomenon that can also be observed from the measured head map 

(fig. 29). The total travel time for ground-water to flow across the FI",6deled section of the 

basin varies from 1.2 to 2.0 million years (fig. 4-6), which is the same range as. the previous 

estimate from Simulation 0-2. Total discharges through the western part of the northern 

boundary and the eastern boundary are about 280,000 and 4-00,000 m3/year, respectively. 

Leakage Across the Evaporite Aquitard 

Using the results of Simulation E as the best representation of the flow system, the 

potential for leakage across the evaporite aquitard was computed at each point by taking the 

difference between the head in the unconfined Upper Aquifer (fig. 21) and the computed Wolf-

camp head (fig. 4-5). The potential for leakage was then contoured (fig. 4-7). Contours of the 

leakage gradient (fig. 4-9), obtained by dividing each head i difference by the corresponding. 

thickness of the evaporite aquitard (fig. 4-8), indicate that the! gradient for downward leakage is 
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high along the northern boundary of the basin and be~omes smaller toward the south and 
I 

i 

southeast directions. The negative gradient in the southe~tern part of Cottle County indicates 

the potential for upward flow from the Wolfcamp aquifer to the ground surface. Note that the 

results in figures 4-7 and l.J.9 are based on the computed Wolfcamp head from Simulation E which 

assumed a permeability value of 0.00008 md for the evaporite aquitard. Local variations in the 

amount of leakage depend directly on the heterogeneity of the aquitard's permeability which 

needs to be further investigated on a local scale. The amount of. leakage through the evaporite 

aquitard was estimated for each element (Table 5) based on the numerical results (fig. 49 and an 

average value of 0.00008 md for the aquitard's permeability) using ,a numerical-integration 
"f 

scheme. The total amount of leakage is es'timated to be 359,000 m3/year, about 52 percent of 

the total discharge from the Wolfcamp aquifer of the Palo Duro Basin. 

The Deep-Basin Brine Aquifer 

Because of the differences in the potentiometric surfaces arid geologic conditions between 

the Wolfcamp and the deeper strata (Stone and Webster, 1983; Dutton and others, 1982), flow 

patterns in the deeper strata may be different from those of the Wolfcamp aquifer. The limited 

information available, however, does not allow a three-dimensional study of flow in the deep-

brine aquifers with reasonable accuracy. A more appropriate approach is to treat the deep­

brine aquifers as a single permeable unit with perfect cross-formational communication. All 

model parameters representing the aquifer properties, as well as the head value at a given 

point~ are the vertically-averaged values throughout the deep basin. This approaCh is adeguC3:te 

for the study of averaged flow-patterns and averaged flow-velocities of the deep brines as weB 

as the total amounts and rates of basin discharge, especially when there are only limited 

amounts of information available for the flow system. i 

The numerical model of the Whole deep-brine aqUifef is similar to the model of the Wolf­

camp aquifer. In fact, some studied results of the Wolfc~mp model can be directly useful for 
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deep-brine aquifer simulations, such as the most probable v lues of the leakage coefficient and 

the permeability of ~olfcamp granite-wash, and the proper ypes of boundary conditions. 

Simulation· A 

Table 6 summarizes the deep-brine aquifer simulations. In Simulation A, the known values 

of permeability and porosity from Tables 2 and 3 were used, except that the permeability values 

of 260'mdand 0~00008 md we're specified for the Wolfcamp granite wash and evaporite 

. aquitard, respectively, based on the best Wolfcamp model. . The boundary conditions and. head 
.:-.:.' 

values were specified according to figures 51 and 27, respectively. The head value declines 
/' 

from 900 m (2,950 ft) in the south to 620 m (2,030 ft) in the north along the western boundary 

and from 4-80 m (1;575 ft) to, 370 m (1,21O ft) along the eastern boundary .. The model 

transmissivities for this simulation are as given in figure 50. The contours of computed head 

. (fig. 51) 'and streamlines (fig. 52) indicate the expected southwest to northeast flow direction ,.. . 

but with a slightly larger west-to-east flow component than the Wolfcampian flow, mainly due 

to the more west-to-east trend of heads specified along the western boundary (see figs. 27 and 
.' :.< ':. 

29). Flow in the northwestern:p~t'of the study area is parallel to the uplift in Oldham and 

Potter Counties and diSCharges through the northern boundary in eastern Potter and Carson 

Counties (fig. 52). The coincidence. Of' the diSCharge boundary with the zone of thick brown 

dolomite over the uplift indicates proper functioning of the model parameters. 

Simulation B 

Although the simulated head contours in figure 51 generally have similar patterns to those 

of the measured heads (fig. 27), the 4-50 m contour extends further to the east than expected. 

Increasing transmissivity values in the northeastern part of yhe study area will adjust the 450 m 

contour· line further to the west. The permeability of the pe~nSYIVanian granite wash in certain. 
. I 

areas close to the uplift (fig. 53) was, therefore, increased in: Simulation B to 260 md to account 

for a possible granite-wash coarsening toward the source and/or high permeability in th'~ fault, 

zone that flanks the uplift. (In Simulation A, only the permeability of the Wolfcamp granite 
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wash was increased to 260 m d.) This, in effect, creates a high trans missi vity zone extending 

previous ones (figs. 55 and 56). 

simulation results are stghtlY improved compared to the along the uplift (fig. 54) and the 

Simulation C 

Finally, perm eabiliti es of the more porous Wolfcamp and Pennsylvanian carbonates 

(figs. 14_ and 9) ~e~e increased to 50 md in Simulation C. The resulting transmissivity contours 

are as given in figure 57 and the simulation results in figures 58 and 59 give an estimate of 

discharges of 60,000 and 1,020,000 m3/year across the northern and the eastern boundaries, 

respectively. The approximate travel time across the basin is in the rahge of 1.2 to 2.2 million 

years, which is in the same range as that of the Wolfcamp aquifer. 

HYDROGEOLOGIC 1M PLICA TIONS 

Ground water in the Wolfcamp aquifer flows mainly from southwest to ·northeast across 

the basin and discharges through the eastern boundary and part of the northern boundary (in 

Potter and Carson Counties) where the Wolfcamp brown dolomite overlying the Amarillo Uplift 

is thick and acts as a conduit for fluid flow over the uplift. For the given boundary conditions, 

this flow direction can be maintained only when there is a high transmissivity: zone in the 

northeastern part of the basin that functions as a sink and "pulls'! the ground water toward the 

uplift. The expected high transmissivity zone can be related to the existence of· the Wolfcamp 

granite wash that was deposited primarily along the flanks of the uplift. The results of 

numerical simulations indicate that a permeability value of 250 md or higher for the granite 

wash is needed to cause the observed flow direction (fig. 45). Although there are no data to 

justify the expected permeability value of the Wolicamp granite wash, five pumping tests in 

Pennsylvanian granite wash at DOE's SWEC-J. Friemel No.1 well indicate a permeability range 
I 

of 10 to 4-00 md with an average of 140 md. Because tf the similarity in depositional 

environments between the tested Pennsylvanian granite waSh nd the "Wolfcampian granite wash­

I 
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(both are "dose to their sources, Bravo Dome and Amarillo PPlift, respectively), a similar range 

of permeability values is expected. Bentley (1981) and ,Bafsett and Bentley (1983) noted that 

the fluid pressures in th"e deep-basin aquifer were below hy4ostatic. Because the thick granite­

wash deposits cause a shift in direction of lateral around-water flow it is also expected that 
"0 , 

this hydrologic sink could cause the observed subhydrostat~c pressures. This numerical model, 

however, cannot confirm this relationship, because the prescribed heads used for part of the 
'. -

boundary condition force the simulation to be subhydrostatic •. ' 

'. An alternate explanation as to why ground-water flow is toward the Amarillo Uplift may 

be the extensive hydrocarbon production from the Panhandle oil and gas field. Hydrocarbon 
./ 

production along the Matador Arch (southern boundary of the model) has caused an artificial 

depressuring in that area. The possibility of this occurrin"g in the Amarillo Uplift region ne~ds . 

to be considered. Simulation E does ShOW, however, that the high permeability zone of granite­

wash sediment can cause the northeastern flow. 

Toth (1978) suggested that elevated potentiometric surfaces beneath topographic highS 

can be translated through low permeability formations and affect potential distributions in 

deep-basin aquifers. In the Palo Duro Basin, the low-permeability evaporite aquitard separates 

. the flow regime into two different flow systems: the topographically high, upper, unconfined 

aquifer and the Deep-Basin Brine Aquifer. The translation of topographic effects from the 

elevated potentiometric surface of the Ogallala through the evaporite aquitard to the Deep-

Basin Brine A quif.er , however, appears to be small compared to the effects of permeability 

distributions of the aquifer system. Comparing the results of numerical Wolfcamp Simulations 

B, C, and E demonstrates the relative importance of topographic effects and permeability 

distributions. In Simulation B where there was no leakage, the head distribution (fig. 38) was 

governed by the transmissivity distribution of the wOlfcamp aquifer and the boundary 

conditions. In Simulation C where topograpllic control waf allowed by assuming an average 

permeability value of 0.00008 md for the aquitard, the ~ead distribution (fig~ 39) remains 
, ' 

essentially the same without showing any topographic effects. On the other hand, when the 
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permeability of the highly-porous Wolfcamp carbonates a~ong the shelf margins was increased 

to 50 md in Simulation E, a bunching of contours (fig. 4-5) tasobserved, a phenomenon that can 

be also observed on the kriged head map (fig. 29). The How direction follows more along the 

shelf carbonates in Simulation E (fig. 4-6), and the average travel time acroSs the basin 

decreases from 2.2 (fig .• 42) to 1.4 million years. 

Based on the results of Simulation E as the best representation of the Wolfcampian flow 

system, the travel time across the model area of the basin ranges from 1.2 to 2.2 million years 

(fig. 46). The flow velocities in Wolfcamp carbonates computed in the present work are roughly 

one order of magnitude higher than those of INTERA's model (INTERA, 982), mainly due to the 

differences in the permeability value~ used in each model. INTERA (1982) used an earlier 

.. compiled data set of permeability values which had low·er statistical means. Using this study's 

co.mputed travel times and assuming that the present flow system started in the late 

Creta:eous, about 30 to 55 pore volumes of the Wolfcamp aquifer have been flushed through the 

basin. The saline waters in the Wolfcamp and Deep-Basin Brine Aquifer are considered 
• 

hydrodynamic and of meteoric origin. Because of this mUltiple flushing, these aquifers do not 

represent a stagnant system containing originalconate waters. 

In spite of the small average permeability value of the evaporite aquitard, leakage 

through the aquitard m~y be large because of the large contact areas between fonnations. The 

amount of leakage was estimated to be 359,000 m3/year, about 50 percent of the total flow 

through the Wolfcamp aquifer. An approximate average linear velocity (V = 9/8) for vertical 

flow through the salt section is 3.8 x 1O-5m/day. A particle of water would travel 139 m in 

10,000 years or 1,390 m in one million years. These calculations are based on a vertical 

permeability of 0.00008 md, a hydraulic gradient as defined in figure 4-8, and an effective 

porosity of .001 (from Peterson and others, 1981). 

The most sensi ti ve parameter in the calcula~ed ~alJes for the amount of leak~ge and the 
I 

average linear velocity is the permeability. A change :in permeability from 0.00008 md to 

0.000008 md decreases leakage volume and travel times correspondingly by an order of 
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magnitude. The permeability value of 0.00008 md is considered conservative. In-situ 

permeability testing of salt at the WIPP Site (Carlsbad, N1w Mexico) indicates permeabilities of 

.0.018 to 0.021 md (Peterson and others, 1981). Laborato~y permeability tests of salts from the 

DOE WIPP tests indicate permeabilities of approximately 0.001 md (C. Christiansen, personal 

communication). These results are one to two orders of magnitude higher than the value used in 

this study. The chosen permeability value of 0.00008 md also produces the best simulated 

potentiometric surface for the Wolfcam p aquifer. 

Two additional factors affect calculated transit times through the ev~porite aquitard.·· 

Calculations of hydraulic conductivity within the basin were based on/brines with a TDS of 
, 

127,000 mg/L. Brines moving through the evaporite section would have TDS values over 

300,000 mg/L. This increase inTDS would also change the viscosity and density of the fluid. 

To obtain the required leakage for Simulation E, the permeability of the ev~porite section 

would have to increase. The flow velocity would probably remain about the same because the 

inc~eised resistance to flow of th~ fluid would be balanced by the increased permeability of the 

evaporites needed to maintain the calculated leakage. 

The second factor in calculating transit times in the evaporite section is whether Darcian 

assumptions for flow are valid at these low permeabilities and low flow velocities. Future 

research on waterflow through the aquitard is critical. It is a significant parameter controlling 

flow patterns and chemical com posi tions of water in the deep-brine aquifer, as well as 

indicat~ng that there may be fluid movement through the evaporite section. 

Average ground-water flow in the Deep-Basin Brine Aquifer is similar to flow in the 

Wol~camp aquifer but, with more west-to-east flow components. Results of numerical deep-

basin Simulations Band C (figs. 55 and 58) indicate that the model is not as sensitive as the 

Wolfcamp model to the increases in permeal~HiJYT'rtH4esi of the Wolfcatnp and Pennsylvanian 
... -.,. ! '. 

hig~-porosit~;,carbonat~s: ..• ~hiS .~s ,pr~~~b~y .d~e t~ ,t~~, p.rt~n~,e, of ~~h:i~k, Wid~~p~::d, pennsyl-

vanran granrte w~l} that 'helps smooth out,. the· :tr;ans ISSlVlty c9ntra~t. :dlj~'l';O the shelf 
~: :","\';1 J " :.,~;:.~~ 

" ,. t I ' 
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carbonates. The thick and widely-spread Pennsylvanian ~ranite wash to the east (fig. 5) is also 

responsible for the higher west-to-east flow component of the whole deep-brine aquifer. 

This modeling study has implications for the problem of radionuclide transport to the 

biosphere from a potential repository in the evaporite aquitard. There may be a natural 

component of ground-water flow through the evaporite aquitard. Release scenarios need to 

consider this natural flow comp~nent as well as potential flow through drilled and abandoned 

_ wells. The potential for flow through the. 'evaporite aquitard appears to be downward rather' 

than upward which is a favorable characteristic of this basin. 

If radionuc1ides reach deep~basin aquifers such as the Wolfcamp, transport time to the 
;' 

- - -

-biosphere will be long. -Transit times across the modeled area of the basin range from 1.2 to 

2~2 million years. Discharge zones to land surface or shallow ground waters cannot be 

determined from this study. The granite wash along the Amarillo Uplift should be considered as 

_. the discharge zone for calculating conservative transit times for two reasons. First, flow 

.' velocities in granite-wash facies along the Amarillo Upli£1l are significantly higher than in other 

fade's within the basin and presumably, once water reached the granite wash, it could flow' 

-rapidly to a discharge point. Second, the hydrologiC impo'rtance of the Amarillo Uplift is not 

known .. Some ground water may flow across the uplift or it may all flow along its flanks in the 

granite wash. Until the detailed hydrology and geology of the uplift are understood, a 

conservative approach in determining transit time would assume the uplift as the point of 

discharge. 

The simulated flow lines and flow velocities have been constructed and computed from a 

very limited data base. More detailed hydrologic and geologie information is needed to 

accurately characterize flow directions and.flow velocities within the basin. The inclusion of 

permeable Wolfcamp shelf margins (Simulation E) sign~ficantlY alters flow directions and 

velocities from previous simulations. The incorporation Jf this permeable zone into the model 

is based on geologic interpretation and not on actual hydrologic testing of the zone. Other 
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~quifer heterogeneities, such as faulting and fracturing of te evaporite aquitard and the deep­

basin aquifers, may have similar but unidentified effects on reeP-basin flow. 

CONCLUSIONS 

The hydrologic information in the Palo Duro Basin in terms of hydraulic properties of the 

aquifer-:aquitard system anddeep~brine pressures is limited, but when used in conjunction with a 

U ... larger data base of geologic information, approximations of the aquifer-aquitard properties can 

~',,~ .. be made. 

A potentiometric head map of the Wo!fcamp aquifer derived from ,e measured head data 
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indicates a regional flow direction from southwest to northeast across the basin and from west 
. .. 

to east. along ,the· ~Vlatador Arch. This flow pattern is best simulated by the numerical model 

. using modified permeability values of 0.00008 md for the evaporite aquitard, 260 md for the 

granite wash, and 50 md for the high-porosity carbonate and a combination of specified head 

condition (in the western part) and nO-flow condition (in the eastern part) along the. Amarillo 

Uplift. It takes about 1.2 to 2.0 million years for ground water to flow across the modeled area· 

of the basin. The amount of discharge through the western part of the northern bOLDldary is 

probably 280,000. m3 /year , while' discharge through the eastern boundary is probably 

4-00,000 m3/year . 

. The average head map for the Deep-Basin Brine Aquifer also indicates flow from 

southwest to northeast across the basin with a sllghtly larger west-to-east flow component. 

Numerical simulations of the deep-brine aquifer show that the simulated flow patterns are not 

critically sensiti ve to variations in the permeability distribution of Pennsylvanian carbonate and 

granite wash as long as the Wolfcamp aquifer'S properties and the leakage coefficient are' 

according to the best Wolfcamp model. The best deep-brine aquifer model' was obtained with 

increased permeability values of 260 md for the Pennsylvtnian granite-wash coarsening zone 

and 50 md for the Pennsylvanian high-porosity carbonate.1 The total travel time across the 
I 

modeled part of the basin is about 1.2 to 2.2 million years, the same range as travel times 
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through the Wolfcamp aquifer. The amount of discharge through the northern boundary is 

60,000 m3/year, and discharge through the eastern bOLn1dary s 1,020,000 m3/year. 

Additional hydrogeologic information, especially fr m future exploratory drilling, is 

essential for improving and evaluating the numerical simulation results of this study. Infornia-

tion such as local variations of the aquifer and aquitard properties as well as more accurate 

head data are necessary for local characterization of the groLn1d-w~ter flow system in the Palo 

Duro Basin.-
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FIGURE CAPTIONS 

Figure 1. Structural features of the Texas Panhandle 'and adjacent areas (modified from 

Handford, 1980). 

Figure 2. Structure contour map on top of the crystalline basement, Texas Panhandle (from 

Dutton and others, 1982). 

Figure 3. Structure contour map of the top of Mississippian System, Palo Duro Basin (from 

Dutton and others, 1982). 

Figure 4. Isopach map of Pennsylvanian System, Texas Panhandle. Sediment thins onto uplifts 

that were exposed during Pennsylvanian Period (Dutton and others, 1982). 

Figure 5. Isolith map of Pennsylvanian and Wolfcampian granite wash in the Texas Panhandle 

(Dutton and others, 1982). 

Figure 6. 0let-sandstone map of upper part of the Pennsylvanian System, including both 

granite wash and nonarkosic sandstone (Dutton and others, 1982). 

Figure 7. Net-carbonate map of lower part of Pennsylvanian System (Dutton and others, 

1982). 

Figure 8. Net-carbonate map of upper part of Pennsylvanian System. Position of older shelf 

margin is shown by dark hachured llnes, and younger (rrtreated) position is shown by llghter 

. hachures (Dutton and others, 1982). 
i 
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Figure 9. Isopach map of porous carbonate strata in upper part of the Pennsylvanian System. 

Map is made on the basis of qualitative sample log descrip ions, so actual porosity values are 

unknown (Dutton and others, 1982). 

Figure 10. East-west cross section A-A'. Datur:n is the top of Wolfcampian Series; depths are 

in feet. See figure 1 for location (Dutton and others, 1982). 

Figure 11. Isopach map of Wolfcampian Series, Palo Duro Basin (Handford, unpublished data). 

Figure 12. Sandstone isolith map of Lower Permian strata, Palo Duro Basin (Handford, 1980). 

Figure 13. Percent-carbonate map of Lower Permian strata in the Palo Duro Basin (Handford, 

1980 ). 

Figure 14-. Isopach map of porous carbonate strata in Wol:fcampian Series. Map is made on the 

basis of qualitative sample by descriptions, so actual porosity values are unknown (Handford 

and Dutton, 1980). 

Figure 15. Structure contour map of top of Wolfcampian Series, Texas Panhandle. See 

figure 14- for county locations. 

Figure 16. Structure contour map on top of Alibates, Texas Panhandle. (D. Johns, personal 

communication, 1983.) See figure 14- for county locations .• 

i 

Figure 17. Simplified topographic map of the Palo Duro B~in region. 

i 

! 

Figure 18. Swisher County core test well DOE-Gruy Federal, Grabbe No. 1: percent lithologic 

type per stratigraphic unit (McGowen, 1981). 
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Figure 19. Regional east-west section illustrating conceptual flow patterns based on hydraulic 

conditions and relative average permeabilities of ma'or hydrogeologic units (Sassett and 

Bentley, 1983). 

Figure 20. Weighted-average porosity of the Wolfcamp strata estimated from neutron-density 

log data (R. Conti,personal communication, 1983). 

Figure 21. Head map (1979-1980) of the unconfined upper aquifer that overlies the Evaporite 

Aquitard in the Palo Duro Basin (Sassett and others, 1981). 

Figure 22. Average head map of the whole deep-brine aquifer constructed from class H data. 

Figure 23. Location of wells for class A head data of the whole deep-brine aquifer. See 

figure 22 for county locations. 

Figure 24. Average head map of the whole deep-brine aquifer constructed from class A data. 

See figure 22 for county locations. 

I Figure 25. Locations of selected class A and class H head data. See figure 22 for county 

locations. 

I 
I 
I 

Figure 26. Representative varia gram of the 118 selected class A and 42 class H average head 

data for the whole deep-brine aquifer. 

Figure 27. Potentiometric head map of the whole deep!-brine aquifer of the Palo Duro Basin, 

constructed from kriged estimates of head for regular blocks of 20,000 m2. See figure 22 for 

county locations. I 

I 

3 



I 

I 
I 
I 
I 
I 
I 
I 
I 
I" 
I 

Figure 28. Standard error of estimate of the kriged deep-brin head in figure 27. See figure 22 

for county locations. 

Figure 29. Potentiometric head map of the Wolfcamp aquifer of the Palo Duro Basin, 

constructed from kriged estimates of head for regular blocks of 20,000 m2 (Smith, 1983). See 

figure 22 for county locations. 

Figure 30. Standard error of estimate of the kriged Wolfcamp-head shown in figure 29. See 

figure 22 for county locations. 

Figure 31. Isopach map of the Wolfcamp brown dolomite, based on sample log information (M. 

Herron, personal communication, 1983). Location of Amarillo Uplift from figure 5. 

Figure 32. Discretized flow region of the Palo Duro Basin. See figure 22 for county locations. 

Figure 33. Contours of transmissivity for Wolfcamp aquifEir Simulations A-I and /\-2. See 

figure 22 for county locations. 

Figure 34. Contours of computed head, Wolfcamp aquifer Simulation A-I. See figure 22 for 

county locations. 

Figure 35. Contours of computed head, Wolfcamp aquifer Simulation A-2. See figure 22 for 

county locations. 

I 

See figure 22 for county locations. 

Wolfcamp aqUifrSimU1atiOns A-3, B, C, D-1, D-2. Figure 36. Contours of transmissivity for 
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Figure 37. Contours of computed head, Wolfcamp aquifer Sirrulation A-3. See figure 22 for 

county locatlons. 

Figure 38. Contours of computed head, Wolfcamp aquifer Simulation B. See figure 22 for 

county locations. 

Figure 39. Contours of computed head, Woifcamp aquifer Simulation C. See figure 22 for 

county locations. 

Figure /.to." Streamlines and travel times, Wolfcamp aquifer Simulation C. See figure 22 for 

county locations. 

Figure 41. Contours of computed "head, Wolfcamp aquifer Simulation D-1. See figure 22 for 

county locations. 

Figure 42. Streamlines and travel times, Wolfcamp aquifer Simulation D-1. See figure 22 for 

county locations. 

Figure 43. Streamlines and travel times, Wolfcamp aquifer Simulation D-2. See figure 22 for 

county locations .. 

Figure itit. Contours of transmissivity for Wolfcamp aquifer Simulation E. See figure 22 for 

county tocations. 

Figure /.t5. Contours of computed head, Wolfcamp Simulation E. See figure 22 for 

county locations. 
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Figure 46. Streamlines and travel times, Wolfcamp aquifer Simulation E. See figure 22 for 
"',:7" ___ 

county locations. 

Figure 47. Contours of head difference between the Upper Ogallala-Dockum Aquifer and the 

Wolfcampian aquifer, computed from figure 21 and the computed head of Simulation E. See 

figure 22 for county locations. 

Figure 48. Contours of the evaporite strata's thickness. See figure 22 for county locations. 

Figure 49. Contours of leakage gradient through the evaporite strata. The leakage gradient is . 

obtained from dividing the head difference (fig~ 47) by the evaporite's thickness (fig. 48). See 

figure 22 for county locations. 

Figure 50. Contours of transmissivity for the Deep-Basin Brine Aquifer Simulation A. See 

figure 22 for county locations. 

Figure 51. Contours of computed head, Deep-Basin Brine Aquifer Simulation A. See figure 22 

for county locations. 

Figure 52. Streamlines and travel times, Deep-Basin Brine Aquifer Simulation A. See figure 

22 for county locations. 

Figure 53. Oeep-oasin Brine Aquifer Simulations Band C; zone of granite-wash coarsening in 

Pennsylvanian strata is assumed as indicated by the shadedl area. See figure 22 for county 

locations. 

Figure 54. Contours of transmissivity for the Deep-Basin ~rine Aquifer Simulation B. See 

figure 22 for county locations. 
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Figure 55. Contours of computed head, Deep-Basin Brine Afuifer SimulationB. 

for county locations. I 
See figure 22 

Figure 56. Streamlines and travel times, Deep-Basin Brine Aquifer Simulation B. See figure 22 

for county locations. 

Figure 57. Contours of transmissivity for the Deep-Basin Brine Aquifer Simulation C. See 

figure 22 for county locations. 

Figure 58. Contours of computed head, Deep-Basin Brine Aquifer Simulation C. See figure 22, 

for county locations. 

Figure 59. Streamlines and travel times, Deep-Basin Brine Aquifer Simulation C. See 

figure 22 for county locations. 
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- -"- - -- - - - - ...... - - - - - - - --Table 2. ;rmeability of hydrogeologic units of the Palo ~ B~sin. 

Geometric Number and source Typical 
Hydrogeologic unit y = In(k) mean of k of data value 

(eY), md md 
Averag~ V' 2 
value,y arlance, s 

.00028 -- -- - -- (vertical Evaporite strata 
!QecmeabU tty) 

Wolfcampian 25 - OST data 
70 - TWOB core data carbonate 2.19 5.08 8.90 6 - Sawyer #1 
pumping test data 

* 16 . . 
. 07- joo 'Pennsylvanian 

Deep carbonate 2.88 5.61 17.90 25 "7 OST data 
brine 118 - TWOB core data 
aquife 

.0001 * 
shale .00001--.08 -- --

10-05T data 
granite wash 1.27 7. 13 3.55 lO-Sawyer #1 pumping .01-380 

(2./5 wHhtnJ ( B. bO without test 
415-Mobeetie field 

Mobcdi~dGlta) Mabee t-l e. Jat()...) core data 
11- TWOB core data 

Pre-Pennsy1van 1. 56 5.70 4.76 11- OST data ian rock --
14- Sawyer #1 pump-
ing test data . 

,.. f'(o't'Y'\ Do.vi5. OYlJ De\JJie'>1 (l~bb) 'Da.\li~ (1Qao) freeze (,Q7Q) , ) 

NDte (1). 1 'l"i'\J. ""O.OOHS YY\/oa'1'-k< Sa.,jt\e vJa-\cr ho."jV'lj -6o. . .u c.cnc.entlo..fioV\. 
o{ 1'1.:7,000 'fY\'j/...f, 01 IISof 

('2) D~T'" dyi\\ - S+C:W\ test , "TWDS _ Te')((LJ) ~a-\-c:.f" DC:\ldopm-cnt B oarel 

! c, iY J -
' \' q " j 

~ 



Porosity froin neutron-density log analysis Typical va1ue** 
Hydrogeologic unit 

Standard flumber of Hean deviation data 

I 

Evaporite strata - -- - 1 ess than .01 

Wolfcampian .08 
carbonate • .055 

(.Ob4) 
53 da ta poi nts of 50 ft " .063 . 12 

Pennsylvanian interval at Sawyer.#l 
Deep carbonate .08 .055 and Mansfield #1 wells 
brine .; 

aqui fer 

Shale .15 .05 ".25 - - --
, 
! 

; 

Grani te wash 
.14 .23 . 12 18 data points of 50 ft .11 .27 

._---- i nterva 1 
------

I 

Pre-Pennsyl-
vanian 
rock - - -- --

~.-~.~ 

* AveY-o..~e V(Ah.-\~ \-o-r Wol-\ct\>"0piaV\ ~-ko.tv-- ~ R. Cor.h (~cJ. ~muV)ico.-hOY\) jQB:'). 

** From Davis and Dewiest (1966), Davis (1980). 

+-

• 



" Tab1e 4 Summary of numerical simu1ations of Wo1fcanp 

Simulation 

A" 1 

A-2 

" /t\"-3 

B 

c 

"0-1 

'0-2 

Permeabi1ity and porosity values 

""Best estimated values (from Table 2): 

kcarb.:r 8.9 md, ~ carb.:II .08, 

kGW :r 8 .. 6 md, ~ GW :r. 14, 

k 'lh. 2 .0001 md, ~ sh.. :r • OS , 

ksalt :r .0002a md. 

The S4m~ 4S A-i 

6e-st ~stlmcif~d va\uesexcept 7 

kGW • ZbO md "Ctypica.i value for friable 
SG\Y"\cb+o.,.,es ) 

Best estimated values except, 
lcGW :II 260 md 

lcsa1t s a (no leakage). 

Best estimated values except, 
lcGW :r 260 md 

lcsalt :r .oaaoa md. 

in4!:, SaM~ as D-"1, wi#-. a"ey"'~1e po~o'Si~ 

d\s-rri b",,-H 0"'" ~ -t4Ae W o\fC.o.""piGll'\ 'S1ra:iu 
t,..OV"'l"'l F,'3u't'"~ ~. 

The same as" 1:)-1 with permeabil ity and 
porosityaf 50 md and O.10,respec 
tively for the highly porous carboncte 

30 

aquifer. 

Boundary conditions 

.-z.:'1 - •. :.~ 

Fi guru 3Q.. and -35 

,,:CI '""l;"-

Figures 36 and ~ 

'4 _ ..... 

.",", 
Fi gures Stt and ~ 

Figures ~O- and ~ 

,....:.' ;,...# .. -

Fi gures .ae. and 4'-

zone (fi g .. 1) . ! . __ L-__ -2-_~__=_--=:.... ______ ...:...____.! __ ----

') 

:1 
I 
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Tab\e. 5. 

El.EJ1ENT NO. AMOUNT OF' LEAKAGE. CU.I1IYEAR 
1 6169.9 
2 6584.4 
3 6197.8 
4 6196.6 
~ 6192.9 
6 5467.2 
7 4792.2 
8 3916.9 
9 3110.9 

10 22:31.0 
11 6230.3 
12 6336.7 
13 :58~9.2 
14 ~707.4 
1~ 5021.~ 
16 471~.6 
17 4394.1 
18 3743.9 
19 2~0.1 
20 2109.1 
21 6990.9 
22 6639.3 
23 ~727.0 
24 ~391. 4 
2~ 4343.1 
26 424:5.0 
27 4148.9 
29 3374.1 
29 2~.~ 
30 2010.6 
31 6687.8 
32 6127.1 
33 :5411.9 
34 5:580.9 
3~ 3904.6 
36 3740.1 
37 3790.8 
38 3069.4 
39 2676.3 
40 2391.9 
41 :5144.3 
42 4661.~ 
43 4693.4 
44 4873.~ 
4:5 3777.4 
46 3123.8 
47 3299.8 
48 290:5.4 
49 2699.9 
~O 263:5.4 
:51 4707.7 
~2 4437.3 
~3 4107.1 
:54 3267.7 
~ 3441.0 
:56 2976.7 
57 3237.1 
:59 2961.:5 
:59 2931.~ 
60 2624.6 

ELEME .... T 
61 
62 
63 
6-4 
~ 
66 
67 
68 
69 
70 
71 
72 
73 
74 
~ 
76 
77 
79 
79 
90 
81 
a:z 
83 
84 
9~ 

S6 
87 
89. 
S9 
90 
91 . 
92 
93 

.. 94 .< 

9:5 
96 
97 
99 
99 

100 
101 
102 
103 
104 
10:5 
106 
107 
108 
109 
110 
111 
112 
113 
114 
11:5 
116 
117 
118 
119 
120 

NO. AMOUNT OF ~EAKAGE, C:U·M iY'EAR 
3780.6 
37:::6.9 
3:590.7 
2462.7 
1907.2 
l~S.O 

24:55.3 
. 2429.0 

2755.1 
2~68.8 
3~2.4 
3296.1 
294~.3 
2199.1 
129:5.4 
966.0 

1:515.0 
1605.4 
1902.7 
1945.2 
3147.4 
270:5.0 
297:::.8 
2333.0 
12:5~.3 
809.4 
993.~ 
89$.6 

11'20.4 
1448.3 
2979.7 
2:590.9 
239~.9 
20$4.6 
1216.7 
692.6 
764.S 
:5:53.6 
6e5.9 

1019.9 
226~.~ 

2101.4 
2026.$ 
1:57:5.7 
1010.6 
:526.3 
:592.1 
299.8 
392.4 
:504.3 

1902.7 
1619.6 
1:517.7 
1062.:5 

:599.3 
343.4 
434.4 
1:56.4 
17:5.9 
21.4 

::: dS9,OOO CU.m Iyear 
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Table 6. Summary of ~umerical simulations 
of the whole deep-brine cquifer 

Simulation Permeability and rorosity values Boundary candi ti ons. 

A 

B 

c 

Wolfcampian aguifer: 

kcarb . = 8.9 md, ~carb. = .08, 

kGW = 260 md, ~GW = .14, 

. ksh = .0001 md'~sh = .05. 

Pennsyl vani anagui fer: 

kcarb . = 17.9 md, '<p carb . = .08, 

k s h = . 00 a 1 md,' ~ s h = • a 5 , 

kGW = ~.b md (no fault zone), 

~GW = .11. 

Pre-Pennsylvanian rock: 

k = 4.8 md, <p = .08 

Salt section: k = 00008 md sal t·· . 

The same as A wi th permeabil ity in 
the coarsening zone of Pennsylvanian 
granite-wash of 260 md. 

Fi gures 2-8- and ~ 

",.-' '-J:l-

R~ ~~d.-%-

_ r-.' 
- j ~ .... 

The same as B with permeability and F'~ ~ ~ ~-
porosity of 50 md and .10., respectively, 
for the highly porous carbonate zones 
(fi 9S. 10 an d 15). 
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517.1 
4·~4. :3 
57:3.6 

5·30. 1 

516.8 
4'76.5 
555.2 
5:37. !:: 
566.9 
5:31.5 i 

:3:~:7 • '.:; 

729.0 





Table A-l. ('-ont,) 

10 Lati-tud~ Lon~'i+ude X m '() rn 'Mead )Y"t'\ } 

172 .-,.-, 
..,:. .. .; ... 91380 101. 93:::;59 16697::::. 57:34:3 • 694.6 

17:3 34. 1:34:30 101 • 23'.~:::0 230750. :37544. 57'.~. 4 
17'? :33. 8::: 1 a;"O 101 • 2!::235" 22~.;:::35. 54340. 696.2 

I 
1:30 3:3 .. :3:31 (){) 101.30239 224996. 54241- 602.3 
181 ~:3 • :::5520 101. 1 :3 1;>3';1 235384. 5140:::. 721.8 
1 ,:. . ., .-. .... 926:30 101.53359 20:3743. 59270 • 6:34.6 '_I":' . ;a .. .,:& .. 

1'="-:' :34. 12:320 101 • :31.-,2'.:;19 219425. :3 1 ~::=: '! ... 4 .":) . ., . ., 

I 
1_' .... ' .. _' .... """" 

1:34 ,,,:.-., 98:340 101.32199 22:3194. C.54:'::S • 595.6 ... 1._' .. 

1:35 :34. 1 ::::340 101 .2461 ';:0 2:30 1,~2. 87445. 660.5 
1:36 34.24340 101.2471:3 230071 . 94033 • f;' 7';; .. 1 

I 1:37 ::::;:3. '70320 101.37740 21:3101. 56679. 609.6 
190 34.30:365 101. :31420 22:3910. 10064:3-. c,50. 1 
10:'\'" ."~ .:3:3. 93250 100.55040 2'74123. 51~896 .. /lq.., I.· .... 6, 

I. 
196 34. 09:3:30 100. 9902'.~ 2536.:3"; .• 77552. 586. 7 
19'=' 34. 15570 100. 99600 25:3161 :34403. 586. 1 " I_, . 
202 3:3.87750 1.00.9270:3 25'~496. 5:3857. 5:32.8 

I 
215 .?~ 90370 100.7'7200 271'7111-. 56734. 557.8 '-'..,.' .. 
216 33. :39610 100. 78:;?09 272181. 5."5:399. 514.2 
21'7 34.23610 100. 91:::19 2c.Q~;14. 9:3231. 1l·51. 7 

/: 224 33. :39900 100. 7:~829 ''':'7°·:h 5=" 56218. 449.6 

I 
~ ...... ..J. 

22c. '':'I~ '?1190 100. 7-="="~O 272200. 57c.34. 570.3 ,,-I._'. 1~1-"_"_1 

''?'"-:'':j' :33. :=:S27c) 100. 1037:3 3:35178. 5442:=:. 521.8 -'a ..... 

. .., .. -:,-, '.,'':1 :38f)2CJ 1 00 • 37:339 3()9·7~:5. 54153 •. 56!. 4 ",_,/ ._, ...... 

I 2';·0 34. 04620 100.30669 :3 1 6.52.:S 11 723:3(). 4,:'4.8 
245 ,,,:,''":1. :356.:.0 100. 11519 33412':;'. 515'::,2. 5:32.8 -' ...... 
24.::. :;::3. 89540 100.37419 310:321. C"'ef;:'''~-'' ._1 __ 11_1""--,:,, • 563. I~ 

I . ., /1 ..:' ~;~:. !::9t,7() 100. 2424:?, 32142:::. 55'~/~15. 516 • 0 .... "-' 
249 .-, . ., 96170 100. 05:3:39· • • -. -I -=,3102 • ;344.4 . -='-.1. J..;<. / • .:,4 • 
250 3:3. '? 11 :3C> 100.42239 305:390. 57c.23. 530. I) 

I 254 33. :3.3c,2() 100. 1:335:3 327:342. 4 00 '-:0''':1 0-'' 5~31. 6 0' .-,~ ... 

255 34. 059::;0 100. 109:3::: :3~:4cl";I:~: • 73:=:73. 41! 7. 1 
256 3:3.97940 100. 10358 ::::3$191~'. (':'5046. :3:=::3. I) 

I 
25~:; 34. 21 :::e:.O 100.11-5559 :3t)Z:3:;:8. 91310. 55(). :3 
21::,<) ':1'''' '::'4940 1 (JO. ~:64'?:=: 311 167. (~17S2. ~:1':J. 4 ._'0_1. 
2~.2 34. 050:30 100. 1 (J7~:'? 3;3 I! :=:46. 72t::=:5. 519. 4 
26=3 :3:3. :3:36:30 100. 1 ';:'0"0":1';:' :32~962. 4 1::1 :~: :=!:3 • 514.5 '.J~":"I-, 

I 2.~A :::::3. :::4900 100. 1"::.469 "':'-)1 ~ ,:-,. 5c)728. 491. 9 ,_~", ._17 ... 
265 33. :31610 100. 1567:3 'TI)' 50409. 501. 4 ,';1.,:, ~ .. (='. 
26.6 :~::3 • 90970 100. 4:3709 :;:c) 5~3-;). 57:;:'?2. 520. 9 

I 26:=: .-.. ~ 96:~:30 100. 4:3248 ~:f) 962. 6:~::327 • ~C",-. 0 ~":I. ._J"';;":;' • 

269 :34. 004:::0 1 00. :3:3778 :30/071. 6,7::::34. 4'?0. 1 
270 :34. 2555() 100. 2612·.~ .::o-::'Ipr 99 95361. 390. 4 -- .:-., . 

I 271 ,-..-, 
97~:20 100. :32:31:3 31!P010. c.4:365. 420.9 ...,:....:.. 

274 34.20600 100.:35439 31r41. 8'7"~2c, • 507. :3 
275 ~:;;: . :31~():=:() 100. 12·.~9·? 33 "'769. 52()2:~:. 504. 1 

I 
277 :3:3. :34704 100. 09645 '':1°-:, l=-~'" 50512. 4';'-'5. 0 ._,_,. '1_ .. _I.a;. '" 

27::: ,~.-:, :3470:3 100. 10516 :3::;: ,051. 50517. 4:::4. '7 '_'0_' • 

27'.-::) ': .. -:' ::: 5',:;/2 'o~ 100. 1:3209 '3°-::'VQ7'::' 51:357. 4:=:6. :3 ,_10_' • . - " ,'. 

I 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I' 
I 

Ta'o\e A-i (c.oY"\t,) 

1D Latitude LO'A~+Ude 
, 

x) Y"I'\ '( )~ Head) Y'I1 

2::::(> :33. '~23:3() 1 00. 3~.407 311251. 58E:8t .• 517.2 
281 :33.84440 100. 1'./14/':' 32711:3. 5()22~:. 32:'.8 
2:32 :34.21551 100. 29'!66 317t;'31. '70970. 44:3.7 
284 3-1.01007 100.283:31 318629. 6:3413. 426.7 
369 :3::;:. :3124<) 102. 17?-19 144396. '!6 709. 7::::~:. ~, 

370 . ., . ., ... 1._, • 7:3700 102. 1 '1. E::3() 1 '17190. 43·~20. :324. :2 
:3:3'~ 3:3.81600 102. 4::::'760 12()45!:: • 47104. :387. Ct 
452 :;:3. 7941'-::- 102.35213 12849';1. 4470~,. 11 :36.3 
496 :3:3. !::232c) 101.86919 1728~":3. 47::: 1::>5. 90:3.4 
.'500 '-1'-' . ':I.~ • 7,:-,.500 101.941'.=19 166201 • 41504. 81'~ •. ::-
52:=: 33.77720 101.5502';.> 2c)22 ()!:: • 42:344. 759.6 
C""-I'~ . ::J.,:,~ 3:3.77530 101.09'?6:3 243630 • 42635. 60S.7 
537 .... ...., 

..;,.,j • :30700 101. 'l9759 207052. .11,6116 • 477.0 
54:3 :3:3. :32550 101.54599 1:0260:3. 4:3147. 717.5 
5:::4 ~:;3. ::: 1 ft, I?<) 100. :31759 Z,~:~51~1 • fl,t,'~8~:. 513.3 
611 . -,.~ ..;,t...: •• 76400 100. 0!"504'.~ :!: il<) 0 77 • 41:395 • 499. 9 
705 :33. 8:~: 1 ()C> 100. 1917? 327():::::: • I!E:751. 491.6 
707 3~:. 7:::~::=:O 100.0175:3 34:3102. 4~:569. 45:3.2 
710 33.76060 100.2391:3 :3227~:1 • .<11021. 441.4 
7:39 :33.8:3420 100. 11100 331757. 49103. .'518.2 
748 33.80'100 100.22169 82433-;/. 45787. 4:::7.7 
749 33. :31200 100.22459 g--:'4 0 7·" 46ed':'5. 515.7 ... ,_I. 
757 3~:. :3:343~ 100.20:371 ~255;32. 4911:::. =-)0 . ., 

... 1":"1_1. ~ 

7S'?, :3:;: . 82274 100. 430,S2 ;~:051 :3:3 • 47:344. C' ' /. 
._IC~. '? 

DOEM"\. - DOE..) S MaY\s-8 e-e.d. -#: 1. W~ \\ . 

70" wdl It) 'r\UJV"I"'\~.AM PI d.a~ .\=;\e. "A\..t...coq,". 

HAL..L.2. - Well #:2 (6EG ,("\UYT"1~) in 'r-\o.\\ CQ""l..W\~·. 

"*""" lYle. o'f\<jir. ~ Ovt }"ot\*'-".c\..e.. ~"3, :'870 0 N ClV'J ~j-+;-fv-clt.. 



- ~ - - - - - - - • - - - - - - - .. .. 
'~b\e. A-2 p"tc:A fik (PAlOFL) k +he deep - brine. a~'fVt ,:)ivi"'j info-(I'Y\,,-\1o'ro at 4-05 tinite- element nodal points. 

Node I Coordinates, PI Elev. of Thickness, m I lIeadi n Thickness, m HeODE 
No. crys t. , 

upper 
X y basement, Pre- Penn. penn. Penil. Penn. , Hal f. Wol f. 1-101 f. Wol f. , Griln i te Rock dqui fer. Wol f. Penn. m Penn carbo- gran i te shale Total carbo- granite .sha I e Total wash. salt porous rn porous , 

nate wash nate wash tota J car'bo- ca[bO-
nate na e 

1 137122. 245523 .. -2073. 0 46. 1 -}"-I 
L":'. 777. 945. 43';;. (I 293. 732. 1'/':" 9n. 1036. 158. (I 0 

2 12947'1. 236866. -1646. 0 76. 122. 41l. t· 1 (J. 319. !) 261. 57"). 122. 108:::. 10G2. 229. (I 0 
3 121835. 228267. -792. 0 t.1. 1 .,.,,) 

LL. 0 183. 293. 0 73. '366. 122. 1082. 1128. 19i.::. (I 0 
4 114192. 219725. -671. 0 61. 91. 30. 1 :::'3. 341. 0 146. 488. ~il. 10:37. 1180. 61. (I 0 

5 t(16548. 211242. -975. 0 91. 1 . .., . .., 
":".L • 2121. 427. 137. 0 320. 457. 122. 1098. 11';;.5. I) I) 0 

6 98904. 202817. -1006. 0 7.(; .• 91. :320. 4:j8. 1 (;7. I) 320. 427. 91. 1204. 1207. 0 o I) 

7 91261. 194449. -1006. 0 76. 183. 168. 427. 119. (I 277. :39b. 18;;:. 1250. 1219. (J (I 0 
8 83617. 186140. -1006. 0 7t.. 244. 46. 36t .• 140. 0 210. 351. 244. 1305. 1244. 0 o 0 
9 75973. 177888. -1006. 0 91. 91. I'"'''' L_. ;;:05. Itt., , 0 174. 290. 91. J :332. 12:::0. (I (I I) 

10 80244. 166254. -1067. 0 137. '.;; 1 . 137. 3t.6. 174. (I 116. 2')0 .. ','1. 1348. 12t.5. 0 (I I) 

I 1 84511. 154751. -1280. 30. 152. 91. I .,,::.~. 442. 207. 0 E:9. 296. 91. I :;:E:4. 1219. (I (I (I 

12 88775. 143380. -1524. 55. 152. 9:3. 207. 457. 224. I) 96. 320. 98. 1466. 1204. (l I) (J 

13 930:36. 132140. -1494. 4~ .• 152. 79. 1t.5. 3·i'6. 'j'",e 
...,j ... l. (I 101. 3::::5. 79. 148E:. 1189. 0 (I 0 

14 97167. 121467. -1463. 61. 143. 61. 131. 335. 2:30. I) 5"9. 329. 61. 1418. 1167. (l (l I) 

15 101263. 110712. -1463. 58. 128 .. 30. 14t., 305. 244. (I 61. :305. 30. 154t .. 1152. 0 o (l 

16 105322. 99876. -1524. 58. 128. 21. 125. 274. ,?·")O 
L"'-" .. 0 76. 305. 21. 1524, 1140. 0 (l 0 

17 109345. 88958. -1570. 79. 168. 9. 82. 259. 244. 0 ~.1. 305. 9. 1518. 1128. (I (I 0 
18 113332. 77959. -1615. 98. 168. 0 7t .• 244. 29:3. a 73. 366. (I 150:3. 11 1 'jI. 61. I) I) 

19 117284. 66878. -1676. 122. 171. 0 I'" L. 183. 329. 0 E:2. 411. (I 1524. 1097. 91. :;:1) • (I 

21) 121199. 55716. -1707. 122. 134. I) 79. 21;;:. 389. I) t.9. 457. 0 1509. 1067. 122. o 0 
21 125078. 44472. -2256. 122. 107. a 137. 244. 576. (I l:.4 • 640. 0) 1524. 1 0~·1 . lE:3. o 0 
22 146387. 243004. -2591. 0 61- 366. l(13t .• 1463. 585. 0 146. 732. 366. 1037. 1036. 61. I) 0 -23- - 131838: 225813. "1<:.2. o • 152. 61. 91. 305. 352. a 2£:8. tAO. t.1. 118·i'. 1146. 91. 30. 0 
24 117290. 208767. -1067. 0 91. 244. 107. 442. 258. 0 211. 469. 244. 1235. 1177. 61. I) 0 
25 102740. 191865. -1280. 0 91- 79. 378. 549. 201.· a 201. 402. 79. 1341. 1198. 0 (I 0 
26 881'Y 1. 175109. -1067. 0 146. 18:3. 98. 427. 16:3. 0 168. 335. 18:3. 1357. 1219. 0 q 0 
27 97180. 152836. -1768. 67. 213. 122. 204. 539. 245. 0 91. 3:~:5. 1·-"·-" 1457. 1189. 0 o 0 JL.~. 

28 106058. 131024~ -1753. 79. 177. 76. 15:'::. 411. 256. 0 110. 366. ?t .. 1485. 1158. 0 I) (I 

29 113224. 110046. -1524. 73. 149. t.1. 125. 3:::5. 245. 0 91. 3::::5 .. t.1. ISH.!. 1134. 0 o 0 
30 120264. 88782. -1615. 91. 189. 18. 73. 2;::0. 305. 0 7t. .• :381. 18. 1479. 111:3. 0 o (I 
31 127179. 67233. -1768. 1 .., . .., 

"':"4- lE:3. 3. h_ 27. 213. 389. 0 69. 457. 3. 1448. 1070. 1 £:3. 15 .. 0 
;:::2 133967. , 45399. -182';;. 152. !O:!l~. ·0 '244:- 244. 541. I) J35. 677. 0 1479. 1036. 183. I) I) 

33 155652. 240312. -2591. 0 91. ~;51. 1021. 14t.3. 293. 15. 180. 4E:;::. ::'~66. 1189. 10;;:6. (I (I 0 
34 1487:32. 231763. -1890. 0 122. 107. 381. 610. 683. I) J 71. 853. 107. 1189. tl)E:2. 0 o 0 
35 141813. 223229. -1189. 0 137. 30 .. 168. 3~:5. 351. (I 351. 701. ;;:0. 1189. 1128. 0 15. 0 
36 1348:;13. 214709. -975. I) 198. 30. 15. 244. 311. 0 207. 518. 30. 1244. 1140. I) .3c). 0 
37 12797.3. 206204. -1372. (I 1 .,. . .., 

,..)4. 137. 198. 488. ::;43. 0 114. 457. 137. 1280. 1158. 137. 9. 0 
38 12105:3. 197714. -1433. 0 J 52. 183. 1~8. 503. 325. I) 108. 433. 183. 1296. 1167. 128. o 0 
39 114134. 189238. -1494. 0 122. 116. 341. 579. 286. 0 123. 408. 1 n. 1372. 1 180. 91. (I (I 
40 107214. 180776. -1524. 0 168. 61. 381. 610. 273. 0 117. 390. 6l. 1341. 1189. 6l. I) 0 
41 100294. 172329. -1524. 0 213. 82. 253 .. 549. 256. 0 110. 3(.c .• 8·-" L. 1372. 11 :::9. 0 o 0 
42 104970. 161584. -171)7. c.1. 30~. t.l. 244. 610. 274. 0 91. 3U .• 61. 1387. 1170. e) o 0 
43 10-;.;t-45. 150938. -1707. 61. 274. O. 26;::. 610. 282. 0 :::4. 3t.6. t.7. 1448. 1158. 0 (l (I 
44 11431t. .• 140391. -17(17. 61. 244. 70. 235. 549. 27·Y. 0 ';;:3 . :37.'2. 70. 1491. 1152. (I (I 0 
45 11898t .• 129942. -1707. 94. 213. 61. 213. 488. 279. (I 93. 372. 61. 1479. 1137. 0 o 0 
46 122057. 119704. -1676. 131. 213. :30. 152. 39t .• 263. I) 102. 36t .. 30. 1479. 1128. (I c) 0 
47 125101. 109405. -167t. .• 125. 213. :;;0. 122. 3c·t·. 241. (I 124. 3c·6. 30. 14c.3. 1 J 13. c·l. (I (I 

48 128118. 99044. -164~. 137. 18'7'. 30 .. 1 1 c .. :335. -;-77. (I IIQ -::"-='11... .:.,., t "OJ<::> • i,-,·J , . .-, .-. 



- ., • - - - - .. - ., - - - - - - .. ... ~ 
\o.'ole. A-1. «(.o",.-,t.) 

---, 

/lode Coordinates, m Elev. of Thickness, OJ . Head in Thicklless, In NCOOE 
No. cryst. --- upper ----

X Y basement. Pre- Penn. fenn.' . Penn, Penn. , Wol f. wol f. ,~o If. Wol f.. Granite flock' aquifer. Wol f. Penn. , m Penll carbo- granite shale Total carbo- shal~ Total wash, sa It granite m porous pOl·OUS , 
nate wash nate wash tota I carbo- carbo-

nate na 'e 

-....... 
49 131108. E:81:..2:~:. -It.7t .• 143. ;':'14. It:. 43. 305. 317. (I 7'". 396. 1 E:. 1445. 1(197. c.1. 9. I) 

50 134070. 78140. -1753. 143. 223. 1 ~, 
L. 40. 274. 363. (I 64. 427. 12. 143','. 1 (17'::;. 1 ::::3. 30. 0 

51 13700t .. t.7596. -1859. 152. 183. 9. 52. 244. 439. (I 49. 4E:E:. 9. 1433. 1 (J~iE:. 244. ';, ,. (I 

52 139915. 56991. -1829. 1'-"'") .4.. .... 91. 0 152. 244. 544. (I 9t .• 640. 0 143:3. 1 (L:::.~ .• 1 ~:;2. 1 :=:. 0 
53 142797. 46325 .. -1 E:29. 122. . ,:~u 0 ' :,:",:1_(1 .? ~!(!O 5t.1. 0 140. 701. 0 1479. 101E;. t.l. (I 0 
54 164917. 237445. -1951. 0 107. 165. 338. 610. 34t. 18. t.7. 427. 1::'::3. 1204. 1 OC.7. 30. o 0 
55 151758. 220515. -914. 0 1 c.8. 30. 168. 3t.c .• 347. 0 2:'::2. 579 .. 30. 1143. 109'1. 0 o 0 
56 138599. 203555. -1219. 0 183. 76. 107. 366. 3t.6. 0 91. 457. 76. 1225'. 1134. 76. 15. 0 
57 125440. 186567. -1433. t) 152. 122. 335. t.IO. 334. (I :34. 418. t ,....J.-~ 

..:...4... 1:348. 1158. 1:;:7. (I 0 
58 112280. 169550. -1676. 18. 274. 55. 280. 610. 2St .. 0 95. 3:31. 55. 13;::1. 1158. 61. (I 0 
59 122054. 149057. -1737. 6t. 287. 55. 2t.8. 610. 310. (I 77. ;;:87. 5~i. 1442. 1140. 1 .-".-.. ...:...L.. (I 0 
60 131819. 128393. -1768. 1 .').') 

~L. 229 .. 55. 219. 503. 277. (I 1 15>. 3·.~Jc .• t::.;c 
....1-_1. 144:3. 1116. ~:C)5. I) 0 

61 13t.S·;> 1 . 108789. -1829. 113. 213. 30. 152. 3·;-t .• 247. 0 lc.5. 41l. 30. 1421. 1097. 305. o (I 

62 141874. 88480. -In.8. 128. 274. 21. 55. 351. 334. (I 84. 41 :3. 21. 1418. 10:::2. ::::O~i. 24. 0 
63 146767. 67968. -1890 .. 183. 213. 9. 98. 320. 415. 0 73. 4::::8. 9. 1457. 1042. 213. 30. 0 
64 J51570 .. 47252. -J859. 152. i 0 (I 0 0 46';-. 0 +01. 671. 0 1524. lOOt .• 30. o I) 

65 174182. 234405. -1981. 0 122. 131. 47'". 732. 341. 21. t.4 • 427. 152. 10EC~ .. 1052. 61. o 2 
66 Jt.7928. 226052. -1067. 0 122. 104. 140. 366. :3t.6. 13. 7:3. 457. 122. 1021. 10c.7. c.1. o 1 
t.7 H:.t674. 217670. -914. 0 JOI. 15. 98. 213. 3t.3. 15. 140. 518. 30. 10'::2. 1082. 0 (I 0 
t.S 155421. 209259. -975. 0 91. 15. 259. 366. 368. 0 181. 549. 15. 1073. 1097. 0 (I 0 
6';> J49167. 200819. -1006. 0 91. 55. 219. 36t .• 329. 0 219. 549. c'''' ... 1...,). 1198. 1109. 0 (I 0 
70 142913. 192350. -1219. 0 l~r') 58. 247. 427. 320. I) 137. 457. 5:3. 1296. 1128. 61. (I I) 

71 136t·59. 183852. -1341. (I 183. 71:." 259. 518. 320. 0 107. 427. 76. 1360. 1137. 12'::. (I (I 

72 130405. 17532t .• -1463. 0 1 :i'8. 91- 320. t.IO. 296. (I 115. 411. 91. 1375. 1143. 137. I) (I 

73 124151. 166770. -1 t.lt .. 30. 280. c.L 2t.8. 610. 317. 0 7'Q ::;:96. 61. 1 ;:::;:: I . 1119. I ')C, 
LU. o 0 

74 129255. 156949. -1707. 61. 280. 49. 280. 610. 277. 0 119. :396. 49. 13t.') • 1131. 137. o 0 
75 134358. 147193. -1707. 91. 268. 46. 296. . 610. 269. 0 127. ;:::9t .• 4c .. 13:::4. 1128. 183. o (I 

76 139458. 137503. -1737. 122. 274. 46. 29(·. 610. 276. 0 136. 41t. 4t .• 1387. 1109. 18:3. o 0 
77 144557. 127878. -1768. 122. 311. 4t .• 192. 549. 258. 0 13';-. 396. 46. 1372. 1097. 122. o 0 
78 146586. 118058. -1798. 125. 311. 37. 140. 4i::8. '256. (I 171. 427. 37. 1:372. 10;:::3. 1'-"') ..:...:... I) (I 

n 148597. 108198. -1829. 128. 2t.8. 30. 143. 442. 283. 0 189. 472. ::::0. 1363. 10c.7. 274. (I 0 
80 150590. 98296. -1859. 140. 305. 30: 76. 411. 320. 0 137. 457. :30. 1372. 1067. 427. r' (I 

81 152565. 88354~ -1859. 143. 314. 24. 58. 396. 320. 0 107. 427. 24. 1418. 1 Ot.l . 305. 30. (I 

82 154522. 78371. -1890. 143. 2',") • 18. 64. 372. 331. 0 J 10. 442. 18. 1433. 1052. 183. 30. (I 

83 J564t.l. t.8348. -1920. 213. 244. 12. 110. 366. 341. 0 14t .• 4E:8. 1 ~, 1473. 10::::6. 61. :30. 0 
84 158382. 5i328:"~. -1920. 183. 1 'iJ:';j. 6. 131. 335. 393. 0 16:::. 561. t .• 1509. 1012. 30. I"" o. 0 
85 It.0285. 48178. -1920. 183. 152. 0 0 152. 449. (I 221. c.71. 0 l:"i40. 1024. (I ·0 0 
86 183447. 231191. -2073. 0 122. 162. 44:=:. 732. 299. 21. 107. 427. 18:~. 960. 1027. 91. o 2 
87 171562. 214695. -610. 0 76. 15. 0 n .• 378. 15. 79. 472. 30. 1006. 10c·l. 1'-"-" .c-..:.. (I 0 

( 
88 159677. 197996. -1067. 0 1 . .,./ 5~' 192. 3t.6. 401. 0 148. 549. 52. 1204. 1 (.:'::E:. (I (I 0 .... 
89 147791. 181095. -1311. (I 213. 58. I Bc .• 457. 274. (I It!3. 457. 58. 1;:;:02. 1 I 19. t·t. () (I 

90 13590t .. 163991. -J524. 0 244. 61- 305. 610. 247. 0 165. 411. 61. 1360. 1131. 61. (I I) 
91 14t.55t. . 145345. -J707. 91. 311. 37. 262. 610. 254. 0 143. 3';J[.. 37. 1341. 110c .. 91. (I (I 

92 157201. 126896. -1753. 134. 360. :30. 219. 610. 256. 0 171. 427. 30. 1320. I07~ .• t.1. 4::::. 0 
';13 H.0217. 10]t.32. -1829. 143. :;:20. 37. 131. 488. 384. 0 16::i. 54'1. 37. 12;::0. 1049. 39t .. (I (I 
94 163179. 88245. -1905. 152. 3~:5. 24. 5'/ 411. 30:3. , 0 130. 4:33. 24. 1433. 10::::(: .. 122. 46. I) 
95 It.60as. 68736. -1981. 213. 262 .. j":' 122. 396. :34t .• 0 20::3 .. 549. 1'" 1509. 1006. (I 15. 0 
96 168942. 49105. -1920. IH:~. ~"I ;"c I) IS? ~"A_ 4'''''~ 

,. ':>47 .L.A/... (" 14'<.·'{ 97S (, (I I) 



- -' -, -. .-: - _: -' - _! -' ~-' , . -' -' - ... ~ ... .. .. 
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Node Coordinates. m Elev. of Thickness. III lIead in Thickness. m NCO DE I 
No. cryst. r--- .- - upper 

X y basement. Pre- Penn. Penn. Pellil. Penn. " lola! f. Wol f. Hult. Wol f.. Gran i te Rock aquifer. 10101 f. Penn. - --. m Penn carbo- granite shale Tota! carbo- griln i te shaJ~ Total wash, salt m porous porous 
nate wash nate wash total carbo- ca[bo-

nate na e 

97 1.92712. 227804. -1981. 0 j''T"1 
... .1-. 98. 577.: 7'12'. 299. 24. 104. 427. 1 .-,., 

..:.. ........ 945. ·997. 137. (I :2 

98 187066. 21973:3. -1~90. 0 79. 165. 0 244. :34:3. 18. 96. 457. 79. 9.~·t .. JOI5. 137. o 1 
99 181420. 211590. -610. 0 46. 15. 0 {;'1. 378. 15. 79. 472. 30. 9q~i .. 10;::9. 244. (I 0 

100 175775. 203374. -t.l0. 0 61. 0 0 .0.1. 433 . 0 48. 4"""' \,... . .:.... 0 1052. J052 .. 122. I) I) 

101 170129. 19501::6. -1158. 0 91. 46. 320.1 457. 4 -,-. .:-4i.. 0 126. 549. 46. 1241. 10t.7. 0 o (J 

102 164483. 186726. .,.J311. 0 18:3. 46. 274. 503. 384. (l 1 t.5. 54'.;'. 4t .. 1232. 1085. 0 o 0 
103 158837. 178293. -1372. (I 244. 52. 207. 50;::. ~:27 • (l In. 503. 52. 1232. 10'n. 0 15. 0 
104 1531 'j)1. 169788. -1402. 0 290. 58. 201. 549. 274. 0 183. 457. 5:3 .. 1299. 1100. t) J5. (I I 

105 147545. It·1211. -1433. 0 351. 61. 198. 610. 25(;,. (I 171. 427. 61. 1326. 1119. 0 15. I) 

106 153098. 152346. -1463. 0 351. :3/). 229 .. t.l0. 25~ .. 0 171. 427. :30. 1 :;: 11 . 1103. t.l. 15. 0 
107 158650. 143514. -1494. 0 3E: 1. 30. 198. 610. 2t.5. 0 177. 442. 30. 1280. 1079. 0 15. 0 
108 J t.4200. J34714. -1524. 0 396. 30. 183. 610. 25t .. 0 171. 427. 30. 12:::7. 1067. t.1. t.1. 0 
109 1 t.9750. 125948. -1768. 61. 38t. 37. 192. 610. 25t .• 0 171. 427. '37. 1329. 1055. 183. t.l. (I 

11 (I 170755. J 16530. -1768. 137. 351. 43. 171. • 5~·4. ~:52. 0 151. 50:] . 43. 1299. 1 (/;::6. 152. 61. (I 

1 1 1 171752. 107091. -1829. 162. 3~:5. 37. 146. 518. 329. 0 219. 549. 37. 1:32~ .• 10:]0. 122. 6t. 0 
112 172739. 97632. -1890. 183. 314. :30. 128. 472. 236. 0 23~ .. 472. 30. 1387. 1021. 9t. 61. 0 
113 173718. 88153. -1920. 192. 305. 24. 113. 442. 236. 0 236. 472. 24. 1448. 1006. t.t. :::0. 0 
114 174687. 78653. -J 981. 180. 274. 18. 134. 427. 236. 0 23t .• 472. 18. 1479. 1006. 0 J5. 0 
115 175M7. t.9133. -2012. 244. 244. 12. 171. 427. 293. (I 195. 488. 1 -, 

~. 1482. 1006. 0 o 0 
116 176599. 59592. -1981. 244. 235. 6. 125. 3~.6. 375. I) 250. 625. 6. 143~ .• 975. (J I) (I 

117 177541. 50031. -1829. 91. 213. 0 152. :3t·t .• 439. (I 293. 732. 0 1454. 9lA:. .• 61. o (I 

118 201977~ 224242. -1676. (I 122. 98. 604. 82:3. 299. 24. 104. 427. 1 '..,.., ..;...l,.. 884. 972. 61. o 2 
119 191250. 208354. -7t.2. 0 110. 12. I) 122. 389. 12. 5t .• 457. 24. 915. 1012 •. 91. (I 1 
120 180523. 192090. -1219. 0 183. 41). 265. 488. 378. 0 94. 472. 40. 1265. 10:36. 0 o I) 

121 It.9796. 175449. -1433. 0 229. 4t .• 290. 564. 384. (I 165. 549. 46. 1229. 10lt .. 0 21. (I 

122- 159068. 158432. -1433. 0 366. ·4t·. 198. t.l0. 274. 0 183. 457. 4~ .• 1265. 1103. 61. 30. (I 

123 170638. 141700. -1494. 6. 381. 30.· 198. t·l0. 213. 0 213. 427. 30. 1244. 1061. 0 30. (I 

124 182205. 125033. -1737. 152. 305. .,. . ., ..... ..::,. 253. t.l0. 274. 0 18;::. 457. 5-' L • 1::::38. 1024. (I J !:' • 0 
125 183201. 106575. -1E:90. 201. 305. 34. 180. 518. 274. (J 274. 549. :::4. 1354. 1006. 0 37. (I 

126 184179. 88077. -1951. 213. 244. 21. 1 .:)., , .... 457. 259. 0 259. 518. 21. 1439. 991. I) 15. 0 
127 lE:5140 .. 69538. -2012. 183. 229. 9. 189. 427. 259. (I 259. ~;1 B. 9. 1418. 1024. 0 (I 0 
128 186082. , 50958. -1 K?9. 152. 198. (J 168. 3t.6. 335. I) 274. 610. 0 1433. 951. 61. o I) 

129 211242 .. 220507. -14t.3. 0 9t. 94. 668. 853. 277. 27. 91. 3·;;'~ .. 122. 884. 9t.O. (I (J 2 
130 206146. 212805. -1433. 0 152. 344. 479. 975. .313. 21. 83. 418. :;:66. 9t.O. 969. 0 (I 2 
131 201051. 204988. -762. 0 122. 46. 76. 244. 334. 15. (.:3 • 418. 61. 11):::~. ·.~88. (I (I 1 
132 195955. 197055. -762. (I 91. 0 30: 122. 334. I) 84. 418. 0 1159. 1012. :'"' 1. o (I 
133 Ij0859. 189006. -1067. 0 122. 34. :;:02. 457. 334. 0 84. 418. 34. 1220. 1 02J. I) (I 0 
134 185763. 180841. -1311. I) 168. 37. 3,t 4. 518. 303. I) 130. 433. 37. 1262. 1 f)3t .. 61. J5. I) 

135 180668. 172561. -1372. (I 396. 40. 1 .'''':> ..0.-'1... •• 564. 43:~. 0 110. 549. 40. 1210. 1067. t.1. [;,1. 0 
136 175572. 164164. -1524. 21. 351. 43. 216. 610. 411. I) 123. 53.3. 43. 1189. 1073. I) t.1. 0 
137 170476. 155652. -1524. 15. 344. :::0. 235. t.10. 293. 0 195. 4;::8. 30. 1235. 1079. 0 t.1. (I 
138 176499. 147777. -1585. 27. 326. :30. 253. t·l0. 251. (I 206. 457. 30. 1235. 1055. (I 21. 0 
139 18252J. 13,'902. -1676. 61. 2t.5. 4.). 305. 610. 229. (I 22·~. 457. 40. 1250. 10::::( .. (I (I (I 

140 188543. 132027. -1737. 122. 213. 5'" ~. 375. 640. 229. (I 229. 457. ~ . ., 
....'k. 129',01. 1015. 0 (I I) 

141 1945t.5. 124151. -17t.e. 174. 213. t.l. 391; .• t.71. 244. 0 244. 48;::. 61. 1317. 1 (lOt .. 0 (I (I 

142 194565. 115118. -1829. 198. 229. 55. ;326. 610. 267. I) 267. 53:3. 55. t:::c4 1 • 1000. 0 (I I) 

143 194565. 10t.085. -1859. 213. 229. 30. 259. 51E:. 2:=:0. (I 280. 5t.l. 30. 1 ::::48. 9:31. (I (I (I 

144 194565. 97051. -1890. 219. 213. 24. 2:35. 472. 277. 0 277. 555. 24. 1363. "'75. (I (l (I 
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Node Coordinates, m £lev. of Thickness, m I Head in Thickness, m NeODE 
No. cryst. -- T- upper 

X y basement. Pre- Penn. Penn. Penil. Penn. , I~o If. rio If. i~o If. Wolf .• Graliite Rock aquifer. Wol f. Penn. -, m Penn carbo- granite shale Total carbo-- granite shale Total wash, salt porous In porous 
nate wash nate wash tota J carbo-- ca[bo-

nate na e 
, 

145 1945<';.5. ---8ser1!:). -f9ST • 219. 213. 21- 207. 442'. :271f • (I 1"14. 549. 21. 14H::' 975. (I (I 0 

146 194565. 78985. -2012. 2lt .• 198. 15. 213. 427. 274. 0 274. 549. 15. 143:3 . 975. I) o 0 
147 1945t.5. 69951. -2042. 210. 1 E:3. 9. 204. 39<'; .• 290. 0 290. 579. 9. 1::::87. ';'-7~'j. (I o 0 
148 194565 •. 6091S. -1829. 168. 152. 0 213. 366. 366. 0 3c,<';,. 7'-;"-" "_'L. (I 1296. ''i'75. (I I) 0 

149 194565. 51884. -1?C.8. 91. 168. 0 15, 183. 293. 0 195. 4:'::8. 0 1372. 945. <';.1. o 0 
150 218712. 216454. -1280. 0 76. 91- 686. 853. 2:38. 30. 128. :-:;-?6. 122. :384. ';-/54. 0 o 2 
151 209635. 201601. -853. 0 183. 76. 107. 36(;,. 317. 15. t.4. 89t .. 91. 111:;: . 981. (I (I I 

152 20(l55S. 186284. -1036. 0 122. 34. 241. 396. 317. (I 7 q 
.' . 396. 34. 1189. 1006. 122. I) 0 

153 191482. 170505. -1311. 24. 274. 30. 229. 533. 3';00. 0 98. 4::::8. :30. 1226. lOOt .• 1 '')':> o 0 
154 182405. 154262. -1615. 49. 305. 30. 274. t.l0. 363. 0 155. 518. 30. 122:3. 1042. 0 15. 0 
155 193234. 1388<';.0. -1737. 122. 152. 4t .• 411- t.to. 244. 0 244. 4;::8. 46. 123E:. lOOt .• 30. o (I 

15t. ' 204062. 123456. -1798. lS·i. 152. 6t. 472. 68t .• 25'.:;l. 0 259. 518. t.l. 1290. 97:3. 30. I) 0 
157 2040t.2. 105361. -1890. 219. 152. 6t. 3'--'~ ...:.~. 549. 282. 0 282. 564. t.t. 1357. 975. 0 o 0 
158 204062. 87265. -1951. 223. 152. 46. 305. 503. 290. i) 290. 579. 46. 1396. 960. I) o 0 
159 204062 .. t.9169. -2042. 213. 122. 37. 344. 503. 80S. 0 305. 610. 37. 1348. 951. (I o (I 

1t.O 204062. 51073. -1524. 91. $It. 0 30. 1 .';'''') -..... 219. I) 146. 366. 0 t29t .. 924. 6t. o 0 
161 226298. 212632. -1067. 0 46. 46. 640. 7::::2 • 219. 76. 70. 366. 122. 8;::8. 945. 0 o 2 
162 222273. 205567. -975. 0 113. 198. 482. 7-;/2. 2:38. 46. 8'-;' 36t .• 244. 915. 96:3. 0 I) 2 
163 218249. 198387. -914. 0 152. 347. 262. 762. 286. lB. 67. 372. 3t.t., 1034. 975. 30. o I 
164 214224. 191091. -9J 4. 0 244. 76. 107. 427. 297. 0 74. 372. '76. 1159. 98:3. 61. I) 0 
165 210200. 183679. -1067. 0 290. 34. 43. 366. 297. 0 74. 372. 34. 1159. 991. 61. o 0 
166 206175. 176151. -1219. 0 244. 30. 18:3. 457. 317. 0 79. 39t .• :30. J134. 975. 61. I) I) 

167 202151. 168507. -1280. 76. J 52. 30. 335. 518. 3£.6. (I 91. 457. 30. 11 E19. 914. 122. o (I 

168 1·iB126. 160748. -1372. 116. 152. 30. 36t .•. 549. 439. 0 110. 549 •. 30. 1204. 945. 1 ....... ..., .... ..... o 0 
169 194102. 152873. -1585. 113. 152. 30. 41 t. 5·Y4. 384. 0 lc.5. 549. 30. 1226. lOOt .• 9L o 0 
170 198';>66. 145345. -1646. 137. 183. 37. 390. t.l0. 28:3. 0 189. 472. 37. 1235. 1003. 91. (I (I 

171 203831. 137817. -1676. It.8. 18:3. 52. 405. 640. 2t.O. 0 21:3. 472. 52 .. 1241. 985. 91. I) 0 
172 208695. 130290. -1737. 189. 183. 37. 451. 671. 268. 0 219. 488. 37. 1250. 981. 91. o 0 
173 '213559. 1227t.2. -1768. 20t. If:3. 30. 503. 7 n. 277. 0 221:. .• 503. 30. 1302. 975. 9t. o (I 

174 213559. J 13728. -1829. 21:3. 183. 61. 427. 67l. 267. 0 267. 5:3:3. 61. 13t.O. 969. 46. o 0 
175 213559. 104695. -1890. 219. 183. 6t. 805. 549. 282. 0 282. 5M. 61. 13t.t·. 957. 0 () (I 

176 213559. 95662. -1920. 232. 183. 61. 305. 549. 290. 0 290. 579. 6t. 1366. -945. 0 I) (I 

177 213~59. 8t.628. -1981. 232. 198. 6t'. 305. 564. 297. (I 297. 594. t.t. 1;::78. 945. 0 o 0 
178 213559. 77595. -2134. 232. 19S. 49. :317. 564. 305. (I 305. 610. 49. 1369. 945. (I I) 0 
179 213559. 685t.l. -2073. 213. 168. 37. 299. 503. 320. 0 320. 640. 37. 132t .• 951. (I o 0 
180 213559. 59528. '-1829. 174. 122. I) 244. 8U .• 343. O. 343. 68t .. I) 1311. 908. 30. I) (I 

181 2S3559. 5049'1. -1372. 46. 91. 0 30. ,-,-. 
-4'::'. 439. 0 2~713. 7-"-' ...,....:,. I) 12;::7. 902 .. t.t. o (I 

182 234000. 209042. -457. 0 ' 4t .• I) 76. 122. 216. 122. 22. 360. 122. E:69. 945. 0 o 2 
183 226892. 195347. -610. 0 10:2. 1 -,,,,) 

4":". 162. 366. 270. t.1. 29. ;::60. 18:;:. 945. 945. 0 (I 1 
184 219783. 181189. -853. 0 J 98. 76. t.I. 335. 280. 0 70. 351. 76. J 098. 975. 0 18. 0 
185 212675. lU.5t.7. -1219. 91. 366. 30. 9t. 4E:8. 293. 0 73. 3<':.6. ;::c). 1128. E:5'3. 30. 15. (J 

18t. 205567. 15J 483. -1524 .. 143. 274. 30. 259. 5M. 320. I) 107. 427. 30. 1204. ',"-;> J • J 37. 1~ "'. 0 
187 214312. 13~.775. -16n. 189. 351. 30. 229. 610. 247. (I 179. 427. 30. J250. 975. 1:::7 . 70. CI 
188 223055. 122067. -1768. 213. 305. 30. 396. 7:32. 307. (J lC·5. 472. :30. 1320. 945. t 37. ~) 1 . (I 

189 223055. 104087. -1890. 226. 2-14. :::('. 3:::~~ .. t.l0. ;::47. 0 lE:7. 533. 30. 13~j7 • -;/3t ... t.7. (I 0 
190 223055. 86107. -19::<1. 238. 213. 30. ~366 . 610. 320. 0 320. 640. :30. 1317. 924. 30. (I 0 
191 223055. <':.8127. -2134. 216. 152. 18. ;::'17. 518. 320. (I 32f). 640. 1 E:. 1296. 920. 0 (I 0 
192 223(155. 50147. -1219. 0 91. c) ;~:o. 122. :31':'6. 0 244. 610. I) 12;30. 8::::4. 61. I) 0 
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Node Coordinates. In Elev. of Thickness. m : /lead in Thickness. m NCOOE 
I No. cryst. _. -- upper 

X y basement. Pre- Penn. Penn. Penil. Penn .• Wol f. wolf. Hoi f. ·~Iol f.. Gr'an i te Rock aquifer. Wol f. Penn. - - m Penn carbo- granite shale Total carbo- shah Total wash. salt porous gr"anlte m porous 
nate wash . nate wash total carbo- ca[bo-

'. nate na e 

193 241817. 205683. 0 0 15. 0 15. 30. 201. fZ? 17". 3":::;5. 122. 8~:;1. 930. (l (I 2 

194 238690. 199140. -152. 0 31). (I 30. 61. 218. 110. 8. 335. 110. ~;99 .. no. 0 (I 2 
195 235563. 192480. -305. 0 52. 0 70. 122. 235. 94. t .. 335. 94. 936. 914. 0 o 1 
196 232436. 185705. -396. 0 70. 0 52. 1''''~' ....... 268. 61. 6. :3:35. C.l. 1006. 9:'::0. (I o (I 

197 229309. 178815. -t.l0. 0 88. 15. 140. 244. 261. 15 .. 5(1. 326. 30. 1052. 945. 61. I) (I 

198 226182. 171808. -914. 15. 213. 30. 122'. :3c·6. 26:::. (I 67. 335. 30. 111:3. 966. t.J. 1::C . 0 
1'19 223055. 164685. -1067. 61. 274. 30. 137. 442. 2c.8. (I 67. 335. ::::0. 11 :34. 914. 61. :3(1. (I 

200 219928. 157447. -1250. 101. 351. 30. 107. 488. 293. 0 7:'3. -366. 30. 1174. 762. 76. 4:=:. I) 

201 216801. 150093. -1463. 134. 411. 30. 107. 549. 293. 0 73. 36(; .. 30. 1213. 945. 1 ~ .. ., 
4...:... 61- 0 

202 220739. 142913. -1554. 171. 411. ;:::0. I"'" .L....:... 5t-4. 297. 0 9·.~. 396. 30. t250 .. 945. 131. 61. I) 

203 224677. 135733. -1615. 195. 427. 3(1. 152. 610. 317. (I 79. 39t .• 30. 1.265. 914. 137. 91. (J 

204 228614. 128552. -1676. 207. 427. 30. 193. 655. 305. c) 76. 3:31. 30. 12'''6. 914. 128 .. 1 (17. I) 

205 232552. 121372. -1737. 216. 427. t.1. 213. 701. 325. 0 71. 396. t.1. 1311. 930. 122. 128. I) 

206 232552. 112454. -1829. 219. 335. 46. 351. 7· .... ·., J..:.... 380. 0 114. 494. 4.~. 1305. 930. 1"'" ...:....:... 122. (I 

207 232552. 103537. -1890. 229. 198. 30. 411. 640. 373. 0 145. 518. 30. 1320. 914. 107. 15. (I 

208 232552. 94619. -1920. 235. 168. 30. 442. 641). 330. I) 249. 579. :30. 1274. 890. 91- I) 0 
209 232552. 85702. -1981. 244. 122. 30. 503. 655. 335. (I 335. 67l. 30. 1198. 899. 7t .• o 0 
210 232552. 76784. -2134. 244. 152. 30. 457. 640. 366. I) 366. 732. 30. 1241. 914. 6J. o (I 

211 232552. 678(;.6 .. -2134. 229. 122. 21- 421. 564. 366. 0 3t·6. 732. 21. 1210:0. 914. 0 (I 0 
212 232552. 58949. -1615. 201. 91- 9. 265. 3c.t .• 366. 0 366. 732. 9. J 280. 884. 0 I) 0 
213 232552. 50031. -1524. 30. 91- 0 91. 183. 402. 0 2e·8. 671. (I 1271. 86t .• 61. J 5. 0 
214 249750. 202556. 0 0 ,15. - 15. 0 30. 134. 168. 34. 335. lE:3 .. 915. 914. 0 o 2 
215 2442t.3. 189788. -305. 0 49. 30. 43. 1 ')') . 

..... 4. 183. 152. 0 3:3~i. 1:'::3. 951. 89:3. 0 I) 1 
216 238777. 176556. -610. 15. 85. 15. 143. 244: 244. 46. 15. 305. 61. -~91. 884. 61. o (J 

217 2:33290. 162861. -1097. 61. 213. 30. 1-:>" 3c·6. 258. 0 65. 323. 30. 1128. 914. 7/.: .• (I 0 
218 227803. 148703. -1433. 146. 3t.6. 30. 122. 518. 293. 0 1'3. ;:::66. 30. 11S9. 7~32. 122. o 0 
219 23492C .• 134t.90. -1585. 201. 366. 46. 198. t.l0. 322. 0 44. 36c .. 46. 1189. 7'32. 122. 15. 0 
220 242049. 120677. -1737. 216. 381. 61- 229. 671. 31l. I) 55. 366. 61. 1220. 82:3. 131. '.;i 1 • (J 

221 21j2049. 103045. -1890. 232. 244. 61. 366. 671. 363. 0 155. 518. t.l. 1250. 792. .122. 107. (J 

2'"'''' LL 242049. 85412. -2073. 244. 122. 61- 503. 686. 320. (I 320. 640. c.l. 1271. 872. 76. o I) 

223 24204~/. t.7780. -2286. 244. 91. 30. 488. 610. 366. 0 3t.6. 732. 3(1. 1265. 8c.3. :::0. o 0 
224 242049. 50147. -1981- 152. 9J. 6: 299. 39t .. 351. 0 351. 701. 6. 1265. 83:3. 30. (I (I 

225 257799. 199661. 0 0 15. 15. 30. 61. 96. le.8. 56. 320. 1:'::3. 884. 890. (I o 2 
226 255396. 193523. -305. 0 30. 15. 61. 107. 128. 1 c.8. 24. 320. 18:3. 909. 884. 0 (I 2 
227 252993. 187269. -457. 0 46. 30. 168. 244. 160. 152. 8. 320. 183. 930. 878. 0 o 2 
228 250590. 180899. -914. 61. 61. 64. 241. 366. 198. 11 :3. I) 31t. 177. 930 .. 853. 0 (I 1 
229 248186. 174414. -1097. 91. 82. 9t. 26E:. 442. 213. 61. (I 274. 152. 'j! 15. 853. (I o 0 
230 245783. 167812. -1219. 122. J52. 113. 223. 488. 195. 15. 34. 244. 128. 1037. 792. :30. o 0 
231 243380. 1 t.l 095. -1372. 174. 17l. 98. 235. 503. 244. (I t.t. 305. 5'8. 1113. 7')2. 61. (I 0 
232 240977. 154262. -1433. J83. 213. 67. 238. 518. 268. 0 67. 3..35. t.7. 1104. 7.::)'-" 91. (I (I 

233 2310:574. 147314. -1463. 18t .• 274. 46. 229. 549. 293. 0 7:3. 3M .. 46. 1152. 732. 1 (J 1 . c) 0 
234 241817. 140481. -1494. 198. 274. 61. 244. 579. 329. (I 37. 31;.1; •• 61. I J 13. t.95. 91. c) 0 
235 2450C·O. 133648. -1524. :;':10. 335. 61. 213. 610. 329. (I ;:::7. 3t.6. c.l. 1 (.):=:2. t·71. 91. (J (I 

236 218302. 126815. -I t.t5. 244. 335. 46. 244. c.25. :311. c) 1:,.-,= 366. 46. 1 1:31 . t.:::C) • J 22. I) (J .... pi .. 

237 251545. 119982. -1737. 244. ~n5. (;-1. 244. f:.40. 305. 0 76. 38J .. I;.t . 1 14','. 732. 122. t.t. (I 

238 251545. 111296. -1829. 21:3. 39t .• 76. 198. t.7t. 33:3. 0 119. 457. ?t .. 1174. 732. 116. 1 ~~2 .. 0 
239 251545. 102610. -1890. 213. 305. 7t.. 320. 701. 342. 0 176. 5ltL 76. 1 I:;:'''. 7'17. 107. I:::: 1 • 0 
240 251545. 93924. -1951. 219. 183. 67. 482. 732. 290. I) 2';'0. 579. t.7. 1220) . 762. ';;1. 15. I) 



- -r- - - - - - - -" - - - - - - - - -
lulole A-2 ((.c-"J . ) 

-
Node Coordinates, m Elev. of Thickness, m Ilead in Thickness, III NCOOE 

No. crys t. .. upper .-
X Y basement, Pre- Penn. Penn. Peml. Penn. , 10101 f. :.101 f. Hol f. Wolf. , Granf te Rock aqui fer, 10101 f. Penn. 

. --- m Penn carbo- grani te shale Total carbo- gran f te shale Total wash, salt porous porous m 
na te wash nate wash tota I carbo- Ca[bo-

nate na e 

241 ;2si545. 85-ng. -2073. 232. 152. 49. 5;;:0 •. 732. 328. 0 328. t..55. 49. 1241. 792. 7t. .. o (I 

242 251545. 76552. -2225. 244. 1 .-,,, 
..:..,.~. t..l. 54'.;;. 7'-;"-' ..J .... 3t..t. .• I) 366. 7':"-' '-''':''' . 61. 1229. 823. t..1. o I) 

243 251545. 67at..t. .• -2377. 244. 91. 30. 488. t..l0. 36t. .• (I 3t..t. .• 732. 30. 1226. ,::23. ::::0. o 0 
244 251545. 59180. -22:36. 244. 91. 21. 436. 549. 3t..6. 0 36t. .• 732. 21. 1256. 85:3. (I I) (I 

245 251545. 50494. -1920. 183. 137. 15. 33::,. 4E::3. 335. 0 335. 671. 15. 12~O .. 823. 0 o 0 
246 265964. 196997. -61. 0 15. J 5. 61. 91. 91. 168. 46. 305. 1 :33. 854. 878. 0 I) 2 
247 261751. 184$'24. -488. 30. 4t. .• 0 198. 244. 122. 152. 30. 305. 152. 899. 853. 0 o 2 
248 257538. 172387. -975. 152. 82. 76. 207. 36t. .• 171. 46. 27. 244. 1 .-,.-, 

..;.....c... 915. 847. (I I) 1 
249 253325. 159387. -1067. 152. 152. 91. 244. 488. 195. 0 49. 244. 91. 1055. 762. 0 (I (I 

250 249113. 145924. -1280. 21 :3. 198. 61. 290. 549. 260. 0 :;:9. 299. 6t. 105:3. 701. t..t. o I) 

251 255077. 132605. -1524. 213. 244. 61. 305. 610. 299. 0 t..t. 360. 6t. 1043. lAO. 107. o 0 
252 261042. 119287. -1737. 213. 29.3. 73. 274. t..40. 317. 0 n. 396. 73. 1037. 640. 107. 30. 0 
253 261042. 102234. -1890. 213. 366. 88. 247. 701. ;::63. 0 155. 518. t:E: .. 109:::. 701. 91. 137. 0 
254 261042. 85180. -2073. 229. 152. M. 515. 732. 384. 0 256. 640. t..4 • 1189. 716. 67. I) 0 
255 261042. 68127. -2347. 244. I E:3. 27. 52l. 732. 43';>. 0 293. 732. 27. 119.0:. 732. :::0. I) 0 
25t.. 261042. 51073. -1585. 152. 122. 9. 357. 488. 384. I) 256. 640. 9. 1189. 7:32. 0 I) 0 
257 274244. 194565. -183. 0 6. J5. 85. 107. 49. 168. 27. 244. IE:3. 83:::. 85:3. (I o 2 
258 272391. 1138716. -bl0. t..l. 24. 30. 98. 152. 0"':) ..1.:.... 152. 40. 274. 18:;: . 854. 829. (I (I 2 
259 270538. 182752. -671. 91. 43. 76. 125. 244. lit. .• 107. t..7 • 290. 18:3. E:69. rn. (I o 2 
260 268685. 176672. -579. 91. 61. 0 183. 244. 130. 61. 69. 259. 6l. 875. 7':'--:> 0 (I 2 
261 266832. 170476. -610. 122. 79. 46. 149. 274. 14t. .• 15. E:2. 244. t.l. 902. 80:3. 0 o 2 
262 264979. 1641M. -914. 244. 113. 46. 177. 335. 192. 0 82. 274. 46. '>'24. 82.3. (I I) 1 
263 2t..312t.·. 157737. -792. 107. 146. 30. 189. 3t..6. 247. 0 27. 274. 30. 976. 7(;;·2. 0 o 0 
264 261273. 151193. -914. 122. 165. 30. 293. 488. 232. 0 58. 290 .. 30. 1006. 716. 30. o (I 
265 2594:~O. 144534. -1128. 137. 183. 37. 299. 518. 251. 0 63. 314. 37. 1021. t.71. 61. o 0 
266 262200. 138049. -1280. 152. 198. 43. 308. 549. 2t.·S. 0 67. 335. 43. 1018. 649. 98 .. I) (I 

267 264979. 1315t..3. -134l. H.e. 244. 61. 274. 57';>. 293. 0 7"" ~. 366. t.l. 1043. 628. 122. o (I 
268 267759. 125078. -14t..3. 183. 274. 76. 259. 610. 305. 0 76. 381. ?t .. 1064. 610. 122. (I I) 

269 27053:3. 118592. -1646. 198. 335. 91. 19E:. 625. 2'73. 0 73. 3M .. ';;1. 1073. t..10. 61. 15. 0 
270 270538. 110254. -1768. 21:3. 366. 91. 198. 655. 329. 0 37. 3<'..6. ?1. 109:01. 640. t.l. 98. 0 
271 270538. 101915. -1890. 213. 39t. .• 91. 19E:. t..S6. 390. (I 98. 48B. 91. 1131 . 652. n .. 122. 0 
272 270538. 93577. -1920. 213. 335. 76. 305. 716. 347. 0 232. 579. 76. 1146. 646. 76. 15. 0 
273 270538. 85238. -2042. 235. 183. 61. 488. 732. 402. 0 2/:·8. t.71. /:.1. 1171. 671. 61- o 0 
274 270538. 76900. -2195. 241. 168. 30. 533. 732. 439. 0 2"''':' , .... 732. :::(1). 1195. 692. ;::0. (I 0 
275 270538. 685{:.1. -2134. 244. 158. 24. 549. 7"'''' ~..:.. .. 439. 0 293. 732. 2'1. 1204. 701. (I o 0 
276 270538. 60223. -1676. 244. 158. 18. 311. 488. 402. 0 268. 6'11. 18. 118:.3. 735. (I 15. 0 
277 270538. 51884. -1219. 91. J83. J 2. 171. 366. 305. 0 305. 610. 12. J J 59. 732. 0 37. (I 

278 283046. 194044. -305; (I 0 15. 107. 122. 37. It.·8. 40. 244. 1:0;:3. 802. 844. (I I) 2 
279 279803. 182217. -701. 91. 4:3. 91. 79. 213. 61. 91. 91. 244. 183. 8'18. 7';'-' , ... (I o 2 
280 276560. J69984. -1036. 122. 79. 152. 1 -, L. 244. 9';:) . ...... 30. 116. 244. 1:3':::; 97:3 . 762. 0 o 2 
281 273318. 157346. -945. 30. 116. 46. 143. 305. 152. 15. 137. 305. t..1. 954. 792. (I 15. I 
282 270075. 1438.;;7. -1128. 152. 152. 30. 183. 3{:·6. 268. (J ~.7 • 3:35. :;:1) • 976. 671. 67. (J I) 
283 274939. J31129. -1341. 183. 244. 30. 244. 518. 229. 0 7/:; •• 305 .. 30. 991. 610. 122. (I (I 

284 279803. 118592. -1676. 213. 351. 61. 259. 671. 146. 0 37. 183. 61. 10(16. 591. 61. (I (I 

285 279803. 102031. -1890. 244. 384. 91. 25t. .• 732. 299. 1.1 12f:. 427. 91 .. 10ti5. l.10. t..I}. 137. (I 

286 279803. 85470. -2012. 244. 238. 61. 43:3. 732. 39:3. I) 2t.::::. 655. 61. 10:::8. 610. 55. 1 .:> (l 

287 279803. 68908. -1890. 2:.32. 171. 15. 546. 7~:2. 375. 0 250. 625. 15. 10;::2. t..I}','. 55. 1 .:' (I 

288 279803. 52347. -1067. 30. 1·-"'-"') .J.. ....... I) 0 122. 267. I) 267. 5:33 .. I) 1 037. 671. 30. 91. I) 



- - - - - - - - - - -/ .... ,. - - - - - - - -
\ololf": A-2 (~t.) 

Node Coordinates, m [lev. of Thickness, m Ilead in Thickness, OJ NCOOE 
No. cryst. - upper 

X y basement, Pre- Penn. Penn. Penil. Penn. , 10101 f. Wol f. Hal f. 10101 f.. Gran! te Rock aqul fer, 10101 f. Penn. I --- m Penn carbo- gran ite shale Total carbo- gran f te shale Total wash, salt porous m porous 
nate wash nate wash total carbo- carbo-

nate na e 

289 291848. 193407. -;;:e.e·. 0 (I 15. 107. 122. 24. 1~·8. -:;~-:: . 244. 1 :::3. 75'''. E:(Jt!. (I o :2 
2')0 290458. 187544. -640. :30. 0 30. 122. 1 ",.-. .....1-,:,. 37. J52. 55. 244. 1 ::::3. 7t.:;;. 792. 0 o 2 
291 2890(.8. 1815'''4. -671. 9l. 15. t.7. 101. 183. 44. IIC .• S4. 244. 1 ::;:3. 784. 747. 0 (I 2 
292 287678. 175558. -884. 152. 30. 15. 10:;,':' ,v. 244. 55. 1 (17. 113. 274. 122. f:{:.O. 732. (I o :2 
293 286289. 1 t·9434. -1097. 183. 46. 55. 143 .. 244. 91. 98. 116. 305. 152. 921. 732. (l o 2 
294 284899. 163224. -1219. 152. 8'" .... 61- 101. 244. 'J22. .:-' 1. 91. ::::05. 152. 9::::0. 753. 0 I o 2 
295 283509. 156926. -1250. 274. 14t .• 91. 67. 305. 148. :::0. 117. 29/:... 122. 9'15. 75~ .• 30. 24. 2 

296 282119. 150542. -1219. 213. 183. 61. 0 244. 198. <) :::5. 28:3. c.l. ·.~39. 701. 6l. ::::0. 2 

297 280730. 14337t .• -10c.7. 152. 152. 30. ',,1. 274. 219. 0 55. 274. :::0. 951. c. 71. 7t.. 24. 1 
298 282814. 137006. -1250. It·8. 207. 30. ·,,8. :335. 202. 0 57. 259. ::::0. 930. t.l0. 91. 2l. (I 

299 284899. 130752. -1402. 183. 244. 30. 21:j. 488. 185. 0 !:i'il. 24". 30. 915. 5',i4. ';;1. 15. 0 
:300 286983. 124614. -1554. 198. 290. 30. 290. 610. 1::30. (I t·:3 • 244. 30. 921. 579. 91. I) 0 
301 2890t.8. 118::;92. -It.lS. 244. 335. t.l. 335. 732. 263. 0 102. 3U .. t.J. 9~::3. 579. 67. o (I 

302 2890t·8. 110369. -1829. 335. :::96. . ~1. 259. 747. 277 • 0 119. 39t .• 9J. 97(l. 579. t 5 .. 30. 0 
303 2890t·8. 102147. -1890. 335. 427. 91. 25'". 777. 299. 0 128. 427. 91. 991. 579. 30. 122. 0 
304 2890t·8. 93924. -1920. 244. 396. 79. :317. 792. 329. 0 219. 549. 79. 1006. 579. 15. 152. (I 

305 2890t.8. 85701. -1981. 244. 3t.6. 70. 387. 823. 366. 0 2'14. 610. 70. 1027. 5::~8. 15. 61. I) 

306 289068. 77479. -1981. 244. 183. 61. 610. B53. 3t.6. (I 244. 610. 6J. 1043. 610. 61. 9. (I 

307 289068. 69256. -1829. 152. 207. 24. 622. 853. 293. 0 195. 488. 24. 991- c.l0. I'''? 15. 0 
308 289068. 61033. -975. 61. 213. (I 91. 305. 274. I) 183. 457 .. 0 915. 6:34. 1 .,,,. 

.. 4-. t.l. 0 
309 289068. 52811. -914. (I 244. 0 0 244. 320. 0 137. 457. (I ·~30. U·4. 122. 9J. 0 
310 300649. 192655. -610. 0 0 15. 107. 122. 24. 168. 52. 244. 183. 732. 774. (I I) 2 
311 298333. 180885. -945. 152. 24. 46. 174. 244. 52. 137. 70. 259. 1<:::3. 732. T32. 0 o 2 I 
312 296017. 168826. - 1128. 305. 49. 76. 119. 244. 82. 107. 85. 274. 183. 823. 707. 0 I) 2 , 

,313 293701. 156478. -1280. 213. 14t .• 122. 37. 305. 174. 61. 55. 290. 1 E:3. !375. 671- 0 o 2 
314 291384. 142971. -1311. 274. 152. 46. . -""-,oQ ....." .. 427. 235. 15. 85. 3:35 • 61. 854. t.40. 30. J ~;. 2 
315 294859. 130434. -1402. 183. 213. 91- 183. 488. 267. 0 114. 3:::1. 91. 8t.9. 564. t.l. 21. 1 
316 2983:33. 118592. -1737. 213. 305. 122. 305. 732. :341. 0 85. 427. 122. 915. 561. 46. o 0 
317 298333. 102262. -1890. 366. 427. 91. 274. 792. 288. 0 123. 411. 91. 945. 549. (I 1 -:,.., (I 

318 29833.3. 85933. -1920. 244. 488. 61- 290. 838. 329. (I 219. 549. t.t. 945. 549. 46. 107. (I 

319 298333. 69603. -1829. 0 305. t.t. 488. 853. 320. 0 137. 457. 61. 9(;.0. 573. 46. 15. 0 
320 298333. , 53274. -914. 0 335. 0 -30. 305. 213. '0 91. 305. (I 829. 610. 122. t.t. 0 
321 309451. 191786. -335. 0 0 -'6. 229. 305. 27. 168. 74. 268. 244. 7(17. 7~:2. 0 o 2 
322 308525. 185966. -518. 0 0 15. 35t. 366. 4l. It.B. 66. 274. J ::tj. 695. 701. 0 I) 2 
323 307598. 180089. -975. 152. 0 30. 35t. 381. 56. 152. ]'", 

.<.. 280. 18:3. 71t .• 668. 0 o 2 
324 306672. 174154. -1067. J68. 24. 61. 341. 427. 7-" 1 .,,, 

L.<.. 93. 287. 18:3. 726. 671. 0 o 2 
325 305745. 168160. -1128. 183. 43. 76. 33i3. 457. 88. 107. 9(;:. 2','3. 1 E::3. 777. 680. 0 (I 2 

, 

326 304819. 162109. -1219. 183. 6t. 91. 305. 457. 136. 91. 75. :::02. 183. 793. 671. I) I) 2 
327 303892. 156000. -1280. 183. 79. 122. 226. 427. 170. 61. 89. 320. 183. 7°-:" ••. .;J. t.40. (1 (I 2 
328 302966. J 4983:3. -131 L 213. 143. 152. 70. 3l.6. 205. 30. 106. 341. 1 8'3. :323. t.13. 0 t) 2 
329 302039. 142681. -1433. 213. 14t .• It.S. 235. 549. 252. 15. 120. 3:::7. 1 E:3. 854. 58E:. 0 (1 2 
330 303429. 136311. -1676. 244. 149. 1 ::;::3. 399. 7:3'2. 284. (I 1 . .,.-, 

..... L. 405 . J 83. 854. 567. 0 o 2 
331 304819. 130173. -1737. 244. 168. 152. 411. 732. 299. 0 128. 427. 152. E:t.O. 549. I) o 1 

·332 306208. 124267. -1798. 274. 235 .. 113. 384. 732. 324. (I 13':>. 463. J 13. 86~ .. 51)/.:. . .. 0 (l 2 
333 307598. 118592. -1829. 305. 2,,,0. 91. 35l. 732. 317. 0 171. 488. 91. 8c"". 546. 15. o 0 
334 307598. 110485. -1829. 305. 427. 1 ?-, _L. :305. 85:.3. 299. 0 1 28. 427. 121. :384 .. 54·~. 61. 37. 0 
335 307598. 102378. -1829. 305. 427. n .. 3~jl . 853. 2E:8. 0 123. 41t. n .. E:E:,q. ~i49. 30. 101. 0 
336 307598. 94271. --1829. 305. 244. 61. 549. 853. 311. I) 207. 518. t.l. 884. 5.30. t·, . 15. I) 



-r 0. bk A-2. ( C61'lt, ) 

Node Coordinates. m Elev. of Thickness. m Ilead in Thickness. m NCODE 
No. I crys t. I 

upper 
X y basement. Pre- Penn. Penn. Penil. Penn .• Wol f. wol f. Holf. Wol f .• Gran i te Rock aqui fer. Wol f. Penn. -- m Penn carbo- gran i te shal e Tota 1 carbo- gran i te sha) e Total wash. salt III porous porous 

nate wash nate wash total carbo- carbo-
nate na e • 

337 3075'>'8. 86U.5. -1829. 305. 457. 6J. 335. E:53. 329. 0 219. 549. t.l. 10:90. 53i). ~.l. 37. (I 

338 30750;'8. 78058. - 1 829. 305. 396. /:.ol • 427. 884. 373. I) 124. 497. 10.1. 9 (I') • 54:3. 61. 1.5. (J 

33';1 30750;'8. t.9951. -1829. 305. 259. t·1. 53;:::. 853. 33.:<. (I 9'1. 427. 61. 915. 54~ .• 1:;:"':::. (J (I 

340 307598. 61844. -134J. 152. 198. 0 229 .. 427. 305. t) 91. 3':)(:, .• t) ~}2:'::. 5t.Q .. 1:37. ',:i .. 0 
341 307598. 53737. -1219. 0 290. (I 76. 366. 389. 0 130. 51E:. 0 7·?/:3. 57'7. 1 t:3. t.1. t) 

342 318253. 190802. -457. 0 0 ~'1. 3t.t, • 457. 55. 152. 67. 274. 244. 701 . 671. (I o :::: 
343 31 t·863. 179201; .. -701. 152. 0 122. 427. 549. 87. 122. E: 1 .. 2';;0. 244. 701. tAO. 0 (I 2 

344 315473. 167436. -1128. 244. 30. 91. 488. 610. I 'c.':;. 
"--' '.;' 1 . ';' 1 . 305. 1::33. 738" 1;.40. 0 r) 2 

345 314084. 155493. -1280. 213. 61. 152. 3">'1:.·. 610. 181;·. 30. 155. 372. 183. 747. 597. t.l. ° 2 
346 312694. 142507. - 1:341. 213. 85. 91. 189. ;:::66. 2:33. 0 153. 436. 9J. 799. 579. c.1. o 2 
347 314778. 129971. -1615. 244. 158. 91. 238. 488. 324. (I 13';;. 41:..3. 91. 817. 5:33. 0 o 1 
348 31681:..3. 11,8592. -1829. 2'~-' ..::,.::>. 290. 107. 335. 732~ 293. 0 195. 48:3. 107. 829 .. 5:30. ~.J. 24. 0 
349 31H:b3. 102494. -1829. 213. 290. M. 5(10. 1'::5:3. 299. 0 128. 427. 1;.11 • 8--)oJ Lv. 518. 1;.1. 30. 0 

350 311:..863. 863'11:. .• -1829. 213. 335. 61. 457. 853. 415. t) 1(14. 518. 61. :323. 512. 41:.. . (I (I 

:351 31I:..E:t.3. 70298. -1829. 152. 122. 61. 671. 853. 3';;00. 0 98. 4::::8. 1:..1. 823. 527. 30. ° (I 
352 31t·86:3. 54200. -1585. i83. 213. 3. 424. 640. 428. (I 121. 549. :3. 756. 5:36 .. 61. (I (I 

353 327055. 189701. -549. 0 0 122. 488. 61O. 58. 122. 110. 290. 244. 671. c·lO. (I (I :2 

354 321:.·591. 183983. -671. 0 0 131. 479. 610. 74. 113. 109. 2%. 244. c.55. 1:..10. 0 I) 2 
355 326128. 17823t .• -792. 0 0 143. 4t.<!c .• 610. '7'1 • 101. 111. 302. 244. 671. 610. (I o 2 
356 325665. 172460. -884. 0 0 152. 457. 1:.·10. 110. 91. 113. 314. 244. 701. <!c.OO. 0 o 2 
357 325202. 1/:.·1;.1:.·55. -1219. 259. 0 299. 311. £0.10. 138. 1:..7. 140. 3'14. ~:1:..6. 7;:::8. /:.·10. ::::(1. ° :2 
358 324738. 160821. -1402. 21:.·8. 0 256. 354. 610. 160. 49. 163. 372. 3<.')5. 729. 619. 61. o 2 
359 324275. 154958. -1433. 274. 30. 213. 36.1:.·. 610. 186. 30. 110:0. 391:. .• 24'1. 732. 1;.04. 61. o :2 
360 323812. 149066. -1372. 293. 52. 244. 314. ,610. 207. 0 207. 415. 244. 732. 549. 61. I) 2 
361 323349. 142449. -1341. 335. n. 244. 290. t.,10, 299. ° 128. 427. 244. 7:35 .. 5::::1:... 61. (I 2 

3t.2 324043. 135964. -1341. 213. 91. 91. 61. 244. . 3(1·? 0 133. 442. 9 J .. 777. 524. 'It .• o 2 
363 324738. 129826. -1433. 244. 153. 91. 0 ,244. 341. 0 141:... 4:::8. 91. E:02. 512. 30. (I 1 
364 325433. 124035. -1676. 244. 232. 110. 2~.8. 6.10. 293. 0 195. 48:::. 110. 802. 506. t.1. 21. 2 

31:..5 321:.·128. ' 118592. -1829. 232. 305. 122. 427. 853. 297. 0 160. 457. 122. 796. 512. 1:..1. 55. (J 

366 326128. 110601. -1829. 213. 335. 143. 375. 853. 277. 0 14',;>. 42l. 143. 793. 512. t.1. 91. 0 
367 32/:..128. 102610. -1829. 207. 290. 91. 472. 853. 305. 0 1:31. 431:. .• 91. 793. 512. t:.1. 18. 0 

368 326123 .• 94619. -1829. 207 .. 244. 91. 579. 914. 311:. .. 0 135. 451. 91. 793. 48:3. '30. t) (I, 

369 326128. 86628. -1829. 201. 2'14. S5. t.16. 945. 320. (l 137. 457. :::5. 799. 488. 61. (I (J 

370 326128. 78637. -1829. 189. 122. 76. 777. "775. 337. 0 144. 4:32. 76. 799. 503. 61. t) (I 

371 326128. 70646. -1829. 183. 122. 64. 789. 975. 3/:..6. 0 1 -",",) ""-"". 488. 1;.4 • 774. 5('3. 61. ° (I 
372 326128. 62655. -1829. 183. 122. 27. 704. 853. 390. 0 98. 488. 27. 73:3. 503. 61. o ° 
373 326128. 54664. -1t.15. 183. 122. 18. 591. 732. 341. (I 14t .• 488. 18. 71t:.. 4':)<:' °..:ov. 1;.1. (I 0 
374 335856. 188485. -640. 0 0 122. 488. 610. 59. 122. 112. 2';>3. 244. 1:..49. 594. (I t) :2 
375 335393. 177179. -884. 0 0 137. 472. t.l0. 94. 107. 113. 314. 244. t.~.5. 59". 1;.1. (I :2 
376 334930. 165815. -1036. 0 0 152. 457. 610. 139. 91. 1:35. 3t-6. 244. 732. 5~-4. 61. I) 2 
377 334467. 154393. -1615. 3":o~ ",-,. 46. 244. 320. 610. 174. t-1. 161. 39t .. 305. 747. 573. t.1. (I :2 
378 334003. 142507. -158~;. 305. 91. 19C1. 320. 610. 212. 15. 197. 424. 21 :=s. 793. 524. 55. I) 2 
379 3341:..98. 12973';>. -1676. 213. 152. 116. 98. 36t .• 295. (I 223. 518. 1 J 1; .• 79~:. 4~:8. c.1. l5. 1 
380 3353",3. 118592. -1829. 244. 296. 18:3. 405. 884. 293. t) 195. 488. 183. 777. 5p. 61. ?C" 0 
381 335393. 102726. -1829. 244. 290. 1 ..,'., 

L~ .. 564. 975. 293. 0 195. 488. 122. 777. 494. 55. 1 t:. (J 

382 335393. 86859. -1829. 198. 183. 8'" 771. 1036. 29.3. (I 1·~5 .. 488. 82. 777. 48:=:. 61. o t) 

383 335393. 70993. -1798. 181:. .• J 22. 61. 853. 103~ .. 2';>3. 0 1'''5. 48:::. {;.J. 698. 494. 61. (I (I 

384 335393. 55127. -167t.. 183. 168. 15. 671. 10:53. 293. 0 1',;>5. 488. 15. 1:..34. 472. 61. o 0 
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Node Coordinates, m Elev. of Thickness, m Head in Thickness, In NCODE 
No. cryst. upper 

X V basement, Pre- Penn. Penn. Penil. Penn. , 10101 f. Wol f. Ho If. Wolf. , G.-anile Rock aquifer, Wolf. Penn. - -. m Penn carbo- gran He shale Total carbo- shale Total wash, salt gran i te m porous porous 
nate wash nate wash total carbo- ca[bO-

, 
nate na e 

385 ~:44658. 187153. -762. 0 tl 181. 78:3. 914. 60. 113. 12(; .. 299. :244. /..·31. 579. (l (J 2 
386 344658. 181594. -914. 0 0 134. 780. 914. 76. 110. 119. 305. 244. 640. 57'.=). 4~ .. I) 2 
387 344t·58. 176035. -975. 0 0 1:37. 777. 914. 101. 107. 128. 335. 244. (;.t.;: • 579. t.1. o 2 
388 344t.58. 170476. -1036. 0 0 140. 774. 914. 113. 104. 149. 3t.6. 244. 72t .• 564. 61. I) 2 
389 344t.58. 164917. -1097. 0 0 143. 77 II. 914. 126. 101. 155. 381. 244. 726. 555. t.1. (1 2 
390 344658. 159358. -1128. 0 15. 14t .• 753. 914. J 39. 98~ 1(,,0. 39t .• 244. 732. 543. t.1. (I 2 
391 344t.58. 153799. -1707. 0 40. 210. 360. 610. 148. 94. 169. 411- 305. 7t.2. 527. 61. o 2 
:392 344658. 148240. -1737. 335. 91. 152. 366. 610. 162. 9J. 173. 427. 244. 848. 50'.;>. 30. o .:> 

3';'3 34'1658. 142681. -1768. 335. 98. 183. 329. t·l0. 178. 46. 233. 457. 229. 838. 497. 30. (I 2 
394 344t·58. 135964. -1798. 317. 98. 198. 314. t.l0. 215. J 5. 258. 488. 21 ::::. 823. 488. t.l. J 5. .~ 

.<. 

395 341\t,.58. 129710. -1829. 213. 1 t.8. 183. 15. 3t.6. 274. ~) 274. 549. IE:::;:. 756. 4:':':~. 61. 30. t 
396 344658. 123919. -1829. 244. 235. 183. 436. 85:3. 302. 0 247. 549. 183. n.5. 4':::::. 61. 61. I) 

397 344t.58. l1E:592. -1829. 244. 299. 183. 41 G:. 899. 295. 0 223. 518. 183. 759. 4E:E: . (:,1. 91. 0 
398 344658. 110717. -1829. 244. 335. 152. 488. 975. 253. 0 253. 506. 152. 75:3. 4'::8. t.1. 98. I) 

399 34.,t.58. 1(12842. -1829. 244. 366. 122. 518. lOOt .• 244. 0 244. 488. 122. 747. 48l;:. t.1. (:,1. 0 
400 344658. 94966. -1829. 244. 137. 88. 841. 1067. 341. 0 146. 488. 88. 741. 48:3. 61. (I 0 
401 344658. 87091. -1829. 244. 122. 79. 896. 1097. 268. 0 219. 488. 79. 741. 472. 61. o 0 
402 344658. 79216. -1829. 204. 122. 73. 902. 1097. 244. I) 244. 488. 73. 726. 48:3. 61. I) 0 
403 34<1658. 71341. -1768. 192. 122. 30. 945. 1(197. 268. (I 219. 488. 30. t-t.2. 4E::3. t.1. (I 0 
404 344658. 63465. -1737. IS:3.· 122. 21. 832. 975. 268. 0 219. 4'::8. 21. 604. 472. 61. I) (I 

405 344658. 555·~O. -1676. 183. 274. 1'" .... 597. 884. 2t.8 • 0 219. 4'::8. 12. 573. 457. t.1. I) (I 



User's Guide for TRAVEL 

by 

Prakob Wirojanagud 

1983 

Bureau of Economic Geclo'JI 

The University of Texas at Ausl I" 

Austin, Texas 78712-7:08 



. , 

Section I: Program Identification 

1.1 Program Title: Steady-State Flow Analysis 

1.2 Program Code Name: TRAVEL 

1.3 Program Writer: The original version of this program is George 

Pinder1s ISOQUAD. Randall J. Charbeneau of the Civil Engineering 

Depa rtment ,U. T. at Austi n, has modifi ed and incorporated the capa­

bilities of computing streamlines, travel times, and the analytical 

solution for heads around a pumping well (July 1978). Hunder Yeh and 

Prakob Wirojanagud modified the program for the University of Texas 

Cyber750 computer and incorporated zeta plotting subroutines. 

Program Documentation: Prakob Wirojanagud 

1.4 Organization: Bureau of Economic Geology 

1.5 Date: 

The University of Texas at Austin 

Austin, Texas 78712-7508 

April 1983 

1.6 Source Language: Cyber 750 Computer Systems-FORTRAN IV Version 538. 

1.7 Abstract: 

Program TRAVEL is a general purpose program for two dimensional 

steady-state groundwater flow analysis. It can be used to inves­

tigate two dimensional, profile or areal, flow and mass transport 

problems. Two dimensional-profile problems with free surface can 

be handled provided that the free surface is specified. Two-di­

mensional-areal problems with leakage from an aquitard can also be 

handled knowing heads in the aquitard. The flow region may have 

any complex shape and it may consist of different materials arranged 

in arbitrary patterns. External and internal boundary conditions 

that may be specified are: prescribed head; nodal source/sink dis­

charge; element source/sink discharge; and prescribed head in the 
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aquitard. Analytical solution for head around a pumping well is 

obtained if thE well is specified as a source/sink element. Typi­

cal output consists of nodal point values of head and velocity, 

plots of head contours, streamlines and travel times. 

This program was written based on the Galerkin Finite-Element 

technique and the use of quadratic-quadrilateral elements in 

discretizing the flow region. Background material, as well as 

some examples Qf application, are available in a report entitled 

"Finite Element Modeling of Groundwater Injection-Extraction Sys­

tems" by R. J. Charbeneau and R. L. Street, Technical Report No. 

231, Dept. of Civil Engineering, Stanford University, July 1978. 
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Section II: Program Usage 

2.1 Computer Equipment: 

Program TRAVEL was written for a Cyber 750 computer. An input term-

inal, a line printer, a zeta-plotting library, and a plotter are 

necessary to run the program. 

2.2 Source Program: The source listing of Program TRAVEL and its bi­

nary version, BTRAVEL, are stored in permanent file 1057 of T.he 

University of Texas computer system. The source listing of the 

program is also given in Section IV of this manual. 

2.3 Control Commands: 

As run on the University of Texas Cyber 750 through the interactive 

job processor (TAURUS), the control commands are as fo11ows: 

MAXFL= 2300001 

LDSET,LIB=ZETLIBFI 

BTRAVEL, datafile 

2.4 Storage Requirements: 

The present version of Program TRAVEL requires 230000 (octal) words 

of central memory to execute. This required memory is adequate for 

problems of up to 740 nodes or 225 elements. The maximum half band-

width of the global matrix is 50. 

2.5 Construction of Finite Element Mesh: 

The following gives the procedure for constructing the finite ele-

ment mesh and the numbering convention which is part of the proce-

dure for preparing an input data file. One should first construct 

to scale a map or cross~section of the flow region and divide it 

into subregions according to the geometry of the flo,,! region and/or 

the material properties. 

3 
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Each subregion is subdivided into a finite number of elements and 

then the node and element numbering conventions are specified. 

The construction of mesh as well as the numbering of node and ele-

ment can be performed manu~lly or by using an automatic mesh gen-

eration program. A general purpose program named "MESHG" is avail-

able for the job. Interested users can find detailed information 

from the user's guide of the program. 

Figure 1 shows a map of finite element mesh of 135 nodes and 36 

elements. First, the flow region is divided into 3 subregions 

as indicated by the thick-solid lines according to, for this ex-

ample, its geometry. In each subregion, if further discretization 

into elements is performed manually, the size of each element can 

vary arbitrarily although it is suggested that the dimensions of 

neigh~oring elements within a given isotropic material should not 

differ from each other by more a factor of 2 or 3. If Program 

MESHG is used, the size of each element can be varied gradually 

by a given ratio in each direction. 

The node and element numbering in Figure 1 starts in sequential 

order from 1 eft to ri ght and from bottom to top. In th i s manner, 

the half bandwidth (NHBW) of the resulting global matrix, which 

is 20, is the minimum for this particular mesh system. Since the 

half bandwidth is a function of the maximum difference between 

noda 1 number occurri ng on the same:~eleifiefJt~one shoul d s ta rt num-

bering along the direction with smaller number of element$ and, 
'j-'~:~, r:.:~·J·'< ~ .. ..:., .. ,.;', .:,,', ;'.~ :.;.-.: .. :, :~,:···'-;:,-d .~;.:.~ t,y ~.~ .. r:~~ .-·<~;·.~b~;~·.': -:l.r ~hc 

then seqt1~.nt5 ally",proceedalong :the,dther.·,d;irectibnj n' onder\fa~!:,; 
~ .. :. "', .f ..:-", ,!~ .' '.~".'( ~ ;\..1; .::,::'." '. ·.~;:~;e-·", ,"',':: ?'l~:':\ ~.' .'_:~.:~'.. '~':~ 

have the ,(111 ~iJTlljm;,~~J} P~~R1t{i ,9tQ !:J~t:~~., ,~:r:~,):h fETft:, ,,9- rn~y~d,: P,9:}~~;:d. 

mete rs cHataC-feriiiil s(t!l:~:'rfA~'t'~ ;~1: ~fu~ri'i'JrHe'sK ':sji"t~err;· 'ih ~~:h~~ct-:: 'c'· 
~'i~': ,';,,';:' -'.:,,"', :. ,- ~: '.~' >.~ ••• ,i, ~:~ i~;:·_.~l;~:~~.d h'·~ LY.;~";:'. ~·~:~·I:\r(:·;_;!::~:-i. d!~cf Lt~"Irif{ 
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1" need to be clarified: INC (I,J), IN (I,J), and INEL (K,J). 
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The integer value of INC (I,J) is the global node number of the local Ith 

node of the Jth element. As an example, INC (I,J) of the mesh system in 

Figure 1 has the following integer value for J = 

I = 1 2 3 4 '5 6 

INC (1,8) = 25 26 27 36 44 43 

8 (see Figure 2a): 

7 8 

42 35 

The counter-clockwise numbering order of INC (I,J) for I = 1 to 8 as shown 

in Figure 2a is, however, only for convenience in numbering a mesh system 

manually .. The program will convert the array INC (I,J) into array IN (I,J) 

and use it in the finite element computations. As shown in Figure 2a, the 

integer value of IN (I,J) for the previous example is: 

I = 2 3 4 5 6 7 8 

IN (1,8) = 25 27 44 42 26 36 43 35 

Array INEL (K,J) is used to indicate neighboring elements of an element J 

J. for use in streamline analysis. Figure 2b shows the counter-clochlise 

numbering order of INEL (K,J) and its integer value for J = 8. 
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2.6 Preparation of Data Deck: 

The data input has been arranged in groups. Data that do not apply 

should be left blank, unless otherwise specified. 

GROUP COLUMNS FORMAT VARIABLE OESeR I PTI ON 

A 1-80 20A4 TITLE Title of problem; information typed 
on this card is reproduced exactly 
as a heading on printout. 

B 1-5 IS NN Number of nodes. 
6-10 IS NE Number of elements. 

11-15 IS NON Number of Dirichlet boundary nodes. 
16-20 IS NHBW Number in half band width. 
21-25 15 NLE Number of leaky elements. 
26-30 15 NLN Number·of leaky nodes. 
31-35 15 NOE Number of source/sink discharge elements. 
36-40 15 NON Number of source/sink discharge nodes. 
41-45 15 NPLOT Number of plots of head contours. 
46-50 IS NTPLOT Number of plots of transmissivity contours. 
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GROUP 
C 

COLUMNS 
1-10 

11-20 
21-30 
31-40 
41-50 

FORMAT 
FlO .0 
FlO.O 
FlO.O 
FlO.D 
FlO.O 

VARIABLE 
ATRANX 
ATRANY 
AFQE 
FACTOR 
ALEAK 

8 

DESCRIPTION 
Multiplier for x-transmissivity. 
Multiplier for y-transmissivity. 
Multiplier for well discharge. 
Multiplier for node coordinates. 
Multiplier for leakage coefficient. 

These multipliers are useful when the input values have to be converted 
due to the inconsistency in units or other needs for transformation. 
Assign a value of 1.0 if no conversion is needed. 
D 1-5 IS KODI Printout of element ftow matrices. 

6-10 IS KOD2 Printout of global flow matrix. 
11-15 IS KOD3 Printout of element nodal velocities. 
16-20 IS K004 Printout of right hand side vectors. 
21-25 IS K005 Printout of continuous velocity field. 
26-30 IS K006 Plot of hydraulic head contours. 
31-35 IS KOD7 Plot of transmissivity contours. 
36-40 IS KOOB Printout of time of travel along 

streamlines. 
41-45 IS K009 To flag analytic specification of 

boundary condo within the program. 
46-50 15 KOD10 Plot streamlines. 

For these control codes, a value of 1 initiates action, a value of zero 
suppresses action. For KOD10 to be equal 1, KOD5, KOOB, and either KOD6 
or KOD7 must be equal 1. 
E 1-5 IS 

6-15 FlO.O 
16-25 F10.0 
26-35 FlO.O 
36-. .45 FlO. 0 
46-55 flO. 0 

J 
x(J) 
y(J) 
TRANSX(J) 
TRANSY(J) 
HZERO(J) 

There are NN cards in Group E. 

F 1-5 
6-15 

16-30 

15 
FlO.O 

F15.0 

J 
PORTH(J) 

COEF(J) 

There are NE cards in Group F. 

G 1-5 
6-10 

11-15 
16-20 
21-25 
26-30 
31-35 
36-40 
41-45 

IS 
IS 
IS 
IS 
IS 
IS 
IS 
IS 
IS 

LL 
INC(I) 
INC(2) 
INC(3) 
INC(4) 
INC(5) 
INC(6) 
INC(7) 
INC(8) 

There are NE cards in Group G. 

Node number. 
x-coordinate of node J. 
y-coordinate of node J. 
x-transmissivity at node J. 
y-transmissivity at node J. 
Head in the leaking aquitard 

El ement number. 

at node J. 

Product of aquifer porosity and 
its thickness at element J. 
Leakage coefficient, which is the 
aqui tard hydraul i c conducti vity . 
divided by its thickness, at 
element J. 

Element number 
Integer value of INC(I) is the 
global node number of node 1 of 
element LL, and so on 
(see details in Section 2.5). 
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GROUP COLUMNS FORMAT VARIABLE DESCRIPTION 

H (I f NQE > 0) 

1-5 
6-15 

16-25 

26-35 

36-45 
46-55 
56-65 

IS 
FlO.O 
FlO.O 

FlO .0 

FlO.O 
FlO.O 
FlO .0 

There are NQE cards in Group H. 

I (I f NQN > 0) 

1-5 IS 
6-15 FlO.O 

There are NQN cards in Group I. 

J 1-80 2014 

Use as many cards as needed. 

K 1-80 lOFS.O 

Use as many cards as needed. 

I 
FQE ( I) 
RQE(I) 

B82 ( I) 

XQE (I) 
YQE(I) 
TRAN( I) 

J 
FQ(J) 

LRT (ITT) 

source/sink element number. 
source/sink discharge at el~ment I. 
Radius of element I. A source/sink 
element must have a circular shape. 
Coefficient used in evaluating 
Bessel functions for source/sink 
element ( = square root of the 
characteristic transmissivity 
divided by the leakage coefficient. 
x - coordinate of Ith source/sink. 
y - coordinate of Ith source/sink. 
Characteristic transmisSivity of 
source/sink element. 

source/sink node number. 
source/sink discharge at node J, 

Array used for input of 
boundary node numbers. 
1 to NON. There are 20 
one card. 

Dirichlet 
ITT is from 
va 1 ues in 

PHll (ITT) Array used for input of Dirichlet 
boundary head values. There are 
10 values in one card. 

Group LA-LE p'ro'vides information for plots of transmissivity (If KOD? = 1). 

LA 

LB 

"1-5 
6-10 

11-15 
16-20 
21-25 

1-10 
11-20 
21-30 
31-40 

15 
15 

IS 
IS 
IS 

FlO .0 
FlO.O 
FlO .0 
FlO .0 

NCON 
NPTS 

NFE 
NLT 
NCIR 

XMIN 
X 1"lA X 
YMIN 
n1AX 

Number of contours for plots. 
Number of search points for contour 
plots (see example). 
First element searched for contour plots. 
Last element searched for contour plots. 
o for rectangular domain, 
1 for circular domain. 

Minimum x-coordinates for p1ots. 
Maximum x-coordinates for plots. 
Minimum y-coordinates for plots. 
Maximum y-coordinates for plots. 
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GROUP COLUMNS FORr~AT VARIABLE DESCRI PTION 

LC Information to specify size and position of a rectangular frame 
of plots. 

1-10 FlO.O 

11-20 FlO. a 

21-30 FlO.O 

31-40 FlO.O 

LD 1-80 8FlO .0 

Use as many cards as needed. 

LE 1-.80 8F10.0 

Use as many cards as needed. 

XO 

YO 

XL 

YL 

CON ( I) 

PTS ( 1) 

Origin of frame in inches from the 
paper edge in x-direction. 
Origin of frame in inches from the 
paper edge in y-direction. 
Length of the frame in x-direction, 
inches. 
Length of the frame in y-direction, 
inches. 

Contour levels for plots. 
I = 1 to NCON. 

Contour plotting searched points 
in local coordinates (see ,example). 
I = 1 to NPTS 

GroupsMA-ME provide information for plots of hydraulic heads (If KOD6 = .1). 
The input variables and formats are exactly the same as those in Group LA to LE. 

GroupsNA-ND provide information for streamline and travel time analysis 
(If KOD10 = 1, KOD5 = 1, KOD8 = 1, and either KOD6 = 1 or KOD7 = 1). 

NA 

NB 

1-5 
6-10 

11-15 
16-25 

26-35 

1-80 

Use as many cards 

NC 1-5 
6-10 

11-15 
16-20 
21-25 

There are NE cards 

as 

IS 
IS 

15 
FlO.O 

FlO.O 

8FlO .0 

needed. 

15 
15 
15 
15 
15 

in Group NC. 

NSL 
NSTPRT 

NTIME 
STEP 

TMAX 

TT ( I) 

L 
lNE1(l,L) 
lNEL(2,L) 
lNEL(3,L) 
lNEL(4,L) 

Number of streamlines. 
Number of integration between each 
printout of streamline travel. 
Number of contours of travel time. 
Stepping length for integration 
long streamlines in local coorqinates. 
Maximum travel time along streamlines. 

Travel-time level to be plotted 
along streamlines. 1= 1 to NTIME. 

El ement number. 
Array of adjacent elements. 
(see details in Section 2.5). 
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GROUP COLUMNS FORMAT VARIABLE OESCR I PTI ON 

NO 1-5 IS NEL Element number in which starting 
points of streamlines are specified. 

6-15 FlO.O XII 

16-25 FlO.O ETA1 

Use as many cards as needed'. 

2.7 OUTPUT: 

Printed outp~t are in file OUTPUT. 

Plotted output are in file PLOT. 

~-n coordinates of a starting 
point of streamline in the NELth 
element. 

Tape 1 contains, in each line, node number, x and y coordinates of 
node, nodal values of head and x-y seepage veloclties with the format 
(IS, 3F10.2, 2E15.6). 
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SECTION III: SAMPLE PROBLEM 

Table 1 is a listing of data input of the sample problem shown in 

Figure 3. Figure 4 shows the node and element numbering convention. 

Figures 5 and 6 are plotted output in file PLOT. Different examples 

of the program's application are available in the report by Carbeneau 

and Street (1978). 
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Table Oa.te:?- lYlpu:t of +he S oYY'.f'le frob \e \'Y\ 

TEST PROBLEM FOR PROGRAM TRAVEL 
40 '." 14 14 I) 

1 
1 
:2 

4 
c::­
'-' 
'. 
'-' 

"7 

10 
1 1 
12 
1·:' 

'-' 

14 
15 
1,~, 
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T R A vEL 
S TEA 0 Y S TAT E FLO ~ A ~ A L y SIs 

THE O~IGINA~ VE~SrON Q~ THiS ~RaGRA~ IS P!~OE~'S ISQ~UAOt 
~HmALL J. C)ol.6~8E.NEAlJ OF 1')JE CldL E~GII-EERI~G OEPART~ENT,UtT. AT 
.6USTrS, ~AS ~aCIF!EO ANO INCQQPORATEO THE CAPABILITIES OF C~~PUTING 
STREA~LI~€S, T~AVEL TI~ES, AN~ T~E ANALYTICAL SOL~TION FO~ ~~AOS 
A~OUNC A ~U~ol~G WELL (10781, ~uNOER yEH AND PRA~G8 ~rROJA~AGUC 

~OnI'rEC T~E PPOGRAM FOQ U.T. CYBER 7~n CO~~UTER AND TNCOPCRATED 
ZFTA PLCTTI~G SU~QOUTINES~ THE PRCG~A~ ~'S OCCU~€~TEC FOR uS~ IN 
THE ~EST TE~AS MASTE ISOLATlnN PRQJ~CT 8y PRA~O~ ~IHOJANAGUD CIQe3), 

o E FIN I T I 0 ~ o F V A R I A 3 L E S 

AFQE __ -.---.~VLT1PLIE~ FQ~ ~ElL rISC~A~GE 
ALEA~_-.---.~CLTIPLIE~ FOR LEAKAGE CCE~F!C!ENT 

AT~4NX-----.MULTIPLIER FOR l.T~ANS~ISSIV!TY 
AT~A~'Y--~-.-~ULTIPLIF.'s;) ~OR Y.TRANSMISSIVITy 
RESr0.··.-·-~OrIFIED RESSEL FI)~CTID~ C~ T~E FIRST ~I~K OF ORDER ZERO 
RESIl.-·----~QCIFIEO BESSEL FUNCTION QF T~E FI~ST ~!NK OF QROE~ ONe 
8ES~~.-··---wnrrr!ED AESS~L FUNCT!uN rF THE SEcaNe ~IND QF Q~OF.R Z~~O 

'3ESl(l·· .. ---·~()I)IFIE[') ~ESSEL rI!NCTIOl\- r,' T~~ S£CO"'O KIND C1F OFtOE~ ONf;: 
. BESt!t) •• --~AWQA~ OF MOnIFTED 8ESSEL FU~CTIONS OF ORDER ONE 

E v l. L I J A TE f'l C ~ T ~ E S 0 lJ .. eE.l S pi I( E I. E /01 F. N T B a U /II 0 A R y 
A~2(I'··----COEFFlcrENT us En r~ EVALUATrNG 8ESSEL FU~CTIONS FO~ 

snllPCE/S IN~ ELE"'EN T S= SQUA~t ::?OOT OF T~t:: CHlo)HCn.R I ST r c 
TH4NS~TSSIVITY DlvIrED 8Y THE LEAK~~E COEFFICItNT •••• ,L 

CoEF(I).---"LEL~AGE COEFFICIE~T rA~UIT'~D PER~f'~!LITY OIVIDED 
~y ITS THIC~NESS)~ ••••••• :.I/T 

C"N(l'·-·--·CO~Tnu~ LEVELS FO~ FLOTS 
OETJ(!) •• ---VALUE OF T~E JACOBIAN CETE~~rNA~T AT EAC~ INTEG~ATIDN 

POI~T 
DX(I,J)-----VALIJE nF T~E X_DERIvATIVE OF T~E rTH BASIs FUNCTION AT 

T~f JiH INTEG~ATIG~ POINT 
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ST~E.4'"'LINES 
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KnOo········1 FOR PLOT rF ~yO~-UL1C ~f'O CONTOURS", ~ OTH€~~ISE 
KOD1 __ -.----1 FO~ PL~T OF T~~NS~IssrV!TY cn~TUU~S, ~ aTHER~ISE 
KOD8·_---·_-t FOR P~TNTCUT OF T!~E OF ~AVEL ALONG ST~EA~LINES, 

~ OTI-iE~~!SE 

KonQ._-·----l TO FLAG ANALyTIC SPECIFI ATInN OF SOUNOARY CONDITIONS 
wliH1N THE PQOGRAM 

~Onl~-q.-••• PLOi ~TRE&"L!NES, CKQDS=1,~008:1,FOR ~OD1~:t) 

K~(r~.-.-.--NonE ~JU~~f~ rF TH~ ITH DIRI~~LEi 80U~CARY ~OOE 
LRCI)---·-Q-!~OfX ~H!CH EQUALS 1 FOR D RIeHlET 60UNOAQY ~OOES AND 

.1 OTH~R" !SE 
L ~c (!' - •• --.~m!'4! ~H'; SU'"' OF 0 I R t Cl-ILE T ;:!OU~o AP.Y ."IooE S 
L~T(I'-.---·~U~~Y AR~AY FO~ I~~UT OF ~!~ICHLET 80U~04~Y NOOES 
N=-•• _-.-_-.NU~RE~ 0F ~CilvE ~QDES CNN-~ON' 
NCl~--------J FOR RECT~NGULA~ OouAIN, 1 FO~ CI~CULJR oO~AIh 
NCON-.-.----NUM8ER OF ca~TouR 5 ;: OR PV'I T S 
NON-----.---NUH~E~ OF D!qIC~LET BOUNOlAY ~ODES 
N€.-•• - _____ NUHq€R or ELE~fNiS 
NEL·.---.--·ST'~T!NG ELE~ENT FOR INTEGRATION ALO~G ST~EA~LINES 
NFE- __ - ____ .'IRST ELE~E\T SEA~C~ED FO~ ~ONTOUR PLOTS 
N ... 8~ ..... - __ .... _NU~9£q I)' >1lL=' 8At,;OwIDT)oI 
NLE-._-_ ...... NUM8F.R OF L~A~Y eLE~~NTS 

NLE· ..... --·--LAST ElE~ENT SEARC"ED FO~ CO~TOUR PLOTS 
NL~. __ - __ ·_·NUM8E~ OF LEaKY ~OOES 

NN •• __ -~._-_~UMA~~ OF ~O~ES 

NPlOT_- __ • __ Nu~Aeq OF PLOTS OF "VO~AULrC ~EAO CONTOURS IN OUTPUT 
NPTS-.-•• --.NU~AE~ OF SEAPC~ paINTS FO~ CONrou~ PLOTS 
N~E-__ -. ___ .HUHAER OF SQURcE/sI~K DISCHARGE ELE~E~TS 

NQ~. __ ••• _ •• NUM~E~ OF SOURCE/sI~~ OISCHAf~~ NODES 
NSL·._-._. __ NU~8ER or STPEJ~LINES i 

NST~~T-.-.-.NU"8ER OF !NTEG~ATIQ~S 8ET.E.~ P~INTOUT OF STREAMLINE 
TPAVEL I. 

Nl!~E_-_----NU~~f~ OF CONTOURS OF TRJvELTt~E 

NTPL~T-_._-_NU~8ER OF PlCiS OF T~ANs~rsslVITY CO~ITOURS I~ OUTPUT 
p~Irr'---.-.CALCULATED HVOPAULIC HEJrs I 

PHII(y)-----DIRICHLET ~OUNOA~y NODE ~eAO 

P~II~(I).--.r.uH~y A~~JY FO~ II:PUT OF DIRIC~LET 8~U~DA~Y ~DCE HEADS 
PO~T~(I)-.-.p~nOL'CT C' EL~~ENT POROSITY ANO AQUIFER THICKNES~ •••• L 
PTS(!'---.~-CONTUUR PLnTTING SEA~CH POINTS 
Q(I' __ - ••• __ vECTnR OF KINETIC EMENGY TO ~E LOADED IN ELEMENT 

. FLO'" MATRI"x 
~~E'(T' ••• --.RAOIliS OF SOURcE/sINK ELE/'4e:NT~; •••• ~ ..... ~l.. 
RT(1'-----·-FG RCING FUt-.lCT!ClN (~IG)ojT I-1AtIO SIDE' 
SE(!,.l)----.ElEI'!ENT FLO .. ,wATRP 
SRCL __ -_. ___ UNKNOW~ PART OF LEA~AGE FOR E~EME~T CLOAOEO INTO 

ElEMFNT FLO" ~ATR!X' 
SRCLTfI)--•• UNKNO"N PART OF LEAKAGE AT INTEG~ATION POI~T I 
SRC~(T) ••••• ~NO~N P~RT of LE~~AG~ Fo~ NOD! I 
SRC~T(l)---.~NOwN PAPT OF L~A~AGE FOR INTEG~AT!ON ?Ol~T I 
srEP-------.~TEppt~~G lE~GTH FO" I~TEG~AT!O~ ALONG STRE~MLI~(S 
TMAX_.-___ -_~AX!~U~ TRAVEL TI~E ALONG ST~~A~LINES 

T~AN{I).---.CHA~ACTE~ISTIC T~A~S~ISSrvITY nF SOURCE/SINK ELEMENT •• 
.~~l"21T 

?RA~SY(l).--Y-TRANSMISSIV!TY OF NOOE r.~.~~: ...... ,L.~2/T 
T~A~syC!1.·.y.T~~Ns~15srvITV of NOOE r •••••••••••• L •• 2/ T 
xCI) __ - ___ -·x_cnaRDINAT"E OF NODE I ••• :.~.~~ ....... L 
XT1- __ ----·-STAR~ING LnCAL Xl COORDINATE F R INTEGRATION ALONG 

ST~EA~LIN~S \ 
X~AX._-.-••• ~AXIHU~ x.cncROINAT~ FOR PLOTS 
x~I~---.-.·.HINI~U~ X.CO~RO!NATE FOR PLOTS 
xaECI'-----·X-COORotNAT( OF IT~ SOu~Cf/SrN~ ••••••• L 
XVCI)------.MOOIFIED FE X_VELOCITY FO~ SOU CE/SI~~ ELf~E~TS 
YC!'-----·-·Y-COOROINATE OF NODE I ••• :.~ ••••••••• l 



--

I 12(.1 C 

125 C 

I 12b C 
127 C 
12 8 C 
,2q C 

I 13~ C 
131 C 
132 

I 
133 C 
13'1 
13C; 

130 

II 13 7 
138 
130 
1 u~ 

II 1 u t 
11Ic? 
, '13 
lllLl C 

I ,a5 
tab 
ILl7 

I 
la8 
1'1 0 

1S~ 
1St 

I 152 C 
153 C 
15a C 
155 

I ISc 
157 
158 C 

I 
" ~q 

lbC\ 
lot 
tl:l2 C 

I 
11,3 C 
Ib U 

lbS 
lbc C 

I 11:17 
loP, 

lbq C 
\7'1:1 C 

I 1 71 
172 
173 

I 
17a 

17'5 
t 7 0 
\71 

I 
178 
,70 
tl3~ 

181 

I 
182 
183 
18(.1 

185 

I 
I 

'f"'A:x_.· ____ ·joIAX!~lI'" .... ·CaCt:(DHaTE FO~ PL~TS 
VMl~ __ ·.·w-Q~!'I!MUW v-C1C~nI~ATE FOw ~L T5 
'fQE(!'--·---v-COO~~INATE OF rT~ SOURCE/ IN~",,~,tL 
~V(!,·-.-.-.~nntFIED FE v-vELOCITY FOR OU~CE/SIN~ ELEME~T5 

. __ .. _. ___ --_____ ._._. ___ ._a __ -____ . ___ • ______ ~ __ -__ • ________ ..... 

COI-\~ON /SCA~!~/ 

t N~, ~E, N~e~, S~CL, ~OD8, ~OC1~, IDE 
CO~"ON IVE:CTr~1 

1 X(7U~), vr7a~" FM(7U~), p~I(1Qe), p~rI(7u~), XV(7u0" 
2 RT(7U~1, T~ANSX(7uQ', T~A~SY(7U0), COEF(22S', PO~TH(225), 

3 FQE(2G', xQEr2~1, VnEC2~), R'E(20), 8A2C2~), aES1C2~), 
a S~C~TClo), 5 QClTCtb), QC1~', SRCR(~), OGX(B), DGV(~), vVC7w0" 
r; ForSe' 

CO"'MON IMATj:lPI 
1 H(10e,S~', IN(8,225', 5EC8,8) 

OII.4ENSIUN 
1 ,1'4 Z f R r2 (1 Q Ir.!', Ul ( 7 a C) " I. R C ( ~ a ~" K ~ C7 u 0), T RAN S (7 (.I d ) , 
~ TITLEC2il), I~C(~), LRTrl~~), ~~IIH(l~~), H~(tbl, Fr8,lb), 
3 DETJClb), OX(8,lo), QV(B,lb), T~'N(2e), FFCA' 
D~Tl AG/-.8elt30311SQUeS3, 

t ·~33qq81~u35~U8~~, .33qq81~"35P,Q~5b, .6b113b311S QU eS31 
nATA KRn)hll 

.--------------_ ... -.----_.----------.-----_.--_ .. _--.------------
REA 0 ,~o "~r TEO A T A 
RE!D rS,8Jel T!TLE 
IojPIiE {t:,8s;n 
~~lTE (b,8bC' TITLE 

PEAn r5,q,~) N·l,NE,NO~,~H~~,~LE,NLN,~QE,NQ~,NPLOT,NTPLaT 

IoIRTTE (6,Q2", 
'oj PIT E (M, q 3 .. , ' i "I , N e: , '.J I) '" , N ~ E , Iol ~ i::l .. , N L E: , l,j L N , N P LOT , N T P LOT 

~EAO (S,lQQ~l ~T~'NX,ATgANY,AFQE,FACTOR,lLE1K 
~RITE (~"Q5~' ATRAN~,ATR1Ny,AFQE,FACTOR,ALEAK 

wRITE OUT c~aE !~TF.RP~:TAT!UN 
',Ajs:qTF. (e,2S) 
p' (~OIJ1.e:Q,,~1 

TF (KoDt .NE.e' 
!~ ()(OO~.EQ.O' 

I F ( )( IJ O? • I~ E .~ , 
IF (KOO,S.EQ.<!, 
IF C~nO.3.NE.'d) 
IF ()(1'10 u .EQ.',n 
IF C)(OO,J.Ne:.~' 
IF (K005.EQ.2' 
!F C)(OOS.NE.~) 
IF (~oOe.EQ.ln 

I~ Cl(oOo."lE.<" 
rF ()(OD1.EQ.·~) 

IF CK007.NE.~' 

.. RITE 
'N~ IrE' 
.. j:; tTE 
"~!TE: 
"~ITE 
.. RITE 
.. RITE 
wRITE 
WRITE 
WRITE 
"~ITE 
... R!TF: 
w~ITE 

, .. R I T~ 

( b , t , 

(b , 2' 
( 0 ,3 ) 

( 0 , b , 
( b , 7 , 
(",09, 
(0,11' 
(6,t2) 
(t,,131 

(6,1 L1 ' 
(6,15) 
(0,10) 



I 
I 
I 
I 
I 
I 
I 
I 
I 

• 
I 
I 
I 
I 
I 
I 
I 
I 
I 

IR6 I" C)(OOa.EG.l)) \o/~nE (f"P) 
1~7 I;:' (l(oO~.NE.~n \oj~IT€ (0,18, 
188 IF(~On1~.EQ.~' w~ITE {e,tq~ 

l~q rF(KOD1~.N!.al WRITE (~,2a1. 

, q 3 C 
lql C ~!LL OUMMY A~~AYS ~O~ NODE ANO ElEME T NUMSE~S 
In c 
,Q'3 C 
tqU C REAO GENERA~ I~PUT OATA Fa~ CODE 
lQS C ._ ••• Q ____ -a ____ ._._.-______ .... 
,qc C 
Iq1 C 
!qe C ~E40 NOJE COC~DINATES ANC ~A~'~ETERS: 
,qq C T~ANS~ISSrV!TY AND ~~AO I~ AOJACENT AQUIFEP 
2~~ READ (S,QS0) (J,X(J',YCJ1,T~A~SX(Jl,T;ANS'(J),HZEROCJ),~=1,~~) 
?~1 DO Qr J=l,NN 
2~2 ~(J1=r(Jl*FACTO~ 
2Cl Y(Jl=Y(J)*F.CTO~ 
2~~ ~O CONTINUE 
2~S C 
2~o C READ EL€~ENT PARA~ETE~S= POROSITY ANC ~EAKAGE COEFFICIENT 
2~7 ~F.AD (s,qaS) (J,PORTM(J1,COfF(J"X:l,~E) 

21113 C 
2~q C ~EAO ELEMENT INCIDE~CES 
21~ C 
211 00 5e L:l,N€ 
?12 ;:1P,Q (5,1 l1i3) LL, q"lc(ln ,1(111 ,8) 
?13 DOSe I=1,4 
21ij J=I+4 
215 I~(!,L):INC(2*I.l' 
21b IN(J,L):I~C(2*I' 

211 5P C~NTI~UE 
21~ C 
21Q C 
22~ C wRITE GENE~AL INPUT nATA ~~R CODE 
221 C .---•• -----•• ----------_ ••• - ••• _. 
222 C 
223 C ~RITE ~OOE COC~~INATES 
22~ .RITE (b,qqe, 
225 o:RPE (b,lIiHl e' 
22~ ~RITE (b,1~10' (J,x(J',Y(J',J:l,~N) 
227 C 
228 C ~RITE ELEMENT INCIDENCES 
22q loo R ITE (b,tlU'~' 
23~ _RITE (b,llSe' 
231 00 1~~ L=l,NE 
~32 l~~ WRITE (o,11ba' L,(IN(I,L),r=1,8) 
233 C 
234 
?3S 
236 
?31 

c W~ITE ~OCAL T~ANS~IssrvITrE~ AhO ~EAD I~ ADJACENT AOUIFER 
WRITE (bd17e, 
\oi~IH (o,tl Q ,,) CJ,T~ANs:xC.T',T~ANS'\'(J),I-jZfRn(J',J=l,N"') 

23~ 
2H 
24~ 
~Ul 

242 
(143 
flUU 

(lQS 
2~& 
241 

c 
c 
c 

C 
C 
C 
C 

~~ITE ~LE~~"'T POROSITY TIME~ 'QUIFE~ THICKNESS AND LEAKAGE 
cOEFnCIENT 

\o.I:1ITE (o,11e~, .. 
w~ITE (b,120C) (J,pnQTH(J',COE~(J',J:l/Nt) 

'. 0('1 12~ ';:1,NE
1
! 

COEFrJ)=COEF(J'*ALEA~ \ 

FfEAD ,t,.Q IoI~ITE DATA FOR SOU~CUSINI( ELEMJNTS. 



I 
I 
I 
I 
I 
I 
I 
I 
I 
t 
I 
I 
I 

I 
I 
I 
I 
I 
I 

2IJ8 

~(Jq 

258 
251 
252 
253 
215 4 

2SS 
,56 
257 
2158 
25 q 
;?e0 
261 
?b2 
263 
2b IJ 

265 
~bb 
,67 
Z6e 
2b q 

,7~ 

.?71 
272 
~73 

c 
c 
c 

c 
C 
C 
C 

C 

SOURCES AR£ POSITIVE. FO~ T~!S CODE TMr SOURCE/SINK 
IS AL~AYS ~OC~TEO AT THE ELE~ENTS ORIGI 

III="'E·1 
CO 15~ 1=I,IIl ! 

~QE(I)=\l. 
FS;a(n=l:l, 
tGE(n=€. 
YQE(I~=i:!. 
T~ 4/11( n:e. 
BES1 (!)=0. 

1~:'I F ~ E ( I ) : tl • 
IF (I-JOE.EQ,C) GO TO 2~t 
IwRITF. (b,102~' 
00 2('~ JJ=l,~QE 

READ (5,70) lQE,FQE(rQE),RQE(IQE),aB2(laE),X~E(IQE),YQE(IQE), 
T~A~CI~E) 

pALl/ATE ~OOIFIE(l BESSEL FutlCi'IO~S OF n~E FIRST ANO SECOND qNOS 
nF O~oERS d ANO 1= I~, Il, ~~, ANn Kt 

IF CCOf.FCIQE).EO,('.' GO TO 170 
XXX=RQE(IQE)/~B2(I~£) 
8ES1(I~E)=~ES~1(XXX'+BES~e(Xxx)·eESll(XXX)/BE5I~(XX~) 

17~ CONTINUe: 

~7ij wRITE (o,l~a~, IOE,FnE(IOE)/RQE(IQE'/xQE(I~E),YQECIQE,,~82(IG~)~ 
275 TRANCIQE' 
27& TRANCICE)zT~A~CIOE'*ATRANX 
277 20~ F~ECIQE)=FQE(I~E'*AFQE 
'278 21:' 1 C 0 I~ TIN U E 
2"; C 
~80 C READ NODAL OISCHAR~E 
281 C 
282 DO 210 I=l,NN 
283 PHII(I)=e~ 
284 ~tO Fa(I'=~. 
285 IF(~aN.EQ~~' G~ TO 23~ 
?8b DO 22~ I=l,Nr.N 
2A7 2?~ READ (S,tijoi:n .r,Fr'~(J, 
288 2J~ CONTI~UE 
?8 q C 
2~d C InENTIFY DI~ICHlET 8nU~DARY NoOES FO~ FLO~ (INDICATED 8~ LR=l) 
~q 1 C 
2q 2 ~RITE (6,1232' 
2q ] no 27~ I=t,NN 
~qU 27~ L~(l'=r. 
2q5 IF (~n~.EO.~' GO TO 31~ 
?q6 N5T=0I 
2q7 2Rr READ (5,12 4 0' (LRTC!TT',ITT=1,2~) 
2 q 8 TA=tl 
zqq on 2q~ I=1,2~ 
30Yl IF' (UlT(Il.EQ.~' Go TO ~~e 
3C'l\ u=l 
3~2 J=LRTCI) 
363 ~ST=~ST+l 
3u4 IF (J.LE.NN) Gn TU 2q~ 

105 WRITE (c,t2'5~' J 
;AC ~n TO loea 
~~7 2q~ LR(J)=l 
308 3~e wRITE (b,12601 (L~T(IIT),I!T=l/IA) 
30q IF (NsT.GE.Nn~' GO To 312 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

310 
311 
312 
313 
31 u 
315 
310 
311 
318 
31e; 
32e 
321 
322 
323 
32lJ 
3(,S 
320 
32 7 
328 
32q 

'0'1 
331 
332 

333 
~3L1 
335 
330 
331 
338 :nq 
31J~ 
3L11 

31.12 
~Ll3 
3 L1 L1 
3 L1 S 
340 
31.11 
3'18 
3.£1e; 
35~ 

3151 
352 

,353 
354 
:355 
350 
357 
350 
35e; 
300 
301 
~o2 
303 
'0.£1 
305 
'bo 
3b7 

c 
C 

C 
C 
c: 
C 

C 

c 
c: 
C 
c: 
C 

3b8 C 
3bq C 
~7\:1 
371 

IF (IA.EC~2n, GO TO 28Q 
I F ( N ST. N E •• ~ 0"-1). .. ~ IT F. C 6 , 1 2 7 ~n N S T , N 0 

3113 CONTINUe; 

315 

318 

READ nlRICMLET NODE HEAOS 
I~ ()(ODC;.EQ.l) GO TO 325 
p=a 
IA1=1 
IA 2= 1\' 
~EAO CS,S~~' (PHIIMCITT',ITT:IA1,IA21 
IF CIA2.GE.Nr.~' GO To 318 
IAl=n2.1 
!A2=IA2+ 10 
GO TO 315 
DO 32~ I:I,NN 
IF (L~(l).NE.1) GO TO 32Y1 
p=I.A.l 
PHIlry':PHIIH(iA) 

GO TO 31.10 

************************************* 
ANALVTic SPECIFICA'Tln~( OF ROUNDA~V COt-.'OITIO"lS. 
SPECr~V FO~ PAPTICULAR 
CON'T I Nt.'!: 
on 33~ J:l,NI1E 
no 328 )(:l,NE 

P~08LE~. 

IFCF~FCK).~E.y..) Go TO 327 
DO 320 I:l,NN 
IF (L~(I'.NE~l) GO To 321.1 
XN:lXfll.XQE()() 
XXN:XN*XN 
VN=YCl)·YGECI<) 
yVI>J:Y"I*YN 
xo:x(yl.XQEO() 
xXD:"J'O*XQ 
vO:vCT)·YQECl<) 
VYI')=YO"YO 
SU~H=11~.b*FQECK'*4LnG(CXx~.yyN'ICXXO+YYD"/TRANSX(I) 
PHlIrI):PHlICI)+SUMH 

320 CONTINUE 
326 CONTINUe: 
3 ? 7 C (1 N T p! U E 
32." CO~TINUE 
33~ CONTINUE 

********************.******************* 
:51l~ CONTI~Ue: 

SU~ n!~ICHLET AOUNOAQY ~OO(S 
LRC(l'=l~Cl) 
no 37~ J:2,N,.. 

37~ L~eCJ':L~C(J.l).LR(J' 
N~:LRC(NN) 

~I=NN .. ~R 
w~ITE (6,131P.) NN,NR,N 

C~NSTA~T BOUNDARY ~ATRIX ROW I~OICES 
\(:11 
(')0 3q~ J:l,N~ 



I 
I 
I 
I 
I 
I 
I 
I 
I 
i 

I 
I 
I 
I 
I 

I 
I 
I 

372 IF (LRCJ]~LT.t' GO T~ 3qe 
~73 )(=K+1 
37U . ~~(~'=J 
37S 3Q~ cn~TI~UE 
370 C 
177 C 
318 C PLOT CONTOURS OF TPAN~MISSTVrTY 
:3111 IF C)(OD7. NE.1) GO TO U02 
~8~ nO ,qa I=l,NN 
,~t 3~a ~~(I)=T~ANSX(I) 

3~2 no 3qe I=t,NTPlOT 
383 3q6 CALL ,PLOT 
J84 40~ CONTr~UE 

385 C 
386 DO u~~ J=l,NN 
387 T~ANS~(J)=TRANS~(J)*ATqAN~ 

388 aeb T~ANSY('!1=T~ANSV(J)"ATR4NY 
,sc; C 
3q e C CONSTANTS 
-;ql C 
3q 2 C CLEAR GLOBAL FlO~ ~ATRIX 
,Q3 C 
3q4 on 4p!'!=1,N 
3q~ FM(I':~. 
3q 6 Dn Ql~ J:\,N~8w 

~q7 a1~ H(I/J'=~. 
Jqa c: 
3 qq 
a ~~Id 
0'" 
0"2 
all] 
1li:'1J 

!les 
a(lo 
u~1 
Q!'S 
al:)q 

!l1e 
alI 
012 
Ll13 
:nu 
alS 
alb 
a11 
al8 
jlq 

a2U 

c 
C 

ate; 
C 
C 
C 
r: 
C 

C 

a2t C 

CLEAR Gl06AL FORC!/-lG FUNCTIO/j (Rlt;HT ~""oI(1 SIDE VECTO~) 

!I=~ 

DO a 1 S I = 1 , ~l ~ 
I~ (Lg(I]~GT.~' GU Tn alS 
II=II+l 
RTCI!':e. 
COtJ T PJUe 

---------.----------.-----.--------. 
CHAhGF FORCING FUNCTln~ FOR ~OOAL LOCA~IO~ OF wELLS 
IF (~DH.EQ.0' GO TO alq 
DO Ll17 I:t,"iN 
IF CF~Cr'.EQ.~.' Go TO at7 
JDJ=I-L-"1CCI) 
RTCJDJ~:RTCJDJ)-FQ(I' 
Cr')N T P .. lIE 
CONTpJUe 

a22 C START ~LE~ENT LOOP FOR GENERATING FLn~ MATRICES AND VECTORS 
a23 C 
a2a l:Vl 
Q25 a2~ L=L+l 
020 C 
a27 C 
a2~ C 
a2q C 
:J3~ C 
a:31 C 
a32 
1133 

GENERATE AND EVALUATE AASI3 FUNCTIO~S, T~EIR D~RIVATlvE5 AND 
THE JlC08IAN nETERMI~ANT AT EACH INTEG ATION POINT 
T~TeGR'TION ~y GlUSSIAN QUADRATU~E· 
ax~ RuLE FOR ALL ELE~ENTS 
D(\ LiIJO I=\,4 
00 Li Li2 .J = t , Q 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

u3U 
lJ3c; 
L131'1 
(137 
a31' C 
a3 Q 

"aa C 
a '11 
/la2 
aa3 
aua 
aaS 
/lac 
1.1,,7 C 
(jaB' C 
lJuq C 
aS~ C 
aS1 
I.IS2 
aS3 
a5lJ 
/JSS 
aSo 
a51 
aSa 
aSCI C 
aM! C 
IJ /) 1 C 

ac2 
ab3 
'10'" 

/lOS 
,'100 

ab7 
Llt-~ 
Lib If 

a 'H~ 
'171 
a72 

/J73 
'110 
a7S 
'110 C 
iJ 71 C 
a18 C 
a7q 
a88 
a~1 

a82 
IIA3 
,,81.1 
a~5 
080 
087 
aell 
aRIf 
o<Hl 

aqt C 
a(')2 
aQ3 C 

)(::O_tl.u+J 
:xT:AG(J1 
n:AG(! ~ 
CONTINUE 
*** ••• * •••• ** ••••• * •• **~*** •• 
CALL SHAPE (L/~I/Yr/Fr,OET~ 

•• * •• *.*****.***** ••• ******** 
00 '135 J.J:l,e 
F (J J , l( ) :F Fe J ,.1) 

O:l eJJ,)() =OGX (J .. n 
tHeJJ,I<):nGY(JJ) 
OEiJ(K):OET 
cONTrNUE 

su~ ~EAO IN AUJACENT AnUIFE~ FOR EAC~ ~OOE POINT AT EACW 
INTEG~ATION POINT 

r F ( C n U (L ) • EQ • \l • ~ (,; (1 TO IJ lJ e 
DO aus K:t,10 
f.lK(I('=.a. 

DO aaIJ J=1,8 
JDJ=TNeJ,L) 
~KC)('="K(K)+FCJ,K'·~zE~O(JnJ' 
CONTI~UE 
cONTrNVE 

CWAN~F FO~CI~~ FUNCTro~ FO~ ~OOIrIEC SOURCE/SINK ELE~ENTS 

IF (Fr,E(Ll.F.G.r~' GO TO IJSU 
rQEE:FCE (L) 
IF 1cnEF(L).EQ~~.' ~o T~ a~8 
FaEE=FOE(Ll*~OE(L)·HES1(L"S82(L) 
CONT PJUE 
00 aC;2 1=1,1:1 
JDJ= pJC r ,Ll 
IR:JDJ-LMCCJ1:'J) 
PT(IQ'=~TeIQ~-e~eQ~eaS.~GEE 
00 uc;? 1=5,8 
JDJ=P.:(I,U 
Ip=J().l-U~C CJDJ' 
QiCI~':~T(I~'-J,lSq15S*FGeE 
CONTT"IUE 

GENE~ATE UPPE~ HALF OF FLO~ coEFFICIE~T ~ATRIX 

1)0 Llo~ 1=1,8 
1)0 a~G J=I,B 
DO asq )(=1,10 
TRAN'i:O, 
TR A/'IY=O. 
on IIS,q JJ=1,8 
JOJ=!NCJJ,I..~ 
TQANX:TRANX+TRANSXeJOJ'*FCJJ,K) 
TRAN~:T~ANY+TQANSYCJnJ)*F(JJ,~) 
S~CLTrK):CO€F(L'.F(I,)('_F(J,)('·OETJ(~) 

Q(K'=(T~A~X*OX(I,)()*DX(J,K'+T~ANY.OY(I,)().OYCJ,K')*OETJ(K) 
CONT!NU~ 

-*** •• ***** •• ****** 
C~LL wATGEN (I,J) 
•• *.*.***.**.*****-

nq~ uo~ SE(I,J':SECI,J)+SRCL 
aQ'5 C 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
~ 

uqc, 
llq1 
uO~ 
uq q 
C;VI3 

c;~t 
c:;a 
5\;3 
C:;'Hl 
~(15 

c;~' 1:1 , " ~ 
5~8 
5~q 

510 
c; 1 1 
t;12 
513 
c;1L! 
515 
51b 
~t7 

518 
Slq 

C;2J 
521 
S?2 
523 
C;2a 
525 
C;20 
521 
1528 
C;2 Q 

53~ 

531 
532 
1333 
53u 
535 
C;3b 
c:;31 
538 
53q 
5~~ 

5a1 
5 JJ 2 
5'l3 
5au 
sa5 

SUb 
C:U7 

~1J8 
,Uq 
5Si:l 
0;51 
,52 
55~ 

'is''' 
c;S5 
55c 
'5'i7 

C 

c 
c 
C 
C 

c 

C 

c 
c 

c 
c 
C 
C 
C 

C 

C 
C 
C 

C 

c 
C 

FILL LOwE~ HALF OF SE AR~AY 

Dn 1.162 t::<,.9 
rt=I.t 
00'162.1=1,11 

£l62 SECI,.rl:SEeJ,I) 

EVALUATE CONTRIBUTIONS TO FURCING FUNCTION FROM ~E~n I~ 
A II J ACe ~~ T A ~ u I ~ E R 

IF eCIjEFeU.F.r..~.) GO TO £lb 1 
DO il6e 1:1,8 
no 1.104 K:l,tb 

aoa SQ.CRT~~):COEFCL'*HKC~'*FCI,K).DETJCK' 

aoo CALL ~ATGENA CI,l) 
.****.***.**,** 
GO 10 I.Icq 

1J01 1")0 'IeB 1=1,8 
SQCRrI'=2. 

1.l6.13 CClNT!~UE 
46q CONTI~UE 

PP.INT ELEMENT ~4TR!CES F~~ FLOw 
T F ( l< 0 0 t • N E. • 1 , GO 1 oa 7 e 
IF (L:GT.l) GO TO u1V3 
... RITE (b,l.Iq~n 
IoiqITE (b,13P) L 
D(1 a" 1:1,8 

~~ wRITE (0,11.12, I,CSE(!,J1,J=1,8) 
13~ FOQ~AT rllll,lnY,7~ELEME~T,IJJ,SX,lb~5TIFFNESS M4TQIX/) 
tlJO FO~~AT (IS,8EIS.oll' 
a 7 e C CI N T pi U E 

£171 

U1U 

LOAD GLOBAL COEFFICIE~T ~ATRIX AND FnQ~ING FUNCTIOh 

---·---------------·---~---·-··---·---r--··-----~--
,.,0 1.118 1=1,8 
JOI=IN<!,U 
IF (L~CJOI).GT.0) GO Tn a1Q 
ROW NuM8E~ IN GLOBAL ~ATRlx 

I~=JDr·l~C(JOI' 

SU8T~ACT INFLUENCE OF HEAn IN ADJACENT AQUIFER F~O~ FOR~ING 
FU'-ICTta~ . 
RTrlp'=PT{lR)·S~CR(I' 
00 1.172 J=t,8 
JDJ=!N(J,L) 
1F (U~CJCJ) .GT .~, GO Tn "'2 
COLU~~_NU~8ER IN GL08AL ~lT~rX CNU~8Ep F~OM MAI~ CIAG~NAL) 

JC:JOJ-L~C(JOJ)·JR.l 
IF (JC.lE~NH~~l GO TO 1.l71 
WRITE (6,5b0' L,JC,N~6. 

GO Tn 1.172 
IF (JC.LT~l' G~ TO 1.112 

LOAD ELEMENT FLaw ~ATRIX INTO 
H(IR,JC1=HCIH,JC).SECI,J' 
CONTINUE 
GO TO 1.178 
CONTINUE 
no ij7~ J=t,e 

GLOBAL 



I' 
I 

558 JDJ=IN(J,U 
55 q I~ CL~(JDJ) .GT .~, GO TO a1~ 

C;6" C ~O ... ~U~8ER OF FORe HiG FtJNCT!ON 
501 JC=JI')J-LlofCCJOJ' 

I ~62 C 
563 C MevE !NFLUENCfi OF nI~lCHLET 80U"'OJ.~,\, ~IOOE HEAD TO FORCING FU~CT!ON 
5bl.l RT(JC,:QT(JC)+SE(J,I'*PHI!(JOt) 
50S 1J16 CO,HY"lUE 

I Soc £I1~ cnNTY~llE 
~67 'lAO C(l~n I/.iUE 
Sb~ aflS IF (L~LT.NE) Gn TO "2~ 

I 
C; bq . C 
S"1\1 C ENO ELEI"ENT L()O~ FaR GE"'E~,l TI~~G FLC'" /4ATRIcES AND YECTORS 
571 C 
51Z IF (I(OO?.NE.1' GO 1'0 U8Q 

I 573 "~ITE (6,530' 
5 711 \IoIRITE' (e,S"~l) 

5 75 DO Qa~ 1=1 ,,'.J 

570 486 \ooiRP.E(b,57~1 1 , (M ( I , J' , J: 1 , ," 1008. ) 

I 577 \I/~tTE (b,5<Hn 

~78 \IIR ITE (es,o.,e) (~TCn,!=t,~l 
S7Q U.Qq CONTtNlJE 
c;a0 C 

I ,.a1 C 
,S2 C 
583 C O'ECO,",oOSE 
5,A" C *******.********** 

I 585 CALL DBANO O~,IE~' 
C:;Ao C **** •• * •• _*****.** 
587 C IF ()g,lNO FAILS, GO TO T)oIE E'I(I 

I 588 C 
58q II=' OEx,EQ.1) GO TO 1Sep. 
c:;cHI c 
c:;qt C CO,",Pl'TE VECTOR OF )("'O~N.YALLJES 

I sQ2 C ---.-------.--~----------~---. sQ) C 
5qQ C CHANGE S!GIIj OF FO'<CING Fl.'NCTIC~ 
5C15 00 eH 1= t , N 

I t;Clb b7~ FI-10'=-RTCIl 
·S<17 r F (l(c O".NE.l' GO TO.o"~ 
sqa Io/RITE Cc,13S~) 

I 
C;<1C1 ... ~yTE Cb,t\HH~' 

g~e ... ~ ITE (""H!q~, CI, FM rI',!=l,"" 
~t C 

be2 C P'AC)( SU8ST ITUT~ 

I 
6~3 C *.-* ... *** •• " ... ** 
bt3" b(H.I CALL 584NO (N l 

60S C **** .... *** ...... * 
,,~6 C 

I 
6o:l 7 C 
&~8 C ADJUST Fc:!~ CORRECT NnOAL SEQUEt.jCE - USi FM FOQ TE"IPORAFiV STOIHGE 
~.1q Ip:g 
6Ig 00 710 r=l,~N I 

I & 11 IF <LRCIl.GT.0) GO To 7t:~ 

&12 YP:IP.l 
613 F'" ( I , :P HI rIP' 

I 
&11.1 GO TO 77t(l 
615 H(1 F"'CI,:P,..UCI) 
~16 77\'1 CO~! T I ~UE 
617 C END CAL C U L J. T I a ~~ S FOR H£AC 

.. ol8 C 

I 61<1 C 
- - - - .. -

I 



-. 
I 

62e 

6~1 

:~~ 

I 621J 
625 
626 

I 
627 
62~ 
62q 
63? 

I 
63 t 
032 
033 
63a 

I ~3S 
bH 
031 
03e. 

I 63q 
eoe 
e4 1 

I 
~42 
6"3 
6'14 

61.lS 

I 
04 0 

01.l7 
e~! 
eaq 

I' e5~ 
05t 
~S2 
oS] 

I 654 
eS5 
~S6 

I 
oS1 
~S8 
~sq 

eb~ 

I 
001 
e02 
603 
6ol.l 

I 60S 
600 
/'0,1 
ob8 

I .;oQ 
0 13 
61 1 
1)72 

I 613 
671J 
;,15 

I 
670 
677 
67~ 
~7q 

I' ~8~! 

e81 

I 

C 
C Q U T PUT 
C .---._-•••••• 
C 
c "~IT~ VALUES OF "'YOP&lJLIC HEAO 

.... "ITE' C",1372) 
"'P!TF. C&,l1:l8e' 
~~ITE C",18q~) (I/FMrI),I=l,~N) 

C 
C w~ITE ELE~ENT ~ODAL vELOCITIES 

IF (I(oC3,Ew.l) CALL VCJ.L 
C 
C 
C ~~IT~ CO~TINurus GLO~AL vELOCrTy FIELD 

IF (~COS.EQ.r) GO TO 5~p 

c 

DO 70e II:1,~N 
P~I(YI):2~ 
p'"'IIrrIl=0. 

7qij ~T(IInre. 
CALL IIGL082 

8t'i! CONTIlIjUE 

C ~lOT Cb~TOURS OF l-tyORAUlIC I-tEAO 
IF (l(l"06.,..e:..l) GO TO 820 

C 
C 
C 

DO 812 I=l,NPLaT 
Bli! ClLI.. lPLOT 
S2~ CO~Tr"'ue 

C -RITe TI~~ OF T~AVEL ALONG STqEAMLINE$ 
IF (~OD8.~E.l) GO TO 828 
CALL STR"'? 

e211 CO~TI~UE 
c 
IS~~ 

Ie\?,2 
C 

CO~T r "JIJE 

C,., ... T p.J'JE 

C 
C 
C 
C 

END OUTPUT 

F 0 ~ /01 A T S 
1 FQR~AT (11X,*SUPP~ES5 P~INTOUT OF ELEMENT'FlQ~ MAT~ICES*) 

2 FO~MAT (Ill, .P~!NT ELEMF.~T FLOw ~AT~!CES*' 
3 FOR"'H ClIX,*SIlPP~ESS g~INTour Or GL08AL FLO.,. MATRIX*) 
a FOR~AT CtlX,.p~INT GLO~AL FLO~ "'4T~IX*' 
~ ~OQMAT (llA,.SUPPRESS P~INTOUT O~ NODAL VELOCITIES.) 
e FO~"'AT(llx,*P~INT NnOAL VELOCITIES.) 
7 Fry~w'T(11X, .suapRESS P~!NTOUT ~F RIGHT HAND SIDE VECTORS.' 
~ FOR W AT(11x, .PRINT RIG~T HAND SIDE VEr,TORS.) 

11 FOPWAT C11X,*SU PP IolESS PRPHOUT OF CONTINllOUS VELOCITY FIElDlI) 
12 FOR~AT (11x,.PP!~T CONTI~UOUS VELOCITy FIELD.' 
13 FO~wAT (11A,.~UPPRES~ PLOT OF HYoRAUL~C ME~O CONTOUHS.) 
!I.! FOR~AT (11,X,.PLOT H'I"Di-IAUL!C HEAp CO~!l~URS*) 

IS FM~MU (11X,.SIJPPRESS pl."Jr OF T~ANS"'I~S!VITY COfl4TOlJRS*) 
16 FOR~Ar (IIX,-PLOT TRAN~"'IS~IvrTY CO~TdU~S*) 
11 FORMAT (lI J ,.SUPPHESS PRINTOUT OF TI~~ nF T~AVEL ALONG STREAMLINES 

1 • ) i 

18 FaR~AT fllX,.PPINT Tr~E OF T~AYEL ~Ln~G STReAMLINES.) 
,q FOR~'T~I IX,-SUPPREsS PlnT of STREAMLl~ES*) 

2~ FO~"'AT(11~,·PLOT STREAMLINES .. ) 
?S FOR"'AT C//)//11x,*conE npTIONS.flIX.l~(IH-)//) 



I 
I /,82 

od3 
08 L1 

I 
bas 
&Bo 
081 

6S 8 

I &8 q 

oQH 
&q1 

I 
~Q2 

b q 3 
6~HI 

&qs 

I 
oqo 
6 q1 
&q8 
6 qq 

I 
7V!~ 
7\oj! 

102 
703 

I 
7 (HI 

705 
7no 
7~7 

I 7~8 

1~Q 

71~ 

I-
71 1 
712 
113 
11L1 

I 11S 
?to 
117 
118 

I 
11Q 
12\~ 

721 
122 

I 7f?3 
12L1 

7215 

I 
720 
721 
728-
72q 

I 730 
731 
132 
733 

I nLl 
13S 
730 
737 

I 738 
73q 
,. /J~' 

I 
7Q\ 
71.12 
11.13 

I 

7~ FORI'4AT 
SVl~_FO~MAT 

Qc;l0 FORMAT 
S3~ FORMA'!' 

1 , , 

CI5,bFt~',3) 
(lY.'F8,i.l) 
(1~1,111111XI2S~EtEwENT ~ATR!CE 
(lMl,laX,3b~GLa8AL CU~F~ICIENT 

FOR F~Ow/l1X,2S(lH.)) 

ATRTCES FOR FLO~/l1X,3~(1"'-

sa0 FORMAT CIH0,20X,37HA COEFFICIENT MATRIX. UPPER HALF'BANO/l1X,37flH 
1_~II' 

So~ FORMAT (lH~,t~X,7HELEMENT,IG,SX,38HI~SUFFICIENT ~'LF.8ANO ~IDTH • 
lREQUIRE,IS,2X,10HI~STEA~ OF,IS) 

51~ FORMAT(IS,~~~12~LlI(8~/I~E12.LI') 
SQ1 FOR~AT (11111,11X,20~F COEFFICIENT MATRIX/11X,20(lH-)II) 
~~e FOR~AT CI1X,10E12.3' 
8a~ FORMAT C2~Aa, 

p.s~ FORMAT (lH1,lbX,12HT R A vEL 113cx,3SHGROUNOWATER FLO~ 

1 112Sx,LllH~rT~ ISOgARAMETRIC QUAORtLATERAL ELfMENTSI13S 
~X,2eHSTEAO' S~ATE PROGRAM/I' 

Ao~ FORMAT (11X,7~{1H*)llllx,2~AallllX,7~(lH*)III' 
c;l,~ FOq~AT (1SIS1 
q2~ FORMAT (11/tlX lQH~INITE ElE~ENT DAT~/tlx,lq(lH_)/' 
q30 FORMAT (lH '1~~,11HNUHBF.~ OF .,2X,SHNOOES,I2L1/21X,lH.,2X,8HELE~ENT 

'S,I2t/21X,lH_,2~,2~HDIR!C~LET BOUNDARy NOOES L IS/21X,lH-,2X,23HSOUR 
?CE O~ ~I~~ ElE~ENTS,I~/21X.1H-,2~,2~HE~E~E~T~ IN H'~F8AND,Iql 
321X,1~-,2x,14HLEAKY ELE~E~TS,rlS/21X,t~-,2x, 

alq~~EAKY ELE~ENT NaOES.r1~/21X,1~-,2x.a0HHYORAULIC HflD ?LOTs,r9/ 
S211,lH-,2X,2~HT~ANs~IS5rVITY ~~OTS,lq, 

q~~ FOR~4T CIS.S~l~~~) 
q~s FO~MAT CI5,Fte.~,F15,~) 

qq~ FOq~AT (11/ll1x,1~HNnOE cnn~OI~ATES/l1X,1~(lH-'I' 
10~~ FORMAT (1H ,2(11X,uH'~OOF.,12l(,P!X,lSX,P4y,2x" 
lPl~ FORMAT (lH ,2(1~x,r~ 2Flb:2)/{11X,I~,~'lb.2,lax,IQ,2F16 2») 
1~2~ FOR~AT Cllllltl~,~3H~OURCE/SrNft ELEMENTS= SOURCES ARE ~aSITIVEjl1 

t~,a3(1~·)llt1X,q7HELE~fNT DISCHARGE (CU,~/OAY) ELEMENT ~AOrus 
2 x-COOROINAT£Y.CnOROINATE 8.COEF~ICIENT (~),lbH TRAN5MI5SIV 
:3 I TV) 

,~u~ FOR~AT (13X,!3iqX,F1~1'11X,F~:I,qX,F8:Z,7X,F8.2,10X,F1,1,F2~.11 
10 10 0 FO~t~AT (j-llX,CI(LlHNOOt:.,5X,SH'YALUE,SX)) 
I~Q~ Fn~~AT (/(11X,~(I",Fl~.3,5X')' 
11~~ FO~~AT (11/1111X,*ELEME~T PORoSITY TI~~S T~ICKNESS (~) A~O LEAKAG 

IE COEFFICIENT. (1/0AY'*/l1X,1b(lH.)1111X,*ELE~ENT POROSITY TI~E 
25 THICKNESS LEAKAGE cnEFFICIENT*II' 

111~ roq~AT (qrS' 
11a~ FORMAT (111111JX~18HELEwENT INCIDENCES/l1X,1~(lH-)/) 
l1S~ FO~~AT {lH ,'~X,7H~LE~ENT,5X,1~/,3(lH_),qH CuRNERS ,~(lH·),lH/,7X, 

lIH/,a(1~-),7H RIDES 5{1~-~,lH/' 
l1bU FaR~AT (lH ,"X~Il~,S"arS,5X,LlIS) 
117~ FORHAT (1IIIIllX,~l-HTRANSM!SSIvITIEs (sa,M/OAY' AND CONSTA~T HEAD 

. t(~' FOR LfA~AG~/llX,bl(IH-)lltlX,53H ~OOE X-TRANS~ISSIVITY Y.T 
?~ANSMISSIVITY H~AO II) 

l1Qp FnR~AT (13X,I3,7X,Fte~2,ex,F10.2,oX,F7,2) 
l?~~ F~R~AT C13x,r3,17x,~PFS~2118X,FlS.12) 
123~ ~ORMAT (111111tX,33 HnIRICHLET BOUNOARy NODES FOR FLO~/l1X;33C1H-)) 
t2a~ FnR~AT C2~I~) 

12sr FnpMAT CI1X,10(lH*),33H OIRICHLET BOUN A~¥ ~OOE FOR FLO~,Ia,3aHOCE­
ts NOT EXIST • EXECUTTO~ TE~~INATEO ,10 IM*)) 

1260 FOR~AT (11X,2~IS' 
121~ FOR~AT (lH~,l~{lH*),LlqH Nu~8ER CF OIRI H~ET BOUNDARY NODES FOR FLO 

!~ REAn,I10,35H OrSAGQEES _ITH N~~8E~ A TICIPATED ,!1~,10(1~*') 
131r. Fn~MAT (1IIllx,lqHFI~ITF ELE~F.~l DATAl lX,lq(lH.)/11X,21~TQTAL NU~ 

IRER OF NaDE5,Ilq/l1X,33HO!~lrHLET 80U~. ARY NODES FOH F~O~,I7/11X,2 

~1~DEG~~ES OF FRFEDn~ ~OR FLU~,I13111) 
135~ ~OR~AT. (1111111X/31HvECTOR OF K~n~N VA~UES FOR HEAD/llX,31C1 H-)) 
131~ FOR"'AT (J/ll:l,tLlHHYOPAI)LIC I"E4D/l1X,11.1(1H-,) 



I 
7il a 

I 
7a~ 

74~ 

1!J1 
148 

I 1 Ill; 
1St} 
151 
752 

I 153 
75" 
755 

I 
156 
757 
758 
1Sq 

I 1c~ 
761 
702 

I 
7&3 
76" 
765 

?be 

I 
71:7 
71;18 

I 
7bq 
1111 

I 77~ 77 

! - 713 
774 

I 775 
77b 
177 

I 
71? . 
77q 
19y1 
181 

I 
782 
763 
7 PI,", 
7~5 

I 
786 
7B7 
18~ 
78q 

I 
7<;2 
HI 
7q2 
1q3 

I ,qa 
1 Q S 
1q& 

I 
.,Q7 
HE! 
,qQ 

8P.'" 

I 
~al 

~"2 
,qr.3 
~e"· 

I ~C5 

I 

c 

c 

1l1ac FORMAT (SFle,2) 
lasp FO~MATC1H0,IIII1X,21~PAQ'~~TEQ MULTIPLIERS 111X,2tCl~-)/l\X, 

lbHATR'NX,Flq.qll1X,bH4j~ANY,Flq,q/l1X'''HAFOE,F21,q/tlx, 
26HFACTn~,Flq,q/l1X,S~~lE4~,F2~.Q' 

146~ FOR~lT (I5,Fl~,~' 
END 

SUAROUTINE VeAL 

C PURPosE - ClLCULATE vELOCITIES AT THE NODES OF EACM ELE~ENT 
C -.-.-.--------.---________ • ___ - ___ .~~_-.----.-------•• __________ ._ 

rOM"'ON ISCALAR/ 
1 NN, ~~, N~8W, SRCL, ~008, KOCt0, IQE 

COf.4 MON IVECTQRI 
1 X(111~), Y(7l1e), F~(7ue" PHI(7Q~), PHII(711~), Xv(7u~), 

2 RT(111~', T~A~SX(7a~" TqANSYr7 l1 C), COEF(225), PCR1HC22S), 

~ ~~t~~~1~);Q~~Er+tl~~;(~~lb,~Q~~~k~A)~R8b~~~~,80~~~~~!,VV(7 Q Z), 
5 ForS\:l} 
cOM"'a~ 1M A Hi IX I 

, ~(7~~,5d), I~(8 225), ~€(A,a) 
DrM€NSlo~ VX(8" V~(81, !NDX(~), FF(8) 

. e ___ 4 __ ~ ____ ._-___ ••• ___ ~ __ .-__ - _______ ---. ____________ _________ • __ 

C 
\o/RITE(o,211:!) 
L:QI 

2~ L=L+1· 
IoIRIlPe,,2E''l) L 
DO HI I=l,a 
VX(Z,=B. 

1~ VY(l)lIiJ, 
("0 13~ I=lt8 
JOJ=INCI,LJ 
xcoNn=T~ANSX(JnJl/PORT~(L' 

YCONI1;TRlNS'y UO.r1 IPOIHH(l 1 
IF (I,GT,lI) GO TO u~ 
XI:1, 
v I :I 1 , 
I~ (I:EQ.1.flP.I~EQ,lI' xI:-l. 
IF (I:EQ.l.0R.I~Eg,2' VI:.l. 
GO TO 7e 

~:) xt:,,~ 
VI:~, . 
IF Cy.EO,b) ·xI:1. 
IF (I~EQ,8) XI:~tt 
IF CI,EG.S) vI=-l. 
IF (I~EQ.7) VI:1. 

73 CONTINUE 
c .*** •• ** •••••• * ••• * •• - ••••• ** 

CALL SHAPE (L,XI,YI,FF,DfT, 
C ••••• *.****~.** •• *.*****.** •• 

EX:'~, 

c 

Fv:e 
DO q~ K:l,S 
Jl:IN(i'<,Ll 

C CO~PUT~ P~ESSUPE DERIVATIVfS 
tX:lEx+OGX(~l.FU(Jl) 

FY=eV+OGYCK)*F~(Jl) 
CjI(.l CONTplLJE 

INDXCr)=JDJ 
v y Cl ) :.vCONO,.E Y 



4--+ 

- sen 

I 
807 
~~A 
~"Q' 

~lil 

- .q 1 1 
1312 
a13 
~1~ 

II illS 
~10 

~t7 
~1~ 

II 81 q 

~2~ 
/I~1 
~22 , ,1\23 
82" 
825 

I 
a20 
~27 
B2A 
~2q 

- Al0 
nl 
~l2 

~33 - ~~u 
1'l3S 
~3b 

I 
,437 
A3~ 
,,:3q 
~lle 

I 
tlllt 
8a2 
~~3 
AQU 

I e4S 
A£lb 
~£I7 

I 
A1l8 
~4q 

ASC 
,liSt 

I 
1152 
AC;3 
tl51J 
AS'S 

I 
eso 
857 
1158 
8Sq 

I ~o;J 

,1161 
A&2 

I 
,1103 

A~IJ 
fA S 

~o6 

I 
lito 7 

I 

c 

C 
C 
C 

c 

VXCI~=-XCOND.€X 
13" CONTI/>.I'JE 

~~ITE (6,22H) (INOX(I),VX(!1,VY(I),I: ,8) 
r~ (L:LT,NE' GO TO 2" 
RETIJ~N 

2ta FORMAT(//lttx,loHPOINT VELOC!TIES/11X,lbC1H-)) . 
2~~ FORMAT( /11X,7HELE~ENT,I~/'lX,3(£IHNOOF,2X,11HX_COMPONENT,2X,11MY-C 

InMPONE"-T,oX) , 
22~ FORMAT«\l X,3(!Q,2E13.3,7X')) 

EN/) 

SUBROUTINe vGLOR2 

C I'URPoSE • CALCULATE A Cop.;Tr~l'OUS ~U.CJ~ATIC VEI-OeITY FtEI..D 
c (CALCULATED ~Y AvEqAGING ELeMENT NOOtL VEl..OeITIES 
C AND SING~LAR SOLUTION FOR SOURCE/SIN~ ELE"'ENTS) 
C 

C .------••• --.-----.-••• -----•• -------_---------------.------------

c 
e 

c 

c 

COM M a ~! I 5 C A LA ~ / 
t NN, ~E, ~~8w~ s~tL, KO~8, KC010, IoE 
CO/.4~ON./V£CT"~/ 

I X(1QQ), Y(7U~), FM(1£10}, ~Hr(1"0', PHII(7£12), XV{74~), 

~ RTr7u~1, T~AN5X(1Q0', T~A~SYC1"0), COEFr22S}, PCRT~(22S), 
; ~ Q E C 2 12 " x a E ( 2 ~ " 'I Q E ( 2 ~ " ~ Q E ( 2 ~. ). 6 B? r 2 '!), 6 E ~ 1 ( 2 0 ) , 
u S~CRT(lo', SRCLT(lb), ~(1~~, SRCR(~', DG~(8), DGY(~), YVC7U~', 
5 F~(se, 

cop-n'ION /Io'I.TI;IXI 
1 ~(7~e,s~', IN(~,22S', SE(8,8), 
1')11-l~NSION FF(8) 

--~.---.----~.~---.---.----.---------~-~------~-.. --.-... 
WRITE (b,3l!H" 
f"O 20P. L=l,IIIE 
DO lSCI=lt~ 
Jo.r=pl(I,LJ 
xCONn=TRA~SX(JDJ)/PORTW(L' 

YCOND=TRANSi(JDJ)/PORT~(L 1 
r F (r:GT,U) GO TO IJ~ 
xr;:1, 
'11:1.. ., 
IF (I.EQ.·l.:R.I.EtJ. 1n XI:-1. 
IF CI:EQ.l.0R.I~E~~2' '11:-1, 
GO TO e-~ 

"a XI:~, 
VI:;;. 
IF lI:EG,S) '11=-1. 
IF (I~EG.o) x1:1, 
IF (I.EG.7) '11:1. 
IF (I~£Q.8' xI:-l. 

~~ CO"JTINUE 
**'*.'********"****.'.***' 
CAL~ SHAPE (L,XI,YI,F~,~~T' 

* •• *.*.** •••••••• * ••••••••• 
D=I?~ 

EY=~. 
!':In 1~0 "-:I,S 
Jl: NIK,L' 
Ex=€x+OGX(X)*F~(Jl' 

1~~ eY=EV+OGY(~1*FM(Jl) 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

Aoe. 
Ab q 

A 1~ 
A11 
A12 
fin 
,q1U 
A1S 
81& 
Po11 
A18 
AH 
e.8~ 
A(;t 
A82 
88:3 
A8u 
8815 
88b 
A81 
AB8 
AgC; 
I'c;a 
,q°l 
p.Q2 

Aq3 
.qQU 

.q°S 
AqO 
p.01' 
I'QS 
I'Qq 
000 
oat 
002 
0~3 

0~1J 
qOS 
CH~o 

0;" 
0~8 

0"0 
qle 
t'H 1 
ql2 
ql:3 
(;fa 

t;)15 
Ole 
Qt7 
018 
ole; 
Q2e 
021 
022 
023 
02u 
02'5 
q2~ 

02 7 
028 
q2q 

C 
C 

c 
c 

c 
c 
C 
C 

~~ICJOJ):PHI(JDJ1-XCONn~€~ 

PH1ICJDJ):PHtICJDJ).,CQNO*€Y 
RT(J~T):~TCJCJ'+l. 
IF CF'IlE(L).Ec;.e~, Gt") Tn 125 
IF CcnEF(U.EI'J.tl.) GO Tn 11t: 
p~I(J~J'=PhI(JDJ'+FQECLl.BESt(~).CX(JD )-X~E(L)/Cb.28318S3. 

!g82(L)·~qE(L)*PO~T~(L)) 
PH II (.f 0 J ) : F'" 1 I ( .J r. J , H" C e: (L ) .8 E' 5 1 (L) * C Y ( J 0 J ) _ y c c: C L ) ) / ( b ~ 2 !! 3 1 8 5 3 
1*882(L)*FQt(L)·PORT~(L') 

loCI T(1 L2S 
11~ ~HTCJDJ':Pt11(JDJ'+F'Qe:(L).(lCJOJ).xaE(L)/Cb.28318S3.RaECL)**2* 

IPO~T~rL)' . 
~HII(JOJ):PHII(JDJ).FQE(L).(Y(JCJ).VGE(L"/(b.Z831853.RG[CL) 

1.*2*P!"lRTH(L" 
1 ~ S CON T I ~! U E 
1 SPI CON T P:UE 
2 ~HJ C a ~J T r 1-1 U E 

on 2se J:l,N~ 
PHI(J':~~I(J'/RT(J' 
PHlleJ':PHL!(J)/RT(J, 

2t;~ CO!'JT P~uE 

I r: ( I( t') 0-8 • E Q • ?' G n T a 2 q t' 
('In 2e-e I=l,NN 
xV(I':e.. 

260 vVcr):0 • 
DO 28r. ~=l,NE 
rF (FIJErLl.Ea.e:) GO TO 280 
Dn 27~ 1=1.8 
JOJ=YNCI,L) 
~VCJnJ):PHICJOJ'_FOE(L)*(J(JOJ).XQE(L))/(~.2~31853*RQE(L, •• 2* 
l~ORTH(L)) . 
vVCJnJ):PHII(JnJ,.~aECL'.(Y(JnJ'.YQECL)/(6.i831~53*RQECL)**2 

I*PO~TH(Ll' 
IF CcnEFtL).EG.n,) Go TO 21V 
tV(JnJ):PH1(JOJ'_FQE(L'*8ES1(L).(~(JDJ)-XQE(L)1/(b,2831853-
18~2eL,*p.aE(L'·PORTH(L') 
yvrJ~J):p~lI(JDJ'-Fr.~(L'.~ESt(L)*(Y(JDJ'-YQE(L»/(b.2R31853 

1*RB2(L'*RaE(L)-PORT~CL») 
ne CONT !NUE 
28" CON T p!UE 
20e cor.JT!!liuE 

\01 R I T E ( t • 305' (J , ~ ( J, , Y ( J, , F'" ( J' , PHI ( J ) • ~ H I I C J ) , J = t • I-IN ) 
w PIT E (/), 3 5 ~ ) C J , X ( J) , v ( J' , PHI ( J , , ~ ~ Y 1 ( J l , X v ( .1) , Y v ( J 1 ,J = 1 , N ~ ) 
~E TU!:HJ 

30~ FORM~T (///I/llX,UlHCONT!NUOUS VELOCITY OISTRI8UTIU~ (M/OAYJ/l!X, 
1111(1H.JllllX,*NOOe: x-COOR. Y-COOR. x-vELOCITY 
I Y-VELOC I TV.) 

305 FOR~AT CIs.3Fla.2,2E15.61 
35~ F'OR~AT (11~,Iu,2Fls.2,aE1S.~' 

f"l'" 

SU8~OUTINE M~TGE~ (I,J' 

~URPOSE • PERFORM GAUSSIAN QUAO~ATURE EACl-! ELEMENT 

~--------------.-----.-~------.-------~~------.--.--.----------.--PE.AL ~1, ~2 I 

CO"''''nN ISCALA~I 

1 NN. NE, NHBW, SRCL, ~Cn8, ~0010, IQE 



I 
I· q30 

Q31 
Q32 

I 
Cl33 
Q3£i 
Q3S 
cnc 

I 
Q31 
q38 
Cl'3(! 
qLla 

I 
ql.l1 
Q"~ 
Q4.3 
qa4 

I q4S 
quo 
QI.l1 
qU~ 

I Q4q 

qs~ 

qSl 

I 
qS2 
QS3 
q54 
O~S 

I 
q~b 

qS7 
oS8 
Qsq 

I qb" 
q~ 1 
qb2 

I· 
oe3 
qblJ 
qt:!S 
qbe 

I 
ob7 

qt:~ 
qbQ 
~7~ 

I 
C;71 

Q72 
073 
0"1 u 

I 
q75 
q7b 
q77 
078 

I 010 
08id 

1;181 

I 
QS2 
q83 
Q84 
oBC; 

I 
oBh 
ol!l" 
qB8 
orl° 

I 
qq~ 

Qq\ 

I 

c 
C 

c: 
c 

c 

b 

CO''i1040N IVECTOP/ 
1 XC7I.1e), Vr7Q~), r~(7ue', PHIC74C" P~!IC1Q3}, XVC7u~', 
2 RT(7u01, T~l~SX(7uJ', TQANSY(7Qe), COEF(225), PORTH(22S), 
! ~G~(2~1, xQE(2~" YCEC2~), H~E(2~), 8~2(2~', eES1(2~), 
a SRC R'T(lo', SPCLT(le', ac1b" 5"CF«8", OGX(S" DGY(8), YVC1u~n, 
'5 F(HS~) 

CO~~aN 1P".lTRIXI 
1 M(7~0,S~), IN(8,22S', SE(a,8) 

nATA ~1/.;478SI.lRQ5137US~/,~2/.bS21uSI5u8b2Sl.lbl .--e._-._._ .. ___ ._._. _____ ._ .. -....... _ .. _ ..... _._ ........ _______ . 
Htl=Hl*""l 
\"oI2=Mt*M2 
H22=w2*1-42 

3a ~E(I,J'=Hl1.(QC1).G(a'.n(!3)+g(lb))+~'2*(Q(2'.Q(3)+Q(S ).QC~'+Q(q,. 

In(12'+G(lQ).C(15''.H22*(~(b)+~(7'+Q(1~).GC11)' 
u~ S~CL=~11.(SRCLTrl1+S~CLT(a'.S~CLTr13)+S~CLTClb"+H12*(S~CLT(2).S~C 

lLT(3)+S~CLTCS1+S~CLTrp'+SRCLT(q)+S~CLTC121+SRCLT(15).SRCLT(lU))+H2 
'2·(SRrLT(~)+5RCLT(7)+S~CLT(10'+SRCLTCtl1) 

5~ CO~TINUE. 

P. e: T U 'H! 

ENTRy "'ATGE~A 
H1t=~I*~1 

H12=~1*~2 

\oI22=~2*1-42 

b~ SQC~C!)=Ml1*(S~CP.T(1'+SRCRT(a'+SRCRTC13)+SPC~TClb"+Hl2'(SRCRT(2)+ 
tSQCR'T(3).S~CPT(5).5RCRTr~'.S~CRT(q)+SRC~TC12)+SRCRTClS'.SRC~T(la)) 
~+H22*(SRC~TCo).S~C~i(71.SRCRTC10)+S~C~TCl1») 

. 7 flo C 0 'I T T ~ U e: 
PETlII~N 
END 
SupQouTINE CRAND (h,IE~' 

C PURPOSE - DECO~~CSE GLOAAL FLa- ~AT~lx 

C 

C .-------------~--.-.--~~---.--.---.--- •• ------•• ------.-----------
C""'''''UN ISCALARI 

1 ~~, N€, N~eW, 5~CL, Kr~~, ~OOt~, laE 
CnM~CN I~ATHIXI 

I 1-4(1~C,S~1, IN(8,2~S', SECP,8) 

c ------------.-----.-.-----.-•• -.---.-.-_.------.----- •• --.--------
C' ... 5 ,. I = 1 , N 
rl:l="-t+, 
!F C"IH8\1t.LT.IP) IP=N~\;"; 

(1n S~ J:l,IP 
T~="'~~"'-J 
I~ C(I-l1.~T.IQ) l~=I-' 
5UM:l.irl,J' 
IF (I~.~T.l' G~ TO 2n 
r,(1 1~ K:1,IQ 
rr=1.)( 
.IZ=J+IC' 

,~ SIlM':~IJM_HCI!,K.l'*HCII,JZ' 

2(' IF (J:~lE.l' GO TO lJ~ 
!~ CSU~.LE.~.l GO 'TO 3r 
TEwP=1.1 Sa~T(SU~' 
\.f'(!,J'='TE~P 
Gn To 5\-., 

3e ~QITE (b,b~' I 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

Qq2 

qCl3 
qqa 
qqc:; 
qOO 
q07 

qq~ C 
ooq 

lC3l11:l 
1 ~'J I 
1 rH12 C 
t~~3 C 
1 ~ rl/J 

I~~S C 
le~o C 
IM7 C 
l~C;\ C 
1",,,q 

1~1~ 
I ~ 11 
l"t2 
1~13 

pqi.l 
l~tS 
1'116 
1 ~ 17 
1 ~ 1 ~ 
1~lq C 
1,,29 
1~21 
1~22 
11"23 
1 ~2/J 
1~2S 
IB2b 
1~27 

1~2R 

132 0 

1!'!3~ 
1 ~ 31 
1~32 

tP.33 
le3i.1 
1~3S 
11?3b 
1·~3 7 
1~38 
It'3q 
1~40 

1 ~ a 1 
1~u2 

11:1(13 
I,"UU 

l~US C 

1",46 C 
l!ila7 
1~u8 C 
l~aQ L 
I~se C 
I~SI C 
1\.lS2 C 
1~53 C 

~~ITE (b,7e, N,NHB~,IP,IQ,I,J,SU~ 

IEX=1 
RF.TU~~ 

a~ ~(I,J':SU~~TE~P 
50 CONTINUE 

R€TU~N 

b0 Fn~~AT CIH1,1~X,lqHo~ANn FAILS AT RO~ ,la' 
7~ FOq~AT (lH~,~IS,E2~.~) 

ENO 

~URPOSE • AACK SU~5TITUTE FOR GLORAL SOLUTION 

.-.--.. --.-----.--~.--~-------.---.--.. ---.-.-.----.. -------------COM"!ON /SCAU~I 
1 NI.l, NE, NH81ot, 3RCl., 1<008, 1(0010, IoE 

CO"''''(1N IVECTnRI 
1 X(74~), Y(7a~" F~r7U~), ~~IC7Q~),~~Hlr(7001, xV(7a~), 
~ RTr7ael, T~ANSX(7~~', TR.~SY(7(10" COEFr22S), PORTH(22S), 
; F~~(2~), xGE(20), YnE(2~), ~QEC2r'. B82(2~), 8E31(2el, 
o SRC RT(10), SRCLTClo), Q(ic', SRCR(8), DGX(8), ·CGY(8), YVC74~', 
; F(HS0) 
CO~"o\t)N /M A T~ IX / 

1 ~r10~,5~), I~(8,22S), SEca,S' 

.--.------.-~-.--------.---.-.-------.----------~----.. -----------DO :3~ ht,N 
J=I-;.J1of8io.l 
IF (CI+l).~E.NH~~) J:l 
SUM:F"'CI) 
1<1: 1.1 
IF (J~GT.~<1) GO TO 2~ 
00 10 K:J,Kl 
n=I.K:+l 

I~ SU~=SU~-H(K,!I)*P~I(~' 

2~ ~IofI(I':SU~.H(I,l) 
3~ CO~T INUF. 

no be 11=1,N 
r=t..-II+l 
J=1+N~8w-l 
I F ( J : G T • N) .1 : N 
SUM:PHICI) 
1<2=-1., 
IF (~2,r,T.J' GO TO S~ 
0(1 u~ P<.:u<2,J 
I<K:K·I+! 

ae SUM:SUM.HCI,KP<.)*PH!(K) 
~? p~I(!':SU~*HCI,l' 
oil. CON T PJUE 

gETURN 
ENC' 

su@~ouTINE SHAPE (L, XI, VI, F, CEl) I 

~u"'PaSE - EVALUATION OF' 8ASIs FUNCTI~NS' Tl4EIP OF.~IVATIVES, 
ANO THE JACO~TANS AND INV~ sE JACOBIANS 

~ NODE QuAORALATER ELEMENT,t,2,3,~,AR ._COR~E~ NODES _--. __ . __ .. ______ . _____ . ___ -~_---.--.w---~-.----------___________ _ 



- - - - - -

I-
I~S£l 

I 
I~S5 
t~Sc 
1057 
1C~58 

I 
I~Sq 

l~ba 

Hlel 
1~c2 

I lr.63 
1~64 
1~,,5 C 

I 
t~bo C 
IP.b1 
tel)S 
lVle q 

I 
IYl7e 
1 ~ 7 t 

l~;~ c 

I 
1~1a C 
1~7S C 
1r. 7 & 
1~77 

I lPlH 
i~1q 
"'8~ 

1 ~ 81 

I 1,,82 
l"e3 
1~8a C 

I 
IYlllS C 
1080 C 
1~81 

II:~ 8 ~ 

I 
IPSq 
I~Cl~ 

l~ClI C 
u~q2 

I l~q3 

u.'q'l 
lilies 

I 
I ~CH, 
I ~lq 7 

IV1e8 
I~qq 

I 
IH"i:1 
II ~ I 
1 II! 2 
II £:3 

I I I " " I , e- 5 
11 ~~ I) 

I 1 (17 

I 11 ;'! 8 C 
11~q C 
I I 1 ~ 

I 
tIll 
I 1 1 2 
1 t 13 

1 I 1 £I 

I 
I tiS 

I 

COMMON ISCALA'l1 
INN, Ne" NIotBIIi, Sj;/CL, KCC8, 1(0010, I E 
COI'lIooiO~ IvECTORI 

I X(7 4P), Yr7Q~), F~(7£1~', P~I(70~), PHII(7a~), XV(7ae), 
2 RT(7QJ), TRANSXC7£1~', T~ANSY(700), COEF(22S), PORTM(22S), 
~ F'ce:ccr'n, :t~EC2'd), Y~er2~), RQE(2~), 8e2(2~), 8ESlC2~), 
a SRCRT(lb', SPCLTrlb~, ~(le', SRC~(~), DGXC8), 0GY(8', yv(7401, 
C; FI1(SC' 
COM~ON /"ATRIX/ 

1 HC1~~,S~', IN(8,22S), S!(8,8) 
DI~eNSION F(8),r.FxrR),o~Y(~) . ----.-.. ---.------~-.-~-----... --.. -.-------.-.-----.. --------_.-
XT1=l~-XI 
:d2=1 .... X; 
X13=1 :-X I,tXI 
't'II=l~-yt 
vIZ=l.·YI 
Y!3Zt:-Yl*YI 

F(!'rSHjPE FUNCTIONS 

F(1'=~2S·xll*Y!1*r-X!-y!-1.) 
F(2)=.a5*x12*YI1*(XI-VI-l~' 
F(3)=:2S*xI2*YI2*<XI+YI-l~' 
Fr£ll=;2S*XII*Y!2*(-XY+YI-1.) 
FfS'=.S*'(!3*Yll 
F(b)=:S*Xl2*V!3 
~(71=:S*xI3*YI2 
F(8)=:S'H!1*Y!3 

DFX,OFYr DERIVATIVES Or S~APE FUNCTIONS 

XY1=2:'XI+YI 
XY21:2~*lI-YI 
YXIIIZ.*v!+xI 
't'XZ=2.*vr-xI 

nFX(1'=.2S*YIltxYt 
DF'X(2'=~25*Y!1*XY2 
nFX(3,=.2S*Y!2*XYl 
nFX(a'=.2S*YI2*XY2 
nFX<Sl=-xI*VI1 
r'\F:r: (b'=.~*'t'I3 
('IFX(7':-l!*VI2 
OFXCS'=-N'X(b) 
OFY(I'=~~S*XI1*YXl 
nF Y(Z)=.25*XI2*YXZ 
nF'Y(3'=.2S*XI2.VXl 
~F''t'(a)=.2S*XI!*YX2 
('IF'Y(5,=-.S*XI3 
OFY(b'=-vl*~TZ 
rlFY (i' :-JF'Y ('5 ~ 
nFY(8,=-yt*XIl 

J ACOA r u. 
5U~1:0. 

5U"'2:e.. 
su"'3=e. 
SUMa=~. 

1')0 2bP 1=1,8 
KI=I~JfI,L' 



I' 
I lIb 

I 
1 I 11 
, 118 
1 , 1 q 

1 '2~ 

I 11 21 
1122 
t 123 
1 I 2 LI 

I 112Cj 
11 2!) 
1127 

I 
1128 
1 12q 

1 I 3 \l 
1 1 3 1 

I 1!32 
1133 
1 I 3 LI 
I 135 

I 1130 

l' :37 
1 136 
113q 

I 1 I LI a 
1 I LI 1 
11 L12 

I 
1 11.13 
I 1" £I 

11 Ll5 

1!40 

I 
l' Q 7 
I lil8 
11 4q 

1 1 Cj;,] 

I II 5 t 
II S2 
1153 
115£1 

I 1155 
1156 
1157 
1158 

I I 15q 
1160 
I 101 

I 
l1b2 
1103 
110Li 
1165 

I 1100 
t t 01 
1108 
II/:) q 

I 117e 
1111 
I 112 

I 
1173 
I ! 1£1 
I i 15 
1 1 7i::I 

I 
1111 

II 

c 

~U~I=SU~I.OFX(t'·X(~r~ 

SU~2:5U~2.0FX(I'*Y(~r' 
sU~3=SU~3~OFY(I'*X(~I' 
SUM4=SU~~.OFV(I'*Y(~I' 

260 CO~TI~UE ' 
DET=SUM I.SUHIJ·511'"'2*SU~3 
OET1:1a/CET 
CII=OE T 1*SUI'4Q 
C12=.cET1.SU"2 
C21=-oET1*SU"'3 
C22=CE'Tl*SU""1 

C SHAPE r~~CTICN DE~IVATIVES • GL08AL 
nC" 27'l J=I,8 
~GX(J':Ctl*DFX(J'·C12*nFY(J' 
DGyeJ'=C21*OF XeJ)+C22*OFyrJ) 

21~ CNi T p.,ue: 
QETURN 
ENO 
sueRouTl~E STR~2 

c 
C "U~PQSE • C-'LetILATE THe: T!I-lE of TIo<AVEL ALO"lG STREAMLINES: QUAOiHTIC 
C 
e TT(J, TPAVEL TIME (DAYS' ALONG STREAMLINES 
c -c -----~---.-----.-------____ .-•• - __ • ___ .---____________ _ •• --•• --.-._ 

C 

CO"'~O~ /SCAUR/ 

I N~, ~F., ~~~w, SRCl, Kac~, KaCl~, Ir.E 
CC~I-I('I~ /vECTCw/ 

1 ~C74~', Y(1Q~), F~(7Ue" vx(7U~), VY(740), XV(740), 
? ~ T (7 " e " T R A r~ 5 x C7 £I~", T IH ~! S .,. C7 u ~ ) ,! C n F F ( 2 2 5), p 0 R i lot ( 2 2 5 ) • 
3 FQE(2e" XgE(2~), YQE'(2~', RGE(2~); 882(20), 8£51(20), 
a SRCPi(1b), SRCLT(lo), QClo), SRC~C~', OG~(B', DGY(8), YV(7"~), 
Ii FOrSe) 

C r'J ~ ,. r:HI, /" A T R I x / 
1 ~(7~~,5~', IN(8,225), SE(B,e) 
cnH~nN/x1/XO,YC,XL,YL/X~AX,Y~A~,I~I~,y~tN,SCALE,NCIR 

COMMON/TI,.t/I~ElC£l,2251,TT(101 

C ---.---------------.------•• --.---------•• ---~-.------._.----------READ eS,31~) NSl, NSTP~T, NTI~E,STEP, T~AX 
~EAC (S,32~1, (TTCI),I=t,NT1"'E) 
00 II'! L=t, .... E 
~EJ.O (S,JPe1 LL, (INFLCK,L"K:l,lJ) 

I ~ CONTINUE 
IoIRI'TE (c,3Hl 
A1 = Al ~ li. 
IFe~ODle.NE.l) GO TO IS 
CALL p~aTS(55,~,~LPLOT' 

CALL PLo~rxO,Y~,.3, 

TF(~CIR.EG.~l GO Tn 12 
RL=XL/2 ' 
CALL CIRClE(~l,B.,-q0.,27~.,RL,2) 
GO T r'l 15 

12 CONTI""UE 
CALL PLO~ (X,.IN,Y"'!N,31 
00 la IP=1,2 
CALL PLOT(x"AX,Y~!N,2' 
CALL PLCTcx~AX,Y~A~,2' 
CALL p~OTrX~I~,YMAX,2) 

CALL P~OT(*MI~,YMIN,2' 
,a CONTI~UE 



I 
I 

1,18 
1,1Q C 
11~P. 
! 18 1 

I 1182 C 
It 8 3 
I tC~ 'I C 
lIaS 

I 1100 
1181 c: 
Ila A 
1 15 Q 

I I! 9U 
1 , 91 
11 q 2 C 

I 
l, q :; 
I lea 
11 q c; 
ll q b 

I 
1 t Q1 c 
11 q8 
11 qq 

12ee 

I l?Ol 
12~2 
1?r.3 

I 
IO' CI 'I 

It1~5 
12£b 
li'0' 

I 
12~S 
PCq C 

P I P- C 
12 1 C 

I 
1212 
I? 1 :3 
12111 
12 t 5 

I plb 

PI' 
10'1 !:j 

1'19 

I 1?2~ 
I? 21 
1:'22 

I 
1223 
122<l 
1.'2«5 
1'26 

I 
p27 
1,28 
1?2 q 

11'311 

I 1 i' 3 1 
1232 
1233 
1?3 1J 

I P35 
1'36 
1237 

I 
1238 
1?3q 

I 

IF{~,LE.~SL' GO JO 21 

xE~IO:8.S .. )CO 

!F(~Ool~.EQ.l) CALL ~LOT(XENo,·ya,qqq, 

GO TO 3q~ 
?1 C:O·JT!NUE 

READ (S,33~) ~EL, XII, ~TA1 

.ICOS:" 

IF (K001~.NE.1' GO io 23 
J : 1 

23 CO~TI~UE 
01:0 ~ 

rIME:IJ. 
NSTEp:0 

:3 ~ l( 1 : I N ( 1., ~. E L ) 
K2:IN,2,NEI.) 
l(3:IN(3,I-'ELl 
l(1.l:IN(Il,!,ELl 

)(5:1NCS,NEL' 
I(b=I~(b,NEU 
l( 7 : 1 N (7 I I; E. L , 
l( J:l: T "I ( 8 , I~ E L , 
L:NEL 

EVALUATf TER",S IN FU~ICTlaN ElPANSIO~ IFOR x~ Y, 11'1. ANO "IV 

TlX:(_XrKt)-X(~2).X(k').xrKIJ'.2.~.(x()(Sl+X(Kb)+xrK')+X (K8)))/~.~ 

T1YZ(.Y(l(1).Y(l(2'-y(w31.Y(K").2.r*(yc~S).Y(Kb).Y(K').Y(l(S))/Q,il 
TIVx:'-~XCK!'-VX(K2)-vxr~~,.vx(~~).2.a.{VX(KS).vX(Kb)+VX{K7). 

I VX(KSn',LI.\:1 
TtVY:'-vY(~1'-VYCK2)_~YrK3'.VY(M"'.2.P*(YY(KS).VYCKb).VY(K7). 

I . VY(Kal~"LI ~ 
T2X:(XCK~'-X(KA~'/2.~ 
T2Y:(v(~~1-Y(Ke"/2.~ 
T2vX:(VX(l(o'-VX(K8»)/2.~ 
T2VY=(VY(KO'.VY'K6))/2.~ 

T3X:'.XCKS)+X(K1')/2~u 
T3Y:(_Y(~S)+V(K"'/2~e 
T~VX='-VX(K5'.VX(~7)'/2~? 
T3vy:r-VYCKS).VY(K1'~/2.~ 
TLlXS(X(~1'-XCK2'+X(X3'-X(Ka)'/~.~ 
TIJYz(YCl(11·Y(K2'.Y(K~'_¥(l(LI')/IJ.~ 

T~VX=(VX(K1).vX(K2'.vX(~3'_VX(KLI))/U.0 

TIJVY:(VVrKl'-VY(K2'+vY(~3,_vY(KLI))/Q,~ 

TSX.(X(Kl'+xrK2)+X(K3'.~CKLI)-2,0*(X(KS)+X(K7)))/LI.e 

T~y:,y(Kl)+Y(K2'.Y(K3'.YCKa'·2.~*CYCKS)+Y(K7)))/LI,0 
T5vx:,VXCK1'.VXCK21+vXCK3).VX(KU)-2.0*(VX(KS)+VXCK7))1 IU.~ 

TSVY:(VY(~1'+VV(K2'.vY(~3).YY(Kll)-2.0*(VVCKS)+VY(~7))) ILI.~ 
T&X:CX{Kl).X(K2).xrK:31.xCKLI)-2.8*(X(Kb)+XCK8)),/IJ.e 
T&Y:(Y(Kl).Y(K2'+YC~3'.Y(KU)-2,~*(Y(Kb)+Y(~8')'ILI.J 
TovX:(VX(Kl)+VX{K2'.vxrK3)+vX(KU)-2.~*(VXCl(b).V~(K8))) Ill.~ 

ToVY:(VY()(1'.VYCK2'+vY(K3).VY(Ka)-2~13*(VY(KO).VYCK8)) Ill.~ 
T7X:(_X(KI)·X(K2)+X(K3).X(Kll).2.0*(XCK5'-X()(7)))/U,~ 
T7Y:(~YrKI)·Yr~?).Y(K3)+y()(~).2.e.(Y(M51-Y(K7)"'U.~ 



I 12a~ 

12 a 1 

I 12"2 
\2 4 3 
12 aa 
1 LHI '5 

I 12tJo 
12 tJ1 
12 u8 

I 
12 aq 

1(15'! 
1251 
1(152 

I 1253 
125" 
12 55 
1256 

I 1257 
1258 
12~= 
pbe 

I l(1el 
1?c2 
1"03 

I 
po" 
1205 
1206 
1.0'07 

I 1268 
po q 

t27e 

I 
1271 
1?72 
1273 
127(1 

I 
1(175 
1270 

B;~ 

I 
12H 
!28~ 

1281 
1?P.2 

I 
1283 
1 ('AU" 

1285 
1289 I 12~ 
1f' 813 
128q 

I 
12q~ 

12q 1 
12 q 2 
pq3 

I 
l.o'q(J 

12 QS 
12q b 
I;?Q7 

I 
1?ql3 

12 q Q 

13~t' 

II 
13 t:' I 

I 

C 

T7VX=(-VX(Kl)~VXC~2)+VX(K31·VXC~a)+2.C (VX(K5)-VX(K1))1/a.~ 
T7VY:r- VY (Kl'.VY(K2'.VY(K],.V,C¥4)+2.J (YYCKS)_~Y(K7)))/a,~ 
T8X=(_X(Kl)+X(~2).X(~3'-X(~~)+2.~.(.x( ~).~CK8'))/~,e: 
T~Y:(.Y(Kl)+Y(~2'+Y(~3)-Y(KU)+2.~*(_y( 6)+V(K8)))/~,~ 
T8VX=(.VX(KI'.VX(K2).VX'~3'·vXCKU)+2.~ (.VXCKb)+VXC~~')l/q.g 
T8VY:r·VY(Xl).VY(K2).VY(K3'·VYCKU)+2.0 (-VY(K6).VY(K8))·)/U,~ 

C USE ~COIFIED VELOCITy rrSTRleUTION FOR SOURCE/SINK ELE~€NTS 
C 

C 
C 
C 

c 

c 

C 

IF (FQE(L),f~.0.~) GO TO 35 
T1VX=(-XV(Kl'-XV(K2'.XV(~3)·xV(Ka)+2.0*eXV(KS)+XV(Ko)+XVC~7). 

1 XV(K8»)/IJ.~ 
T1VY:C-VV(Kl'·YVCK2).YVrKJ'·YVCKU'+2.r*(YV(KS)+'V(KO).YVCK7}+ 

1 vV(~B)}'/Q.~ 
T2VX:CXV(KC'-XV(K8))/2.~ 

T2v~:(YV(Xo'-YV(~8')/2.H 
T3VX:(-XV(K5~.XV(K7)'/2:e 
T3VY=(-VV(X5)+YV(K7"/2.~ 
TQVX=(XV(Kl'.XV(K2)+xV(K3'_XV(~4))/~,~ 

TUVY:(YVCK1'.YV(X2'+vVCK3'·YV(Ka))lu.~ 
TSVX:(XV(Kl'.Xvr~21.XV(K3).XV(K4'-2.e*(XV(KS'+XVCK7'))/Q,e 

rS VY :(Yvexl'+YV(K2)+vVCK3'.VV(K4)-2.C*(YV(KS)+yV(K7", I",e 
TbVX:rXV(Kl)+XVrK2)+xV(K3'.XV(K~'-2.~*(XV(Kb).XV(K8") IQ,~ 
TbVY:(!V(K1).YV(K2).vV(K3'+~V(K4)-2.e*(YV(Ko)+YV(~8))' 14,0 

T7VX:(-XV(Kl).XV(K2)+xVrK3'+xv(~~)+2.r.*(XV(KS)-XV(K7), )/ 4 .0 

T7VY:(-YV(Kl'.YV(K2'+VV(K3'.YV(~4)+2.0.(YVrKS).VY(K7)' )/u.e 

T8VX:(-XVr~1)+XV(K2)+XV(K3)·XV(K4)+2.r*(.XV(K~).XVCK8'»)/Q,a 

TRVY=C-\VC K 1'.YVC K 2'.YVrK3,-YVCk4'+2.p.r.VV(Kb).VV(K8' )/Q.~ 
3C; CO~H INUE 

EVALUATE TME EXPANSIONS FOR X, V, VX A~O VY 

xXl=T1X+T2)*XI1.T3x*ETAI+TqX*~I1*!TA1.TSX*X!1*XIltTbX*ErA1-ETA1. 
I T7X.xIl*xll*ETA1.T8X.X!I*ETA1*ET Al 
VY1:TIY+T2Y*Xll+T3Y*ETA1+TUY*xll*ETA1.Tsv*xll*Xll+TbY.flA1·ETA1. 

1 T7Y*XI1*xI1*ETA1+T8V*xIl*F. TA 1*ET AI 
WQITE (6,3Q~' NEL, XxI, YY1, TI~E 

rF(KoDl~.~~.l) GO TO 37 
:x-XA=nl/SCALE 
YYA=Yyl/SCLLE: 
IF (TI~E,Gr.0.~r00001' GO TO 32 
CALL PLOT (XXA,YYA,3) 
GO TO 3c 

32 CALL PLCT(XXA,VVA,2) 

I~ (J:GT.~TI~E' GO TC 36 
IF(TI~E.LT.TT(.T" GO TQ 3b 
CALL SY~~CLCXXA,YYA,?g7,J,~.,·1' 
J:J+l 

36 CONTPHlE 
37 CONTINUE 

X!:XIl 
FTA=fTAl 
:x-xx=xx1 
yvv=vYl 

C lOOP FO~ SECOND ORDER RUNGE-KUTTA l~Tf~RATION 
C 

)(=1 
38 CONTINUE I 

VVXX=T1VX+T2VX*XI.T3V~*ETA+T~VX*XI*ETAiTSVX*XI*XI+ 



I 
I 
I 
I 
I 
I 
I 
I 

I 
I 
I 
I 
I 
I 
I 
I 

13~2 

13~3 
13 \3 LI 

11~S C 
n\!o 
13~7 
13r,~ 
13~q 

131 g 
1 :; 1 t 
1312 
1313 
13' LJ 
1 ~ 15 

l~lb 

1311 
111 ~ 
111 q 

112~ C 
1121 C 
1322 C 
1323 
D2lJ 
1325 
1320 
1327 C 
1328 C 
112<1 C 
1 :oa 
1331 
1332 C 
1333 
1131.1 
1135 
1330 
1337 
1338 
133q 
13':hl 

1 :3 £11 C 
1342 
13-'13 
11'14 
l:;a<; 
!~Ll6 
13 L17 

1~'18 

13 uq 
135~ 
1:3 S 1 
1152 
1353 
1351.1 
1355 
1350 
135 7 

1358 
135q 
116tl C 
1361 
1302 C 
l303 

T6VY.E1A.ETA+T1V~*XI*~I'fr4+T8V 'xI-ETA'ETA 
VVVY:TIVY+T2V V-XI+T3vY_fTA+Tl.lv Y*XI* TA+TSVY*XI*xr+ 

1 T6 VY'ETA*ETA+T7Vy*xI.XI*fTA+T8V .xI*ETA'ETA 

IF rFcE(Ll.EU.~~U' Go TO LIS 
~R=saRT((xxx-XQE(L)~*'2+(yyY-YQE(L))**2) 
VVX:FnE(Ll*(XXX-XQE(L))/(6~2831853'~O~TH(Ll.~R.*2) 
VVY:F~E(L'*(~YY.YQErLl)/(~.28318S3*PCRTHCL)'~R*'2] 

IF CCOEF(Ll,EQ.~.a] GO Tr. a~ 
ARGl:"R/tl82lU 
ARG2:R~E(L)/8A2(L' 

vvxzF~E(L~*(XxX-xQErl ))*(FES~1(ARG1'+AES~0(ARG?,*eEStl (ARGl)/ 
! RESr0('RG2"/(b.?831~S3·PQRTH(L).~R'882(L» 
VVY:FC(Ll.(VVY.YQE(Ll1*(8ES~!(A~Gll+BESKe(ARG2)*8E~Il (ARG\'I 

1 BES10(ARG2"/(b.28318S3*PORTHCL1*RR*S82(L)' 
IItl vvxx:Vvxx.'.vx 

VVYY=vVYY+"VV 
45 CONTINUE 

CALCULATE X AND Y DERIVATIVES 

D~Xl:T2X+Tt.lX*ET.4+2.g*TSX*XI+2.~*T7~*XI·ETA+T8X*ETA*fTA 
DXETA:73x.raX'XI.2.~.T&X*ETA+T7X*ET'*eTA+2.~*T8x*xr*ETA 
DVXI:T2Y+Tt.lY*ETA.2.~*r5Y*xI+2~~*T7Y*Xr*ETA+T8Y*ET'*ETA 
DYETA=13Y+TUY'XI+2.~*TbV*ETA.T7Y*ET'*~Ti+2.~*TBV.XI*€TA 

A=VVyv*OIxI-VVxX*Oyxr 
p=VVX'J.*OYET~_VVYY.DXFTA 

T~ (K~EQ.l) GO TO a8 
4:".5.(4+.411 
R:~.S*(8 .. ~1' 
bxr=STE~/50~T~1.~.(A/9)'*21 

I~ (A:LT.~.~' DXI=-OxI 
DErA=$TEP/SQ~T(1.~+(~/4'*·2) 
IF (A.LT.~.e, DETA:-n£TA 
GO TO Sid 

a~ DX!:STEP/SQRT(1.~+(A/5)**~' 
J~ (B:LT.~.e, DXI=-OxI 
DETA:SrEP/S~RT(1.J+(R/4)**2' 
I~ (A:LT.~.e) DETA:-oETA 

HgH!?!6ETA 
IF (ABS(XI).GT.l.~~OR~ABS(ET1}.GT.l~el GO TO 00 

lIq cnNT PJUE 
Al:A 
81=8 
VX1=VvXX 
VV1:VVVY 
XXX=Tlt+T2~*'J.I+T3x*ETA+iaX*tr*ETA.T5X*XI*XI+T6X*fTA*ETA+ 

I T7X.xT*xr'*ETA+T8x'XI*ETA*ETA 
VYY=T1Y.T2Y*XI+T3Y*ET'+T£1V.XI~ETA+TSYtXI*XI.TOY'ETA*eT,+ 

I T7Y*Xl*xI*ETA+T8V*X!*f.TA*ETA I 

~=2 ! 

GO TO 3a 

xI=):!1+0X! 



I' 
l~bU 

I 
nbS 
l~bo 
1).1,7 

1308 

I 
13bq 
\37i:! 
1371 
1172 

I 1373 

!3 'U 
13 1 5 

I 
I:no 
13 77 
1378 

11 7q 

I 
I3S~ 

D81 

13~2 
1383 

I 
1,8iJ 

13"'5 
118b 
13F!1 

I DE-8 
116q 
11o~ 

I 
1) q 1 
I3 q 2 
n q 3 
13<HI 

I 
nq5 
13Qo 
13 q1 

13q~ 

I 13 qq 

Ja::l\:! 
1 u ~ t 
101}2 

I ,ae) 
lueu 
IJ"C; 
1 a ~~b 

I 1 Q ~11 
lal:l~ 
tu()q 

I 
1 a 1 \j 
tall 
1 II 12 
1 a 13 

I 
til 1 £1 

1 II IS 
1 II 11:: 
1 a 11 

I 1 a I 8 
1 II 1 q 

10213 
1£121 

I 1£122 
lu23 
1021.1 

I 
11125 

• 

c 
C C~tC~ TC SEE IF STEP LEAV~S T~E ELE~E T 
c 

C 
C 
C 

c 

C 

!~ CABS(XI).GE.l.e.a~.AAS(ETA)oGE.l.0 GO TO b~ 

FINO X, V, Yx AND VY AT T~t END OF THi STEP 

XX2:TIX+T2x*xI.T3x*€TA+Tax*x!*ETA.TSx.XI*XI+TbX*ET!*€TA+ 
1 T7X*xI*Xl*ETA+T8X*XI*ETA*ETA 

YY2=TIY+T2Y*xI.T3 v.ETA.TI.IY*XI*ETA+TSY.XI*XI+T6Y*ETA*ETA+ 
1 T7V*xl*CI*ETA+TBY*XI*ET!*ETA 
JCOs.:JCCS.l 
v~2=TIVX+T2vx*XI+T3Vx*~TA+TUVX*xl*ETA+TSVX*XI*X!+TbVX*ETA*ETA+ 

I T7v~*XI.xI*ETA+T~V~*xI.ETA*ETA 

vY2=TIVY+T2VY*xI+T3VY*ETA+TlJVY*~r*€TA+T5vT*XI*xI+TbVY*ETA*ETA. 
1 T7VY*XI.xI*ETA+T~VY*XI*ET4*~T! 

I ~ C F ~ E ( L , • E q 0 ~l ~ k:!) Go" 0 5 3 
~F.:S~qT((XX~-XQF.(L').*2.(YY2~YQE(L))**2) 
vvX=FQE(L)x(XX2-X~E(l)l/(b028318S3.PO~THCL}*RR •• 2' 
VVY=F~E(L)·rv¥2·YQE(L"/(b.2S31853*PO~T~(L)*RR*.2} 

r,:; (Cl'leFCL) .EO."'or)) GO Tn 52 
A~G 1 =~R·/AB2 (L) 
APG2:RQECL)/?R2(L) 
vvx=F~E(L'*(~l2·XUE(L)'.(eES~I('RG1)+~ESKO(ARG2)*8ESIl(A~Gll/ 

1 8ESl~('RG2"/(6.2831~~3*PORTH(L)*~R*e~2(L)) 

vV~=FaE(Ll*(VV2-YUE{L)).(8ESK1(APG1)+eESK0(ARG21*aESllCA~Gl)1 
1 8ESIU(AP.r.2"/(b.~~31~~'*P~RTN(L)*~R*8B~(L)) 

S? VX2=v)(2+yvX 
- vY2=vY2.VVY 

~3 CONTINllE 

C CALCULATE T~E T!~E OF T~AVEL 
r: 

C 

Ox:X'.I:?-Xtl 
D'I':YY2-YYl 
QELTA:SQRT(CX*nx+ov*OY) 
CGSIN=DX/OE~TA 
rF (.reaS.EG.I) Fcn~IN=Cr.SIN 

V~AP=:S*(SQ~1(VXI*VXI·VY1*VYl'+SQRT(Vw2.VX2+VY2*VY2)) 
(,)T:DEL T A/v8A~ 
TIME:T!Io1E+OT 
y':; (F~E(L'oGEo~~~) Go TO sa 
IF (A8S(XI'.GE.STEo.nR~A?s(ETA)oGE.STEP' GO TO Sa 
~RITE (b,37~' N, L, T!~E, '.I:X2, yv2 
GO TO 2~ 

5 £I C ('I I'll T p~ U E 
y~ (TIM~oLE.TMAX) GO TO 55 
~RITE (6,380) TIME, TMAX, N, XX2, 'fY2 
GO To 2(' 

~ 5 ~J S T E C) = N S T E P + 1 

IF(Kaa10.NE.l' GO TO 156 
xXA=n2/SCALE 
yVA:YY2/SCALE 
CALL PLCTCXXA,YYA,2' 
IF (J:GT.NT!~E) Gn TO ,s~ 

I'(Tr~E.LToTT(J') GO TO ISS 
r.~LL 5Y~AOL(xXA,YYA,~.07,J,~.,·1) 

J=J+l 
ISS CONTINUE 



I 
lIJ2e 1'50 CONTINUE 
1£12 1 C 

I 1U28 IF fNSTE?NE9~STP~T' r.o TO 56 
lIJ2 q ... wITe: Cb,3SIn XX2, VY2, TIl"E 
11I3~ NS TE~:~ 

I 
1 a 31 r;e CONTINUE 
11132 x 11 =xr 
11133 F.TA1=ET4 
IIJ31J XX1=xx2 

I 1(135 '1''1'1='1''1'2 
llde xxx='Xx2 
ta37 YY'1':yv2 
11138 )(=1 

I 11139 GO TO 38 
IlllJe c 
lall! C H1JU!iT TIo4E STEP SO T",AT' IT O~lL y GOES TO T"f 90lJ"'OA~Y 

I 
11142 C STEP ON L'l' CROSSES IJNE: ~;':lU /ooj ,., 1. R "I' 
1£143 C 
1111J1J 6'.1 N~n.p=~ 

lila; I~ (A8S(XI)!GE,ltA~A~O~A~5(ETA1,GE'1.~) GO TO 1~~ 

I 
IJUO (49SfETA ,G_ •• , G TO Be 

laa7 IF C:q.LE.-I.~) GU Tn 7;" 
IllU8 xI=l." 
la iJ q ETA=fT!t+(A/al*(l.~-xll' 

I la'50 IAL=2 
1 LJ51 GO TO 17a 
IIJS2 10 n:l-t: tl 
IIJ'53 EiA=ETAI+(A/~)*(-1.0_Xlt' 

I 1'1511 I F3L=ll 
la~15 GO TO 171:! 
la50 B~ IF CE1A~LE •• 1.~n GO TO q~ 

I 
11157 ETA=1." 
la5S xr=Xrl+CB/Al*(1.0-ET.l1 
laSq !AL=3 
\lJb0 GO Ta 170 

I 
ttlbl q~ ETA=_1.2 
11162 xI=XTI+(A/A)*(-I,U.ET At' 
IIJ63 IAL=! 
liJolJ ron TO 17~ 

I 1a65 C 
labo C STEP CROSSES COR""E~ FUR TWO BnU~jOAR rES 
ta67 C 
la68 Hl~ IF (X!.LE~-l.~) GO TO 1 3~! 

I la6q ETAT=ETA1+(A/8)*(1.~-XI1) 
11l7<1 IF CAsSCETA:),GT.l.J) GO TO 11 Q 

1071 XI=l.~ 

I 
1 (J 7? f:TACE'TAT 
tan rAL=2 
I1J 7 £1 G,o' Tn 16i3 
la75 1 1 C'l IF (ETAT.L T ,-I .~1 GO TO l?Q 

I 
1 £110 ETA=1." 
la11 xI=XI1+(8/A'*(1.~-ETA1' 
la7~ I~L=3 
lL1H GO il) loloi 

I I(J.'!~ 12~ ETA=·I.~ 
la81 xr=XTI+(a/A)*(-I.~.ETAt) 
IIJB2 I=-L=l 

I tlA 3 (,1"1 TO ply 
I 1lP.t1.l 131-1 ETAT=~ A .(A/A)*(.1.~-XI1' 

1(J~5 IF (A8S(ETAr).GT.l.~' GO TO 11l~ 

1£180 xt:-\'lj 

II 
la8 7 Eu=dAT 

I 



I 1 £188 
1",8 Q 

I 1 a q ~l 

1'" q 1 
ItlQ2 

I 
1U q ; 
l",qLl 
1",qS 
1£19& 

I 
1£197 
l",qa 
l£1 qq 

IS~(,3 

I 1501 
1~~2 
lSr.) 

I 
1~~L1 
IC;CJS 
15 0 0 
15'37 

I 
1~~8 
15eq 

151 ~ 
15 t1 

I 1512 
1513 
1St" 

I i~i6 
1517 
1518 

I t 5 1 q 

I 1520 
1521 
1522 

I 
1523 
115211 
lC\25 
152& 

I 11527 
lc:;~8 
1C:;2 Q 
IS3" 

I \531 
1532 
1533 
1531.1 

I 1 S3S 
153b 
1S37 

I 
1538 
153~ 
15 L1A 
115 Lll 

I 1~Ll2 

15"3 
1 5 Ll/J 

15"5 

I l'5 L1 o 
1C:::Ll7 
15 L1 8 

\ 1S"Q 

I 
I 

c 

c 

!8L=LI 
GO TO 10~ 

1£10 !~ CETAT.LT.-l.(1) GO Tn ISP, 
EU=t: 1l 
XI=xll+(A/A)*(l.D-€T,I' 
IBL=3 
GO TO le.Y\ 

tSe E'TA=-I.i1 
~I=XII+(8/A)*(·1.~.ETA1' 
I8L=t 

to? IF (A8SrxI).EQ.ABSCETA1' ETA=ET'-SrGh(n,~~~l,ETAl 
17:3 CONTINUE 

C nETE~~INE T~AVEL' TI~E 
C 

C 

C 

XX2=ilX+T2x*xr+T3x*ETA.Tt1X*XI*~TA+T5X*~I*XI+TbX*ETA*£TA+ 
.\ T7X.X!MXI*ETA+T8X*XI*F.TA*El, 
VY2=TIY+T2Y*xI+T3Y*ETA+T'Y*XI*ET1+T5Y*XI*XI+TbY*ETA*~TA+ 

I T7Y*~I*XI*ETA+TRY*XI.ET'*ETL 
YX2:TtVX+T2vx*XI+T3VX*€TA+T~VX*~!*~TA.TSYX*XI*xI+TbYX*ETA*ETA+ 

I T7VX*xI*x!*ETA+T8VX.x!.ET1*€TA 
VY2=T1VY+T2YY*XI+T3VY*F.TA+TUVY~X!*ETA+TSVY*X!*Xl+TowY*ETA*ETA. 

1 T7VY*xI*xI*ETA.TAVY*XI*ETA*~TA 

IF (FQECL1.EG.',l.,n G("J TO 17L1 

6~I~e~lf~~~~i~~!1bi~t!~~~X:~~l15~~l~~t~~(L)*RR •• 2) 
VVV=FQE(L)·(YY2-vQErL')/(~.2e31aS3*POPT~(L)*RR**2) 

IF (COEFCL'.E1.0.~1 GO TC 172 
ARr.l:pR/BB2CL' 
ARG2:pQECL)/P62CL) 
yvx=FQE(L).CXX2-xaE(L'~.{AES.1C~~Gl)+~ESK0(AR~2'.8ESIl(ARGI)1 

I RFSIG(ARG2))I(~.2'3t!~3·pn~T~{L)*RR*8B2(L)) 
VVV=FQECL"(YY2-YUECL"*(8ES~I(.RG1)+~E5K0(ARG2'*8ESrl(ARGI)1 

1 ~ESI~CARG2)'IC~.2~318S3*PD~T~CL)·RP*882CL)) 
17;' VX2=vx2+vv'/. 

vV2~vY2+vVY 

1 7 £I C 0 ~H I ~ U E 

C CALCULATE THE T!~E OF T~AVEL 
C 

C 

C 

DX=:r.X2-XX 1 
Oy:vY2-YYl 
CELTA:SQ~T(DX*DX+DY*~Y) 
VBAR=:5*CSQRTCYX1*VX1+VY1~VY1)+SQRT(Vx2.VX2.VV2*VY2)) 
DT:DELTA/VBAR 
TI).4E:TI)oIE+DT 

rFCKo~l~.NE.l) GO TO IbS 
xXA=n2/stALE 
yYA:yv2/SCALE 
CALL PLOTCXXA,YYA,2) 
I~ (J:Gi~NTlwe:' GO TO 165 
rFCTIME.LT.TT{J') GO TC loS 
CALL sy~aCL(X~A,YYA,0.J7,J,~.,·1' 
J:J+l 

16S CONT!NUE 

C CETER)oII~F THE ADJACENT ELEwENT A~D T E CHANGE IN COORDINATES 
C 



; 

I' 
15S fl 

I, 
I 15 5 1 
1552 
11553 
lC;sa 

I 1555 
1556 
Ie;S1 
1558 

I lr;sq 
Pioe 
11501 

I 
1502 
15b3 
lr;b~ 

15015 

I 
1500 
It;b7 
IS68 
15b q 

I 115713 
1571 
1 S72 
1573 

I 1574 
115715 
11570 

I 
1571 
1578 
1~1q 
158El 

I 
1581 
IS~2 
1583 
1584 

I 

I jCi 815 
11581'1 

I lS87 
! 1588 

I IS~q 

15 Qr .. 
I IS q t i 
I IC;Q2 

I lS Q3 
IsQ!j 

lSQS 

I 
P;Q6 
lS<n 
lc;QB 
ISQq 

I 
Ibl:1l1 
1 I, r11 
1602 
IbP.3 

I 16~jJ 

l"es 
I 

1606 

I 
IM~7 
H.1tl8 
l1,e Q 

16H1 

II' 1611 

• 

c 

C 
C 
C 
C 
C 

rI:NEL 
~~ E L ; I N E L ( I ~ L , II ) 
IF (NEL.~E.e, GO TO 17'5 
.~rTE (b,3Q~' N, II, TI~t, XX2, YY2 
\oiFITE (2,303' TP'E 
~QITE (6,301' ~COS!N 
~MITE'b,3b2' eOSIN 
GO TO 2~ 

1115 CO~.T P1UE 
IF (I~ELC1,~EL).EQ.!I) l8E:l 
IF CINElC2,NEL),EQ,II' Tet:2 
p: cr~ELn,NEU.EQ.!P rer:=3 
r ~ (r ).,: E L C jJ • 1'1 E L , • E i~ • I !) I E' F. = a 
II:IRL-rBE 
IF (!I.Ea~.2.0P.II.EQ~e:OR.II~~Q.2) GO TO lqp 
II:IBL'+!9E 
1;" (II.NE.S' Go TO lae 
xn=ETA 
ETAl:xI 
GO TO 30 

18e XI1:.ETl 
ET.t.l:-XI. 
GO TO 3e 

lQ~ IT=IAL+IBE 
IF (II,EQ.2.CR.II.EQ~0' GO TO zez 
xTl='XI 
ETAl:_€TA 
1';0 TO 30 

2~~ Xll:·:.:I 
P'l:FTA 
GO TO 32 

3CC" FnR"'AT (SIS) 
'3t~ r:-ORI'<,p (3IS,?r:-P~.~) 

32~ r:-OR~AT (eFl~.~' 

3~~ ~n~MAT CI5,2F1A.l' 
Dq F(I>lHATCiII/1 
3u~ F~RHAT (/l1X,*ELE~ENT.*,I5,10X,*X.COOR.:*,Fll,3,10X, 

I *y.cnCR~z*,r:-l1.3,ICX,*TI~E=*,Fl~.2' 
350 FORHAT (3~xl*x-CnOR,~*,Fl1.3,,~x,*Y·COO~.~*,F11,3, 

: 1~x,*Tr~E=*,~1~~2). 
30~ FO~~AT(17X,·STREAMlI~E ~U~8ER •••• ,I3~6~,*LEAVES THE OOMAIN *, 

:.HfIolOIJGl-i ELEwEI-!T NU",F\ER*,I5,3x,.H TIME:-,F1 0 .213'1X, 
.*x.COO~.=*,Fl1.3,lnx,*v.cnn~,=*,Fl1.11/1} 

3""1 F()Rf004ATCtlX,*COS VALUE AT THE INFLOW enllNOARY =*,Fl1.3~ 
3~2 ~~PMAT(lll,·COS VALUE AT THE OUTFLO~ 80UNOA~Y =*,Fl1.3///) 
3~3 FOP~AT(~12.3) 
37~ FOPMAT (1III1X,*STRE4 MLINE NU~~ER-,I~,3X,*~EACMES THE VICI~ITY OF 

1TME srNK IN ElF~ENT*,I5,3~,.AT TI~E:*,Flg,2/2£x,*X-COOR,=*,Fl~.2, 
21~X,*Y-COCR.:.,Fla.~, 

3~~ FORMAT CIII1X,*TIME=.,Fle.2,Sx,*EXCEEoS T"'AX=*,FI~.2,SX,*FOR 5T 
IPfAHlr~E NUweEp.=.,IS/2~x*X.ConR.:*,F10.2/*V-COOR,=*,F10,2///) 

3Q~ CONTI~UE 

RETUp~ 

END 

C FU~CTTON SU8ROUTINES Or:- 5E~IES EXPANSIONS FOR ~ODIFIEC BESSEL 
C FIINC T! Or. S 



r y 
~ 

1012 
1 ~ 13 

I 
1 ~ 1 u 
1615 
101 0 
H:17 

I 
1 e 1 e 
161 q 
1~2'c' 

Ib21 

I \622 
1623 
\62-
le25 

I 1620 
1627 
1628 
\62 q 

I 163:J 
1631 
\632 
le33 

I 1634 
163'5 
1030 

I 
1631 
le38 
163q 
le'lrJ 

I 
6~11 

16 A2 
16 A: 
l~AU 

I 16 4 S 
16'16 

I 16'17 
I 16 4 e 

I U,a q 

leS~ 
I 165 I i 
I 1652 

I 1653 
16S'I 
16SS 

I 
1656 
1657 
1658 
16Se; 

I Ihotl 
1601 
Ibb2 

I 
1603 
leo D 

16b5 
, looe I 
I 1667 

I 1608 
166e; 
161~ 

I 
\61\ 
16 72 
16n 

I 

• 

c 

c 
c 

c 
C 

c 
c 

c 

FUNCTION 8ES!u(X) 
AESIA:l~~+(X*·2'/ij.+rx**a'/oa:.(X**O)1 eu. 
~F. TUFH! 
END 

~UNCTION 8ESl1(X' 
~F.Sl1=X/2.+(x~*3)/lb.+(X**S)/38a, 

RETU~ ~! 

ENO 

FUNCTION 8ESKr(X) 
G:1c!.S7721SbCS 
8ES~O:·(ALaG(X/2.)+G'*eESl~(X'+CX**2)/~~.3.*(X*'4)/128.+ 

1 11.*(X •• o'/t38 ,-a. 
RETURN 
Et-;D 

FUNCTION 8E5Kl(X) 
r.:0.5772,'S065 
~ES~I=I./X+lLUG(X/2.~*8ESIIC~'·(.G/2.+1~/Q.)*X.C.G/le.+5./0'1,). 

1 ~~.*3).C-G/3~4~.1~./23e.a.,.(x**S' 

~ETURN 

END 
SUBROUTINE ZPLOT 

C PURP~SE • P~OT CONTOURS CF HVDRAULIC HEAO AND TRA~SMISSI¥ITY 

C 
C ISYMEL I FIVE SYM8ULS CHOSEN FOR HYOAU~IC CO~OUCTIYITJES, 
C SEE ZETA MANNUAL p,A.5 
C 

c 
C 

CO"""'ON /SCALAMI 
INN, NE, NH~~, ~~CL, K008, KOC10, loE 

CO""IoION /vECTnt:ll 
I .~(7u~', YN(7a~" FM(7ue', P~IC7~~" ?Hlr(7U~'1 XV(7U0), 
2 RT(7q~1, T~AN5X(7U~), TR AN SYC 1Q e), .COEF(2251, PORTH(22S), 
3 F~E(2G" xQE(2~" YQEe2e', RGE(2~)_ BA2Cze), 8ES1(2~), 
a S~CRT(lo), S~CLT(tb', G(lb), SRC~(8), DGX(8), OGY(8), YV(7Q~), 
15 F~(S\:J) 

C:O/04"'O~ 1101 ATR I X I 
t ~(7~~,S~', IN(8,2ZS), SECS,8) 
CO~~ON/~Y/XO,YC,XL,VL,XMAX,YMAX,XMI~,Y~IN,SC!LE,NCI~ 

Dr~EN~ION CO~(2~),~TS(2~),T!TLE(8),ISyM8L(2~) 

DIHENSIO~ X(7~~),YC7a~) 
nATA ISYMBL 112,7c,la3,77,~1 

\Ii;:tITE (0,20) 
? ~ FOR MAT ( 1111 , 1 1 X , * P L 0 TT IN GIN FOR MATI G~, 5 * / 1 1 x , 2 ~ C 1 H· ) II ) 

PEAO(S, 1~~0) ~CON, NPTS, NFE., "'LE, ~C!R 
REAO(S,10Ze., X~IN,X"'AX,Y"'IN,YMAX 
REAO(S,1~2~) XQ,yQ,Xl,YL 
~EAD(;,1~2~) CCON(J),J:l,NC ON ' 
~EAO(;,1~2~' (PTS(J),J=t,NPTS) 
\IIRITE (0, le~c;) NCO~l,NPTS,NFE,NLE,""CIQ 

I~C'I'5 FORI'lAT CllX,22HNCON,~!PTS,NFE,NL.E,NC!Fi~,1015) 
wRITE (0,1~0b' X~I~,XHAX,Y~I~,Y~AX 

le~6 ~OR~AT (11x,lqHXMIN,~MAX,Y"'IN,YMAX,o 10 .1) 
~RITE (6,1~~7) xO,~O,XL,Yl 

[ 



Pi 
Ii 

• 
., 

1~7L1 11~~7 FOR"'AT Cl1x,11HXO,YO,~L,~LloFl~,I' 

t67S ..:R ITf Co,I"28' rCONr.l' ,J=t ,,'ICON, 
i 1670 Ice8 FOR!oIAT (11X,3~CON,eFl~.!) 

- 1677 \Ii):; ITf (o,ltHlQl (PTSCJ',J:t,~~TS) 

16 78 HH:lq F'OR"'AT (11X,3~PTS,oFt~.II/) 

167q C 

• 1680 C SET Ltc) !NO SCALE PLOT 
le8~ C 
168 XTOT:XI'.AX.XP-III'i 

I 1683· 'fTOT=V"'AX.Y,",!;" 

I lb81.1 SCALt:=XTOT /XL 
lb8S SCAlEt=nOT/'f1. 
1686 rF(SCALE.LT~SCALE1) SCALE = SCALE1 
1687 ~TOT . XTOT /SCAlF. 

- -
IbM 'r'TOT = YTGT ISCALE 
1~8Ci :tMAX::t"'AX/SCAlE 
lbQ~ xI'I!I'I:xl'1IN/SCAl.E 

I 
lo Ci 1 v"'AX=v"'n/SCAlE 
lb q 2 VI'I!N:VMI"/SC.ALE 
16 q 3 00 S~b 1=I,NN 
16Ql.l x(I):XN(l'/SCALE 

I 
uqc; v(I)c'f N (!'/SC.4Le 
16 q 6 SVlo cn~TI),juf 
lbq7 CALL P~OTS(SS/~,I.lLPLnT) 
16 qa CALL PLOT(XG,Yo,.3) 

I Ib qq rF(NC!R.EQ.~' GO TO 155 
17"e RL=XL/2. 
17~ I CALL cHICLE (RL,0,,·q~.,27~.,RL,2) 

17i32 GO TO lb5 

I 17~3 ISS CONTP-IUE 
17~LI CALL PLOT (XHIN,YI1IN,3) 
11~45 00 lbr IP=1,2 

I 
1706 CALL PLOT(X~AX,YMI~,2) 

l'rl7 CALL ~LOT(XM.A~,VI'IAX/2' 
7<.'18 CALL ~LOT(X~IN,VMAX,~) 

t7~q CALL ~LOTrX~IN,V"'IN,2) 

I 17 t Ii 16'-' CO"l'T!NUE 
1711 165 cnNTINUE 
1712 C 

!;TART 171 :3 C ELE~ENT lOOP 

I 171 a nO S\A0 L=NFE,NlE 
171 S HHAX=.l.eE+c:,~! 

1716 )ojMIN=t.BE+5e 

I 
17{' C 

PLOT 17 8 C NODE cnO~I')INATEs 

111 Cl DO 2gC1 J = 1,8 
1720 l<=rNCJ,L) 

I 
1121 IF rF\.j(K).LT,HI-lIN) H '" HJ = F 104 (1< ) 

1722 IF (F,..(IO .GT ,HMAX) HOo1A:W::FM(p(.) 
1723 C 
1120 IF (X(K),GT.XMAX.Q~.X(~'.LT.X~I~l Ge, TO 171=1 

I 
1725 IF (y(K'.GT.YMAX,O~.Y(~'.LT,~~I~' GO TO 1 a.J 
172t:1 GO Tn 291~ 

1721 170 CONT plUE 
1728 \ojR!TE(o,ok31 , '<,XCI(, 

I 172q ~ETIJQN 
173\3 18~ CONTINUE 
1131 ""~I TE CQ, b'32) ~,Y(K) 

1732 ~ETUq"l 

I 1733 2~~·CONTINIJE 
173a C 
1735 C SET UP AND SalvE QUAn~ATIC EQUATIONS FO>l Xl AND ETA 

• • 



I • 

173 6 

I 
1737 
173 8 

113 q 
11 a(3 

I 1 7 a 1 
11 a 2 
l'43 , au 

I paS 
17 ub 
17 111 

I 
!1I.1A 
17 1J <1 
PSii' 
P51 

I 
1752 
1753 
11 5 1.1 
1155 

I 
l1Sb 
11~7 
1758 
l1S q 

I .1100 
17 b t 
1762 

I 
17e3 
116 1l 

1165 
11(:)6 

I 
1167 
17b~ 
1Hq 
117't! 

I 
1111 
1772 
1773 
1774 

II 11715 
1170 
1717 

II 
1178 
171<1 
118~ 

118 t 

II 
1182 
17.1\3 
1781J 
1785 

II 11~6 
171;7 
17~~ 

17~<1 

- 17<1t) 
17<11 
17<12 

I 
17q3 
17qa 
17<15 
17<10 

I 
17<17 

I 

c 

00 ase ~C= 1, ~COI~ 
MCDN=cO~CNC) 

IF CHCO~,GT.~~4X.O~.~Co~.LT,HMIN) GO TO I.IS~ 
Joq:IN(1,L) 
J<2=Il.I(2,U 
)( 3 = I " ,3 , U 
)(tI:VulJ III 
)(5:h(S,L) 
Kb:IN(b,L) 
1(7::I~(7,U 

J<8:hj(8,L.) 

C tV~LUATE TE~~S IN FUNCTICN EXPA~S!O~ FO~ Hf-AD, X, ANC Y 
T 1 )oj:: C - F ,.. ()( 1 , .;: H 0.: 2 , • P' ( K 3 ) .;; '" r )( II ) ... 2 • e * ( F '" 0(; ) " F H 0< 6 ) "F M ( K.7 ) 

c 

1 +F"'(!<:f\"'IQ.~ 
T1X=(.XC)Cl)·X(~2)-X(K3'.l()cI.I)+2t~*(l(K5).X()(6) ... X()(7'~x (K8)')/at~ 
rlY=(.Y()(1).Y(1(2)-Y()(3,.y()(I.I) ... 2.~*(Y(~S)"'Y()(6) ... YC)(7) ... Y ()(8)1)/1.I.~ 

T2H=(F~C~0)-FHC!<:8))/~.~ 

i2x=rxC)(o)-X()(a"/2.e 
T2 v:CY(Ko,-V(K8"/2.0 
T3~.(.F~(KS) ... ~~()(7)'/2.? 
i3X=(.X()(S)+X()(7»)/2~e 
T3Y=(-~()(S)+Y(K1))/2.~ 
TU~~(F~r)(l'.F~()(2).F~(~3).~~(~I.I)'/4:e. 
TUX=(x()(1}-~(K2'.~CX3'-X(~~')/4.~ 

TUY=(v(~1'·¥(~2'+Y(K3'·~(Ktll'/4.e 
TS)oj=CFHrKl)+FM(K2)+F~(K3'+F~(K"'.2.e*(r~()(S)+FM(~1'))14.0 
TSX=(X(~1'+X(K2,+xr~~)+X(Ka'·2.~;(X(K5)+X(K7,))/a.o 
iSY=(Y(~1'+V(~2'+V(K3'+v(~ul.2.C*(Y(K5)+Y(K7)))/tI.~ 
TeH=(FM(Kl)+FM(~2'+F~(K3)+F~(KU)-2.~*'FH(Ko)+FM(K8)))1u.0 

Tb~:(X(~1'+X(~2'+X(K3)+~rKu)-2.~*(XCKo''''X(K8,),/a,e 
ioY=(V(_1'+V(K2'+VrKl'+V(KUl_2.~*CY(K&'+Y(K8'))/Q,~ 

T7H=(_F~(Kl'-~~/¥.2)+~~rK3'+F~(KU1+2.~*(F~(~S'.~~(K7')'/~,e 
T7x:(.xrK1J-X(K2'+X(K31.X(KU).2.~.(X(KS'.X(K1'))/U.A 
T1V:(.Y(Kl)·V(K2'.Y(K3' ... V(KU1.2.0;(Y(KS'.Y(K7)))/I.I,C 
TAH:r.F~(Kl1+F~(K~'+F~!(K3'.F~()(u)"'2.p;(.~M(K61 ... ~M(K~) ))/Q,~ 

TaX:(.X(Kl1+X()(21·XC~3'.~rKU)+2.e*(.X(K6)"'X(K~")/U,~ 

TAY=(.Y(Kl)+Y(K2'+Y(K3'.V(K~'.2.2.(.Y(Kb'+Y(K8)1)/I.I.J 
nO UlJ" NP:l,~PiS 

xlI:".", 
;tI2=~.1?-
F'T'Al:~.1:1 

E.T .2=0. e 

C PTCK A VALUE OF F.iA AND SOLV~ FOR XI 

220 

E:"rA=~TS(NP) 

A:TI5H.T7H*ETA 
R=T2~+TuH*~TA+i~~·ETA*€TA 
C=Tl~+T3";ETA+T~H·ETA*ET'.HCO~ 
IF (A~EG.e.~.ANn.~.NE~J~7.~ GO TO 230 
OISCR::8*~_4.~*A.C 
rF (nTSC~~GE.~.~' GO T~ 21~ 
GCI TO 27<. 
IF (~JSC~~NE.el~~ GO T~ 22~ 
IF (a,NE,a.0' ~o TO ?23 
IF (A.~E.~.~) Gn Tn 2S~ 

IF (C~NE.e.e, GO Tu 27~ 
.~!Tt (e,l~ae' L, HeQN, ETA 
GO Tc 2U I 

Xll=.((e+5IGN(1~,9)*SQ~T(D!SCQJ)/(2.~~A)) 
X!2:C/(A*Xll) , 
GO Tn 2(j~ 



• • • • • • • 

.i 
! 

811 
I 

• I \.. 

• -. 

, 
11~~ 

!1 qq 

l~~~ 
1 ~ 01 
11'02 
1~0l 

180 4 

180S 
l~Bo 
180 7 
lA~8 

18 pq 

1 A 10 
1 ~ t t 
1 ~ 1 2 

1~t3 
1 A IIJ 
1815 
1 ~ 16 
PI] 7 
IAle 
! B 1 q 

IA20 
1 ~ 21 
1 p.2? 
1'323 
lA21J 

1~25 
IA2b 
1~21 
1~28 

182 q 

1~30 
1,1131 
Ip.32 
1~33 
18311 
1835 
1830 
1,1131 
une 
1~3q 
1 AMI 

I B~ 1 
1~~2 

18 u3 
1~44 

1$145 
lA4e 
lAIJ7 
l AUS 
1.11IJQ 
1850 
1 ,Q 51 
185~ 
I~S-

1~S4 
l~SS 
1~S6 

PIS7 
1,115; 
lese; 

C 

23Vl x1l=.C!8 
XI2=.t'H3.~ 

24~ IF (XI1.GE.·l.0~ANC.~Il:LE.l,e,aR, 12:GE •• l,0.AN~t 
t XI2~LE.l.~) GO TO 250 

GO TO 270 

C IF T~~ ~OOT LIES "ITHIN THE ElE~ENt, FINO ITS LOCATION 

c 

2S~ DO 26~ 1=1,2 
xI: x I1 
IF C!,EG.2) xI=XI2 
IF (XI.LT •• 1.0.0~.xI~GT:t:e' GO TO 2b~ 
xx=TIX+T2X*XI+T3x-ETA+TUX*xl*ET.+T$x*xT.XI+ToX*ETi*ETA+ 

1 T7 1 *XI*XI.ETA+T8X*XI*ETA*ETA 
VV=TIY+T2~*XI+i3Y*ETA+TIJY*xI*ETA.T$X*~I*XI+T&Y*ETA.~TAt 

t T7V*xl*xI.ETA+T8X.XI*ETi*ETA 

C PLOT THE LOCATIO~ OF THE ~OOT 

c 

IF (x X • L T ~ ;C "I.. r N • C ~ • x x ~ G T ~ :t .. A X) GOT 0 2 b P 
IF (YY.LT.Y~lN.OR.YY.GT.YMAX) GO TO 2e~ 
IF(NCON.EQ.3' Gn TO 252 
IFrNca~.EQ.S' GO TO 253 
CALL SY~80L(XX,Yy,~.~7,NC,g.,.1) 

GO To 20kl 
252 c:O~TINUE' 

.INC=>-IC*2-1 
CALL SV~80LCXXiYY,a.e7,rSY~8L(JNC),~.,~, 

GO TO 2o~ 

2C; 3 C O~j T! NUE 
CALL SY~8aL(xx,YY,~.U7,!SY~~L(~C',0~,O) 

260 CONTI>-IUE . 

c: PICK, i VALUE OF xl A~O SOLvF j:OR ETA 
210 X!=PTSC~~q 

,:TbH.T8H,X! 
R=T3H+T4H*Xt.T7H*XI*xl 
c=TIH+T2H*xI+TSH*XI*xI-Hcn~ 
IF (A~EQ.~.~.'Nn.5.N~.P.:~' Go TO 3~~ 
O!SC~=8*8-~.~*A.C ! 

TF rOISCR.GE.0.~' GO To 31a 
GO TO LltHl 

31~ IF (OISCR.N€~~.e) GO TO 32~ 

IF (8: NE.3.0' ~n TO 32A 
IF (A:NE.0.0' Gn TO 3SA 
IF (C:NE.~.0) GO To ~~e 
W~ITE (b,1~39' L~HcaN,X! 
GO TO £HHd 

320 ETA1=.C(8+SIGN(1.,8'*5a~T(OISC~')/(2.d*A)) 
F.TA2=C/(A*ETA1' . 
GO TO 3L11il 

33~ Eu1= .. C/8. 
ETA2=.l~kl.~ . 

3'10 IF (ETA1.GE.-\~e.j~O~ETA1.L£.1.0.0~.ETA2.GE.·l.0.A~Ot 
1 ETA2.LE.l.J) GO TO 3S~ 

GO TO 4tl;J 
c 
C IF TH~ ~aOT LIES ~ITHIN THE ELE~E~ , FINO ITS LOClTION 

350 no 36'1 1=1,2 
ETA=ETAI 
rF (r:EQ.2' ETA=ET,2 
IF CETA.LT •• l.~.G~.ETA.GT~t.0) GO 0 30e 
~x=T!x.T2X*XI+T3X*ETA+TLlX*x!*ETA+T x*xI*X!+T6X-ETA*ETA+ 

1 T1X*X!*XI*ETA+T8X*XI*ETA*ETA 
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I ... 
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-i , 
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I 
i 

-I,. 
I 

\ , 
I 

I 
\ 

I 
I 
I 
I 

I 
I 

I 
i 

I 
I 
I" 
I 

i 

.. 

JI 
!l3btl 

1.'\ 61 
t~b2 
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lAbS 
IPoo 
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lPe q 

l~H 
lS11 
1~72 

lA13 
l)i\71.i 
IS7S 
1.'\16 
1~77 

181/i 
IAH 
188~ 

1881 
1~82 
lA83 
PI a I.i 
1885 
lA8b 

18~7 
\Ilea 
188q 
lAq~ 
lAql 

c 
c 

C 

352 

3'53 

360 
u,,~ 

a'5" 
5~r, 

yY:TIY+T2Y*XI+T3Y~ETA.TaY*xI*ET!.TSY* l*xr.T6Y*ETA*ETa+ 
1 T7V*XI.~I*ETA.T8Y*XI*ETA*ETl 

~LnT THE lOCATIO~ 0' T~€ ~OOT 
IF (xx,LT.~~I~.OR.XX~GT.XMAX) Go TO 3 U 
IF (YY.LT.Y~!~!nR~YY~GT:YWAX' GO TO 3 e 
IF(NCQN.EQ,31 ~O TO JS2 
IF(NCON.EO,S1 GO To 3153 
CALL sy~ea~CXX,yy,0,~7,NC,~.,.1' 
GO TO 3~0 
CONTp/UE 
JNC=NC'*2-1 
CALL SY~80L(XX,YY,~.e7,ISYM8LCJNC),~.,~) 

C;C Tn 3bii 
CONTINUE 
CALL 5Y~8~L(XX,yy,~.~1,ISY~8L(NC),C.,c' 
CONTI~UE 

cnNT pJUE' 
C('lNTI"IUE 
CON T H~Lit 
CALL ~LG1(a,,0,,3' 
xE'ND:p.S-xO 
CALL ~LOT(xE~D,.YO,qCq, 

~~1 FO~~ATL/5x,I~HX.VARIABLE,!3,Fle.3,5x,17~EXCfEC THE' DOMAI~) 

b~2 FOR~AT(/SX~10MY.VARIABLE,r3,FtO.3,SX,,7HEXC~ED THE DOMAIN) 
t~~p ~O~~AT(l~lSl . 
1~2~ FORMAT (8Fl~.1) . 
1~3q FOR~ATCI11~X,I5,2X,F6,1,3X,'6.3.SX,*CO~TOUR LI~lE IS XI Lr~€*) 
,~u~ ~OR~AT(111~X,IS,2X,Fb,!,3X,Fb:J,Sx,*~nNTOUR LINE IS ETA LI~E*) 

RE' T UR ~J 
END 
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ABSTRAC.T" 

Ar:tificial. ree-harge- of groundwater. resolurces through wells leadS'" 
I 

taa;. need for computer sim.ulation. of the hydrclulics and transport of. 

contaminants.: in groundwaterflowfields.. The Palo Alto Baylands injec-
. . 

. '. . 

tion-extractioD:project motivated the present work_ A numerical model 

was; developed for- sim.ulating: steady--state. groundwater flow in a.. COI!:­

fined,~ leaky aqui£er system.. The ·basic:. nume.tical technique used is the­

Galerkin:-finite-element method.. Greatly- improved acc.uracy of. the sim.­

ulation:: near wells is- achieved by' removing the" singular' behavior of the. 

£Iow with: an. analytic: solution for the- near-well zone,- solving the remain.­

ing-non-singu!a.i proble~, and... combining: the results ... The resulting: 

solutions compare favorably wi~h_ known analytic. solutions' for confined­

leaky aquifers (both isotropic. and anisotropic} .• _ No. additionaL computation 

time- is required for this, method compared to standard: FE. pro grams •. 

Velocity fields: were. derived through. differ~ntiation of the: head solution;. 

smoothing- and averaging. are- then-- used for generating- systems: of stream­

lines' and- determining. times of travel to points of interest (including 

breakthrough. curves) .. Specific applications of. the model include investi­

gation of the gross hydraulic: characteristics o~ a..nonhomogeneous< 

groundwate-r aquifer containing- injection-extraction well combinations, 

the times of. travel and breakthrough curve s being. appropriate only for 

IInondispersive" contaminants.. In. an appendix the recent geologic: history, 

stratigraphy and geomorphology of Wisconsin age alluvial deposits he­

neath. the Palo Alto baylands are reviewed; then a.. comprehensive picture 

of the hydrogeologic environm.ent" is drawn and its impact on the modeling 

effort is, noted ... 
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I. INTRODUCTION 

An increased interest in the use ndwater resources has 

been seen in recent years. Ambroggi discussed regulation of 

underground reservoirs, incIuding overexpl itation and artificial re­

charge, as a means of long-term control of the water cycle. He noted 

the various functions of these reservoirs: supply, storage, mixing and 

conveying water. Except in .California and Israel, where the storage 

function is partially exploited, the primary use of underground reser­

voirs has been that 6f supply. In certain coa$tal areas extensive use of 

underground reservoirs for supply has led to a reversal in the normal 

direction of water movement. In some of these areas artificial recharge 

programs are currently underway with their principal purpose being 

prevention of saltwater intrusion into potable water supplies. Such pro­

grams are f01.ll'ld in Orange County (Los Angeles area) and Santa Clara 

County (San Francisco area), where systems of injection and extraction 

wells are used to prevent the intrusion of saltwater into near-shore­

aquifers. In both programs the water being injected is reclaimed waste­

water. Injection of this water raises a number of interesting questions 

concerned with the fate of certain contaminants, the answers to which 

can only be obtained through use of mathematical models. 

Mathematical modeling of contaminants in gr?undwater systems 

requires a description of the hydraulics and transport of contaminants 

as well as a description of ~hemical reactions within the environment of 

the porous media. In trying to achieve a realistic model of the fate of 

injected reacting contaminants one must first adequately aCC01.ll'lt for the 

hydraulic propertie~', 1. e., the convection and dispersion of the contami­

nants. Unless t11;e hydraulics are modeled corr ctly throughout the flow­

field, anticipated reactions can only serve to c rnpound the error and 

make quantitative interpretation of field results impossible. Now, 

according to the work of de Jong (1958), Bear ( 961) and Sche~degger 
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... ,. -

the' coe£ficien1:~ of' dfSl-

persian:: is;- propol:t±onaL to- the firs t power of the: velocity" _ Because the 

velocity is greates:t:in:. the iInmediatevicini:ty of. a. well. (anci in fact" be­

comes sin~ arthe well. in: a;. two -dimensional s ow:ce:-sink. modeL of 

wellsh-. amadequate-modeLoL convectiortand dispersion: must be:: especi-

f';"ioO- ~~ illY:i';~ate: near: welIs_" This ~e~d:. for ac~ac.y- nea~ w~llS:: h<3.~·, b.e~~'>· "~"';'"'""'''' ~' .. ;'.:~ ~ ... 

a. major problem:. in:. the simulation: of welLfields-.. Neither the: finite: dif.-

~ ,. ference nor-finite: ele:ment techniques: are able to model point singula.J!i­

tie$- or even:. ver.y- rapidly-- varying; quantities;.. AnalyticaL method~ c~ 

II' i _ 
I , 

1 

I 

easily-provide' accurate::. solution$: near-wells~ but the.y- are- generally- appli­

cable:-oniTta:idea:liz;ed:.ho:mogeneouSl groundwater system.s,. an: exceptionaL 

cas~when:: la.rge-sc:aI~ ffeld:. s.ystem:s:are c:onsidered-.-

Complexitiesdnherentwi1:hiIL act:uaL.fielci sites:- may be classified.: 

under two:- generd headings:: anisotropiC: fields.: and: nonhomogeneous:; fields:;... 

Anis.otroPT refers:: to: preferred: directional characteristicSI- of ~ proper't)r.'"' .' 
. " 

of-the n:edia:-ar a: partic.ular poin.t-' 'Y"ith: hydraulic: conduc.tivit:}e being, the . 

media:: property- of most intere s.t- iIl::groundwater- !low-, an. anis otropic­

mecUmzria: one:- in..which:. the: flow: has: an. easier- time going:: in: one· direc.tion:: 

than:. in another... &nonhom:og,eneous; field. is one i~ which. the: property" of. 

interes-evaries:froIrr one-point to another~ In: an anisotropic:. and: non­

homogeneous.: aquifer the: magnitude othydraulic:. conduc.tivity,~ as well as' 

the-direction. o£'tbe principaiaxes" of the conductiVity tensor,. may vary­

froIn: one· point to: a~other., 

In:.the: case: of a confined groundwater aquifer, where the. aquifer­

is' usually-charac.terized. as a. two-diInensionaL su1J:face t the ability of tha 

"surlacell
• to transmitfiow- is measured. by the pr duct- of the hydraulic 

conduc.tivity of the. media. and the thickn~ss This product 

is called the coeffic.ient of transmissivity".. In a onhomogeneous field it-

may-vary-due to changes in either" hydraulic; cond ctivity" or-thickness of 

the: aquifer;.. 



Because large -scale groundwater syst ms are characterized 

by their nonhomogeneous nature, analytical ~imulation methods have 

found much less use than numerical methods. Of the many methods of 

numerical analysis available, the finite ele$ent method has been shown 

to be particularly effective for problems in groundwater flow and con­

taminant transport (Pinder a~d Frind, 1972; Pinder, 1973). 

., 
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II:... SCOPE:" OF WORK ± 
Th~presenrwor-kha;s:-" two:. relatively- stinctfoci .. We: a.r~ on:.one:-

~d:..interestec:t:. in.. the hy:d:rog,eology- of post- isconsu1. alIu.viaL de-po sits: 

beneath: the Palo- Alto~ bayland$ ancf,.. an. the: ·other;." c.oncerned::. with:. develop:-:-· 

'-I ment of a;. two-diInensionaLm.odeL :Car groundwater: hydraulicS? aro:ullct. 

- wdr; located. ~_a;. c.onfined,.. ~eaky,. no~omo geneo,u~ ~quife.;-~", ,,--Soth.; topics;;.._~~_"'i: 
• '. ,. ' .. ,;:, _~ ~"ij,~,,--:,""':;";;: __ ";..,01:~~:~~.-::'''o/ .... ~ .. ~.~ .... '''';,...r ..... ~- ......... ~.,.~:~~-.•.• ;~,:#("-:: .... ,,,: ... · ..... ::. .. ·r_ ... ,' ............. ' ...... ,-"'" "'~'. . 

-.;.I·~~~~:m:.f;om. a;. sing,le:-project concerned: with: g~o'lndwate:r recharge: and.: . 

- extrctcticitr- The project i$-oeing:: carried' out by- the: San1%.. Clara:. Valley 

-I Water Drstrict(SCvwny,. with; the:- intento! establishing.a...hyd.raulic: 

I 

I 
1 
-I 

, . 

,J 
'J 

J 
I 
'0 
I .-

I 

barrierto.: salt-water intJ::usiomfrozn:50uth: San F'rancisca B"aY"':" AEk 

shown:..belo'W',- conciusion$·drawn:frcnn: the- hydrog~ologic: investigation:.. 

Cs ee:: A ppenci.iX: I), limit application; of the nu:meric:al modeL to.. only- part of. 

the:: injection -extraction: ffeId;.. 

. fu::SectioIr. III:.theSCVW'D: Pro.jectis.: de:scribed:and: the predesign: 

test sta:m& is;. reviewed=_ fntroductiomof this:. material provides:. motivatioIL 

£orSection:1Vin:.which:.~steady-s:ta.te::?-ydJ:aulics;,modeLforfioW"ilr~, 

confiired ... " leaky-aquifer is':: developed:. ~or-a. nonhomo geneouS! por-ous: medium:' 

containing: injection/ extraction: wells. Section' V provides applicationa 

of. the model: pJ:e sented in.. Section: IV.. Sections. VI, and.. VII: pre·sent the' 
. 

discussion: and the conclusions- and, reconunendations:: for futuJ:e- work-_ 

In.. Appendix 1 the:- geologic history-j stratigraphy and geom.orphology-of:. 

the baylanda are discussed and -a. comprehensive- pic.ture: a£ th~ hydro-· 

geologic: environment. is, d~rawrr.. In::. Appendix:: II the, analysis~ of. Sec.tion: IV 

is. extended t~ anisotropic:.. problems_ 

-4~ , 



m. BA YLANDS PROJECT 

The Santa Clara Valley Water District (SCVWD) has proposed to 

ca.rry out advanced waste treftment and injection of municipal waste­

water into an aquifer in the Palo Alto Bayfront area to serve as a 

barrier against seawater int:rusion into the gl'oundwa1;er. Figure 1. shows 

the design f~r this project. Nine injection wells are located along a 3.2-

kilometer -line running parallel to the bayfront. Ten ext:raction wells are 

located landward of these injection wells. Design of the intrusion 

barrier is based on the idea that the line of injection wells will form 

a pressure -ridge which will block the landward movement of the-denser 

seawater. Ext:raction occurs s6 that there will be no net input of re­

claimed water into the aquifer. Ideally, all of the injected water is 

eventually extracted. 

The predesign phase of the project suggested that modeling of 

groundwater 1low within the shallow aquifers of the area would be a 

straightforwa-rdtask. Wells'were drilled along the northweste:rnedge. of 

the study area (near I-I). Logs and well tests showed that there were 

two shallow zone aquifers (at depths of 6 and 14 meters) separated by a 

leaky aquitard. A third, thicker aquifer was found in the deeper zone 

(55 meters). The deeper aquifer was hydraulically separate from the 

shallow zone aquifers. The description of the shallow zone given in the 

predesignreport (Jenks and Adamson, 1974, pg. 4) was that "the a:lluvium 

consists of a series of ess~ntially flat lying sand and gravel aquifers 

separated by extensive clay aquiclude s and aquitards:" A qualified 

warning was given, but its implications were not appreciated at the ?:me: 

"Concerning the shallow deposits, there i~ evidence of vari­

ation in thic~ess of these aquifers thIougpout the area and 

evidence that particular thin zones may P~Ch out and inter­

finger with other similar zones. Howeve~, due to leakage 
I -

between the various individual zones, the $hallow deposits 
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can:. be:- considereeL a.. singl~ extel:jtsl 

Qutthe area .. rr- (renks- and:A .... a., .......... 

aquifer through.-

Since it-was. felt that: the test site was repres enta tive_ of. the-. entire­

area... the: desi~ of. the:injection-extraction. system::- was: carried. o'ut Ott 

, the: basis::;?£ ~~, E.;~"d7,sip-.. t~S~Seo:,'i , ... These' tests;;, suggested: 'a!! b:a:iIsms 5iVitY~oC"'X:-<O.9"~>;"S 
. ~.~ .... a4f:f'~"~ ..... :~ .. 'IJ ...... ~ ".~~" ,-,' • 

-'~.=><T~>--~" • z:. . 
. of.10,8~ ~/ day-- (8700 gpd/ft) and.. a.. coeilicientot storativity- of 0 •. 000036, 

for injec:tioIr welLr.~~ iIr the:: lower- (l4: meter.,. aquifer (renks: and: Adamson)._ 

The' verticaL h.ydraulic conductivity of the c onaning;: aquitard: was;; calC'u.­

lated.to; be- 0_l3cm/ day- (0. 032:, gpd:/ft~ with: astorativity OLOo-Oar.. The 

max:iInum:- inje.ctiotrrate-was; determinecLto;be-10Z0' m.
3

/day· (18T gprn)_ . 
•. 3- - .'" . 

A- 76 OO~ m:... / day- (two:. million:- gallons- per day) ad..va:nced: wa.ste: treat.-
. . ... 

mentfacili-cy:wa$ proposed:. (and:. subsequently- constructed) ... Assuming; 

that. aILo£. the- high:~ualit:ref£luent:-wa;$ injected:.. to" establish: thehydraulie: 

barrier an:averctg&- injection: rate:: of. 844 rn
3 

/ day ( 154. gpm.) would: be:- . 

required:£or each::. weU:~ thednjection:: system-... 

ASi-a.long::~tenn: goal,- the scvwn facility-will. be used. for- research.. 

ta determine the feasibility of suC;h a system for- reclaiming water for­

potable: uses e- To answer questions. relevant to. this, long.--term: goal •. 

Stanford U'niversity- proposed. a three-year program: designed. to acquire 

fundamental. knowledge. c once rning:. the: transformations.. ot contaminants: 

anci::.aquifer-materiaLresulting- from the injection- of treated- wastewater .. 

This. research. was; funded by-- the U. S •. Environmental Protection. Agency 

underGrantEPA-R-804431,. authorized. for three: yearsc beginning May 1" 

1976. The major objectives of the research ~roject--are as: follows 

(Roberts:,. et ai_, 1978):- \ 

II 

1... To determine the- effects which the injec~ed wastewater wilLhave 
I .-

on.: the chemical, physical, and biologi~a!l quality of the basin. and 

injected wate-rs .. 

-6-



2.· To determine the effect which injected wastewater will have 

on the hydrologic and mineralogic cha acteristics of the aquiier. 

3. To seek the optimum quality for injected water which will result 
;. 

in a high quality groundwater and minimum damage to the hydro­

logic characteristics of the aquifer. 

4. To develop generalized mathematical models for describing the 

movement of water, the changes in hydrologic characteristics, 

and resulting changes in water quality ·from wastewater injection 

in order to make the results of most value for application in other 

similar projects •. 

The objective of primary interest in the present work is the first part 

of 4, i •. e., development of generalized mathematical models for de­

scribing the movement of water in the hydrogeologic enviromnent. 

" 

, , 

..... . -.~ . ', ... " .... "".,:,' . .:"';'.'- '. -... ' .,.-. .", ,", ~' 
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rY"_ FINITr ELEMENT" MODELING' OF INJEC ION-EXTRAcrION' SYS:TEM£ 

A 5: pointeC£ out in.. the: In~oducti'otr~. the irst.tas1c in:;. ac:h,.ie.vmg; ~~ 

realiS:tic:- model. of: the fate;: of,injected: reacting; con~ts:. is! to: ade-

quatery-- modeL the:- g:roundwater: flo~ h.ydzaulic,a_ The equation. governing:::,. 

I the hydraulic$: of:.<L-leaky-aq~e:r- systen.L is: obtained:hy- c:ombinin~ - . .. _ 
• _ .' .. ' " " •• _' •••• ", ' ... ~~ ... ",,', '_"''\ooor .. ~ ..... ':'''''c;' ... ~~,:r... .• ~!..~ •• -." .•.. ;. ...... ~:..~:~.j~.~::~~d,;~c;~ 

~~rcy~s..1a.~wi1:h:l;th~prmCl.p~~'oEcoIi,ae~tiCin:.oEma.s$.{Bearl' 197Z) .. . ' :" 

• Consider steady iIoW'" in:.. an:.aqu:ifer of areal extent lying;. on:. an;. im.per- . 

I 
I 
I 
I 
~ 

.. 
"':':'. ' . . 

I 
I 
I 
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o 
I 
I 

meahle: bed:. and: confined.. [roIn. above:-by"' a;. slightly-- perm:eable- aquitazd of: 

specified. thickness: and..perIneabilitr_ Above-the: aquitard.. is~, a second. 

(adjacent): aquifer •. .- Treating: tlie:- lower aquifer as; twa-dimens.ionaL in:: th~ 

ho rizontaL plzn~ with;; a.;;; transIIIissivity-- 'r(Y,B: one finds: that:: the g9v erning; 

equation:. [or steady-s.ta.te'!'flomr. is:· 

where:' 

x 
a.: 

K. 

II 

h 
a 

Q. 

Q 
k 

N"' 
w 

=- h.ydraulic: head: 

- transmissivity- ten'sor­

= location' vector- " 

(L) 

(r:/TT 

(L},. 

= permeability-of confining: bed. (aquitard)' (LIT) 

- thicknes.s. of. confining: bed:- (L).. 

- head. in.. ad{acent aquiier­

~ ~Qk. 0 (x - '1<.' Y -. Yk ) 

=- source strength per unit area 

= nUIllber of souJ::ce-sink. wells 

(L) 

(LIT) 

o (0,0) =. Dirac.delta-function.. 

- location"ot source-sink wells, k = 1,2, .... N 
w 

- indices. which. run from: L to 2.. 

'\ . 
-8-
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The first term in equation (1) represents th divergence of the velocity 
. 

field written in'terms of Darcy's law, the second term represents leak-

age to the adjacent aquifer and the third term represents sources and 

sinks (Qk being positive or negative, respectively). 

To simplify the presentation which follows it is convenient to work 

with the operator L defined by 

L(h) = a 
ax 

a 

Then equation (1) may be written 

L(h) + 

/ 

Kh +Q=O 
b a 

A. Galerkin-Finite-Element Method 

..!S.h 
b 

(2) 

Application of the Galerkin-finite element procedure to aquifer 

analysis has been described by Pinder and Frind(l972)[also see Pinder 

and Gray (1977)]; only a brief review will be given here. To solve equa­

tion (3) we assume a trial solution of the form 

N 
n 

h(x. y) = I: h.4).(x, y) 
J J 

( 4) 

j= 1 

where the cpo (x, y) are a system of linearly independent functions (basis 
. .... J '.. . . ',. '., ..... , . .' ..... ,..... .... .' .. 
functions) chos'en beforehand, h. are undete~mined coefficients, and N 

J! n 
is the total number of nodes. (basis functions)·i.n the finite element net. 

I 

The domain n having boundary r I as show~ in Figure 2, is divided into 
. I 

a number N 
e 

of subdomains (elements). Ea~h of these has, for the 
I 

used here, eight nOdelpoints on its boundary. The 

type of basis functions used in this work wer: introduced by Ergatoudis, 

type of basis functions 

i 
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I 

I 
- I 

et al_ (L968) and:. are f.oruse witIL~d:. isretriCO :uacttilaterat 

elements-- The---tertn: lsopaJ:a:me:tJ:I;C m.eans; ,-t: th~ functionaL-represen-

tation:. of th~ curvet±. baundarie"ss- and:.. the £Unctio.naL re:pr~sentatio~ of th~ 
-

approxima.te:: solution: (4¥ are- given... by- the-- same:: s.ystem: o£.-fUnctions,. Cfl"-' 
. . - - - . __ ' - -- J 
{l?fnder anc±. Gra.y-,. 1977,. pg.;. .1 z:z.~:... As- shawIlt- in:-FiIDir~-3-,~ the basic: 

- shape-of one o£;.th:e;~~ ... ~~.ents: .. Js;._=~uad.rilatera-l'~b.ut:th~sI<i~&.'are:~:d1s.~'<~-~'~o.;,~.,..;~:~'4: 

'1~~~~~:~::7::;:;;;~';::~~~bY- t~~ locatiolr; of th~ node point~.. There: exist --

: I many- othertype$ of. basisa=func.tioII$ used:. in: finite element analysis .. [See: 

for-instance.-: Pinder and:.. Gray- (197T.,- Chapter 4:) fo-ran::.extensive-list-... l 

I 
I 

I 
I 
P 
I 

Th~ basis. function:: ft';.(:r ... y)- ha;$ a.;: ndn:-z-era.. value:' only- over thoae:. 
1-

elements:a which:: have!: node L. o~ their boundary;: <£t. (:r,.. y): ha~c the:. value--
. L 

unit.y-atnod~ L an&z-eror-.at alt.othernodes.~ 

.. 
One can:. see:., that: the="unknowrr: coefficient$:! h:-.:. itt {4} are. the: values: ot: the:-

. : _ L _ 

approximatesolutiotrto (3)':.at:the=-node:s;points:. (X:';.-T:) •. NoW", if (4) is the' 
. . 1 1 

true solution. to (3), the· f ollowing_ identity- must hold~ 

-
L( A) K rv . h· +-- -h +- lo.i :::. 0 

b: CJ;:;. 
(5) 

In:. general (S) is- not- satisfied exac.tly;- however, we can trr to.' make-it 
.., A- • 

an: identity by- finding: a solution h such. that (5). is. o r.tl;togpnal.. to.. the set. 

of basis func.tions <a~(j ::: 1 ,z.~ ..... N ) over the domain. 0:-' 
.. J n 

i\= I, 2., .- •• N n. (6) 
I 

. I 

Equation (6) form-s the heart of the Galerkin-fiJte element method... It 

can be shown (Oden. and Reddy, 1976, pg. 32.6}·Iat if the coeificients h. 
J 
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are determined so that (6) holds, the resulti g solution (4) is the "best 

approximation'" to the true solution (3) in tertns of the basis functions 

cc.O = 1,2, ••. 1'1). Before applying (6) we mly eliminate the second 
J n 

derivatives, which otherwise would impose unnecessary continuity con-

ditions between elements, by application of Green's theorem. First we 

define the symmetric bilinear operator 

, A 

E(<p.,h) 
1 

a<p. 
_ T 1 

et{3 ax a 

Then Green's theorem may be written 

, f A 
... A' ah f L(h}~.dn= - ffE(C/Jo,h)dO + ~oT -a - J., dr n 1 ~ - 1 r 1 ap x~ Cl 

(7) 

where we have used Darcy's law to write q , the outward normal velocity ... n 
th b d Ol f T ah" (" It... h dO' '. 0 to e oun ary, ~n pace 0 - -;--..lI'..lI !Oelng t e lrectlon cOSlnes 

af3 oX a a _ 
fl 

of the outward unit normal vector to T). Applying Green's theorem (7) 

to equation (6) we obtain 

II 

I 

( 8) 

Substitution of the expression for the approxirnjte solution (4) into equa-

tion (8) gives the matrix equation for determi . tion of the unknown 

c oeificients : 
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,. , 

(9} 

or 

~~mat:dX:' rr. Err~J <a:)d(Trs; called.:. the-"sti.£:fuessn matrix.. and:. the'right:: tt 1.' 1 
hanc±. side:.- vector of. (9)' is; the:: g~era1ized.. forcing;: f'1inc.tion_ The- sti££nesSl.-

matrix: is: s.ynunetric:_ Because-the. ba.sis:. !Unctions: <a:: are defined: to" be 
. .. l.... 

no·n.-zer,," only.- 9ver-thos-e elements: which:. hav~ node~ i OIl:: their boun<ia.ry-,. 

we se~ that-r- with::: a...:. pro,per. nmnbering;:o£ nodeS",:. th~ stiffness- matrix=is:"' 

alsO;. banded:: and:: sparse .. 

B-_ Basis F'unctionS"',:~ FunctioIr :Representation. and:... 

T'""ransfonnatioxrBe-twee:rr: Domains: . 

- As evidenced. by equation:: (9)~, application: of the: finite' element 

method. requires. evaluation of. areaL integrals over-the- non-simple:: do-· 

mains of elements.. This: is accomplis.hed by: carrying~ out the:-i~tegration: 

over' a. sim.ple:- domain::- which: maY' be- uniquely mapped.. into: the ph-ysica!.. 

domain: of. th~elements._ The: ph.ysical plane- is:. caUed:the:::globaLdomain. 

'while the· corresponding si.mple- domain... is called the: locaL domain. (see 

£o~instanc.e. Pinder and.. Gray,. L977~ pg .. 110) ... When:-using.quadratic-, 

isoparametric:, quadrilateral elements the local domain. consists of. a . 

two- unit by-two unit square in: ~ - rr coordina~es .. ,Figure. 3 shows an .. 
• • 'I ~... . ~ 

example of the. local and globaL representatio~s. of an. eleIIlent.. The. map-
, I 

pin" !~o= the local. to thee glOb~ domain is l'quelY determined by 

x. =- I:. x·ca· (~ , 17) 
. l' 1 1. l=-

/ 

-12.-



8 
y = .2: 

i= 1 
(10) y. co. ( t, 17) 

1 1 .. 

where x and yare the global domain coordinates of a point of the ele-

d h .th d d· ment, x. an y. are tel no e coor lnates in the global domain, and 
1 1 

ct'. are the basis functions of the element. The basis functions are 
1 . 

polynomials in the loca~ domain coordinate s (Ergatoudis. et al., 1968): 

c orner node s 

co. = - 4
1 

(I + ~ ) (I +17 ) (I - ; -17 ) 
1 0 0 0 0 

-
where ~o = ;; i and 770 = 77 77 i' ~i and 17i are the node coordinates 

(either ± I) 

side nodes (see Figure 3) 

For nodes 5 and 7, 

1 2 
ct'i = 2" (1 .- ~ )( 1 + 17

0
) 

and for nodes 6 and 8, 

Representation of an arbitrary function in local coordinates is given 

by an expansion similar to (10): 

8 

I: (11 ) 

i=l 

where a. are the ·nodal values of the function.' To specify the function in 
1 

global coordinates all three expansions in (10) and (II) are required; (11) 

is used to find the value at a particular point (~'17) and (10) is used to find the 
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. 
cOrrespolIdin~ glo.bal point (X"-,..y)-_ The- proble -- af g:ain~£r.oJn the:: glabal.. 

to:- focal: repres.entatiatr i$ not simple since- th tJ:3,nS£armatioU$ in:. { 10l-
- -" ; 

anct {11k a:.r~nC?t eas.ily-in.verted_ Fartunately; it:iSiseldon:r necessary-

to:. ga: itt this!C:lirectian- '\;~ 

E'quatiott- Ctl}. maT be-cas.t into: &:more- u.se£ul.far:m: for analysis:: 

withiIt.a. particula.r element... Each:: af the:: basis:. functions:. i$ a.: polynomial 

A(';-;' nr =C:r :-ci..;: +-C31T +-c4 ;17"' 

z:. z: 2.:.: 2.:-
+-c: 5 ~ +- C:6_17~ of- C:7~ 1t +- C:a (1t ( lZ.~ 

Th~ corr.espondence- between: the: caefficients:-:. in: {il) and;; (1Z.~ is shown::in:­

Tab Ie- 1_ Equatiazr ( 1Z>;.has:.advantages.,; avez: ( L1.) _. IE ane we-re.-- interested:~ 
-

itt evaluatin~ the:: func.tio~ at &. numb er af points::l an~ neeci anly' us:e: th~ 

(t. TT'~ points:-direc.tly i~;( 12.} ... IIr (11) a~ewauldha.v~ ta regenerate th~ 

bazeis: f1inctionsz:for each.: (S 'l7f:-: point·and,;. then:. carry- aut th~ expansion-_ 
- ,. .. . 

(IiI:: typical FE: cadeS!, the:. basi$. functions: are- generate ~ iIr a. sep~a~ sub-­

rautine.. One enters. with. the.. (';"'-'17' point and returns with. the values; af.. 

thefunctians .. theirderivative~.,< etc_. at thatpoint~) A second:..advantage--

-af (12) is thatfora.:pa.:tic.ular- ~(ar-'I7r-the-formds~an~~xplicitquadratic: 

in. ,.,(or~) _ This:. is: the key to' generating cantaur p1at~,.. as. is; shown:: 

below. 
'r 

Now: consider the_mapping-af boundaries ar the .values of a. function. 

al~ng the: boundary af-an- element'_ Along_ each: side af. the element bound­

ary- the basisfuncti6ns_ for-allnades not situateq.. arrthe' partic.ular- side. 
I 

have zero. value~. Choose· the side- ~:;; 1 far extmple (see Figure 3 far 

the numbering- scheme).... Then. the" expansian:. in:. ~ 11) becames 

A (1, 17} ::- a Z <P"z. + a 3 c,03 +- a 6c.o6 

1 
= a 6 + 2- (a3 - a Z! 'IT + 

-14-
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!' 

and the tange~tial derivative along the boun ary is 

d A(1, n) = 
d17 

In particular the mapping of the boundary is specified by 

In evaluating the integrals of equation (9), or similar integrals 

(14) 

( 15) 

which follow, the 1'llapping or transformation between local and global 

domains is of little value unless it is unique and can be inverted (at least 

numerically). Cour,ant and John (1974), p.Z6l) show that a transformation 

is unique and invertahle if the determinant qf the Jacobian of the trans­

formation is not zero. , In the transformation between local and global 

coordinates the regions most sensitive to violation of the condition on 

the Jacobian are the corner nodes of an element. It is well known that 

to keep the element irom folding over on itself, thus destroying the unique­

ness and invertability of the transformation, the angle at the corner node 

must be greater than zero and less than 180 degrees. Using the results 

from the last few paragraphs on mapping of boundaries one can constrain 

-:: ,·.,.,·the locai:ion of nodes ofthe·elementso·-thai:·liniqueness and'invertability 

are preserved. 
-
As an example consider corner node umber 3 of Figure 3. The 

slope of the side 2-6-3 at node 3 is, accord'ng to (15), 

" 
3 1 

- 2Y6 2.Y 2" Y3 + 2"Y2 ~~I = = dx d17 dx 17=1 3 1 
- 2x -x + 2"x2. 23 6 

(16) 
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b 
I 

--
Sim,il..a:J:'ly-,. for the- 4-T-3' th~ slope:- at node:- ! is: 

----------------~~, 

. (L7Y 

I .' -
The conditio II$. 00:. th~ .. ~od~p'ointsr.fo.1::the- tw~sideSt:'ma.Y"'thezb-e-Wrltterr~ 

r- ~~~~~~",. , ...... , .. .,.;!;. -- ,- -.'-'- .' --.' 
, k""".~~~--... ~"'~-. ;.,0#. • • • . _ _ . ' •• .." '. . ' . 

-.- . 

I 
I 
I 
I 
,p-~, 
, 

I 
I 

(IS), 

where-

.: ..... 

. -"\-

Ifthes~ conditions: are not-fulfilled. then the ma.pping is degenerate and:. 

cannot be used.. The constraints for other c'orne-rs: of. the:- element: are"' 

formulated.. in. a. similarfashioir.. These constnints; c,arry overto~ COIn­

plete:.. Lagrangian isoparamet'riC: quadratic ele rnents: {but:: then.: the- Jacobian. 

I is- also sensitive. to the: location:. of the:- center node}.. Use' is made:. of.-

I 
I 
I 
I 
P 
I 

"these constraints- when checking: the: conditions;:, on~isopat:ametric:"cttc-lesll 

and I!ellipses ll (see- section: LV., E: and:. Appendix'IIl. 

Before leaving this discus sion of basis functioIIs and; function:. 

expansions~ it is of interest to mention a.. partie lar problem: which_ arises 

with.. specification oLnonhomogeneous parameter fields (such as the 
, . 

transmissivity). When- functional coefficients reo used:. (see:: Pinder, Frind, 

and PapadopuloS', 1973) the nodal values are as igned and the field is---
, 

interpolated using the basis function expansion~ Most: parameter fields 

are: inherently--positive valued. (transmissivity •. porosity, leakage 

-16-
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i 
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~I 

- ',' 

coefficient, aquifer thickness, dispersivit , etc.). When the variance 

of the assigned values is small and the rna nitudes are fairly large 
! 

there is little difficulty. But, when there is a large range in assigned 

values a problem of negative value s rna y arise, even if ?loll of the 

assigned values are positive. For instance, assume that the value of 3 

is assigned to all of the corner nodes and the value of 1 is assigned to the 

side nodes. Then the interpolated value at the center of the element is 

-1 (see (12) and Table 1). It is difficult to develop useful general con­

ditions to guarantee positive definitenes s of the .... entire parameter field 

but it is easy to develop such conditions for values on the element 
a3 - a2 

boundaries. Indeed, from (14) the extremum is at ,,= -2(a3 + a
2 

- 2.a
6

). 

if this lies between -1 and I, then it is within the element. Substituting 

this value of 17 into (13) one finds 

If A < 0 and 1771 _< 1 then there is trouble. A mOTe useful 
extremum 

condition follows if it is recognized that in ptactice qne is'usually inter-

ested in specifying a uniform (not necessarily constant) gradient across 

an element. This is accomplished by keeping the extremum points 

outside of the range - 1 <" < 1 (or ; instead of 17)' 

following condition along the side 2-6-3: 

This leads to the 

-
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

, .. : :;;',,' ~,," .. ::; .... ~.~::-:., i:;:':~;; :.: ';,'~'~' ;.: ';'~":;,~ .' - ;'. 'I .... _ . .... ' , . 
' . ~. '. ." .... ~ or, .... ~~. - ~; > ..... ~." ".-; .. .... ..... 

a
Z + 3a

3 
3a

Z + a
3 

4 ~ a
6 $. 4 

IOhe"n a
2 > a

3 
and 

3a
2 + a

3 
a

2 
+ 3a

3 
4 ~ a

6 < 4 
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wbe'" a. . > a. • Similar conditioll$ a""" faund:!' or th..,. other sicie'",_ If 
~ Z. . 

th~s~ condition$ are metior alL sideS' then;. t erewilLbe no;· problem: 

witb:. violating; the:. positive. de(fuite: condition:. w-i~the:: ~lem:ent;... AS!-- CL'. 

second:.. exampl~ consider-specifying:. a;:3~ .. ·4000· and: az:=40d:.... Then:. t~ 

I g.uarantee: a.. uniform: gradien~ one:: mus.t hav~ 13:00;S a&,~ 3: rocr... . . ' .. " 
'. . .. . ~". E~Y,r,a.ILi?:terasting.theo·retn;c:onc:enWI~'th~specifi'-c;attdre8E~"""'''~~~ 

. ·'I~~W.~:~;e~ along;: a. boundar.y,' or eveIr:_ s;ecifieatiozr.: of the: bounda.ry-its:elf~ 

I 
I 
. 1 
'I 
f 

I 
I 
I 
. ..Q ... " 
I~ 

1-

I 

is: mentioned-

Theorem.::. The slope:- of. an: interpolated paramete.r representation: at the:: 

side: node:: is-. equaL to. the: slope: of. the:--line- drawr.t..thr.ough: th~two- corner 

node:values--

This;, theorem: follows: directly- from: { L4l with. rr: 0 and.. is: o£ great value: 

when: visualizin~the: shap~o£.a.func.tion: ortha shap~ oEthe:boundarr 

through.: specified:: point's_ The: validity-of: this. theorenr does:-~ depend::: 

upon::. the location::. o£ the: mici-node and:,.. . thUE;...i: ~ of: g~eatvalue:::·wherr 

visualizing:. th~e.ffec.t OIL the: interpolated:.Shap~of. the-bounciaJ:y" (anct.. thus 

on- the- Iacobian. ot the. transformation) of moving the. mid.-side. node. 

C.. Problems with Wells.; Local Solution- IinprovementMethods 

An:. actual w·ell has' ~£inite:radius. and th~ magnitud~ of; the:- velocity- . 
. . , 

at the-well walLis'very large:- but: stiJ.1..£fnite... tn.. the cho.sen:modeL the . . . ~ 

fIowfield. is envisioned. as being: two dim:~nsionaL and. injection and:. extrac­

tion: wells_ are as sumed. to exis.t at~ specific:: points., 'roc get a:. finite~ dis~ 

charge· into orout of a point the" velocity. must be infinite. and.. this'. is.. 

the' main diffic.ulty-presented byweils.,. Neithe~ the. finite difference nor': 

finite element methods are:.able:to accurately s'imulate rapidly' varying 
,-

fields, let alone tho.se which become singular. 

Gene·raLproblems- presented by- theprese ce of singular~ functions .. 

in the true. solution: are, well recognized, in. the:: f nite' e-le.m.ent·literatuJ:e • 

Eacrr of. the following: produces a.. particular-typ~ of. singularity:.: the.: 
r' 

/. -18-
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point-load or point-source, the presence of a corner in a structure, 

the presence of a fracture or crack tip, nd specification of discontinu­

ous data. There are three general appro ches to improving the solution 

in the local region around a singularity. First, the finite element mesh 

may be refined. Second, a singularity may be introduced through use 

of a singular transformation between the local and global domains. The 

third approach is to augment the solution space [the function space 

spanned by the set of.basis functions co.(x, v)(j = 1,2, ... N )] by adding 
J n 

higher order functions or functions of a particular nature specific to the 

problem at hand. Carey (1976) and Gartling and Becker (1976) present 

two examples of the first approach (mesh refinement), the work of 

Carey being more readily applicable to problems containing singular 

regions. For a discussion of the second approach., that of introducing a 

singularity through the local-global transfol"rnation, see Henshell and 

Shaw (1975) and the refel"encestherein.The third approach, solution 

space augmentation, has found greater application and is of primary 

intel"est here. 

For a general. discussion of the third approach see Strang and Fix 

(1973, Chapter 8). Pian (1964 A & B) addeq. higher powers. to the poly­

nomial basis functions of particular rectangular elements. Krahula 

and Polhemus (1968) used. the same technique, but with trigonometl"ic 

functions as well as higher powers added to the set of polynomial basis 

functions. The work of Cavendish, Price and Varga (1969 ,pl"esented 

I 
1 

at the Symposium on Numerical S~mulati~n o~ ~~s.e~.:v0_i~.~~rf~~z::~~~~:-. .. y,c,;.;.,,, ' ... \ 

.;:"':::'/'~:' .. ,··,:,;.'of·,the:Societyof Petl"oleum Engineel"sof AWE, April 22 -23, 1968) is 

vel"y intel"esting in that they dealt with the same problem considered hel"e. 

They pr~sented a general discussion of the Gklerkin method and included 

the problem of calculating accurate pres sure, distributions and pressul"e 

gradients al"ound we~s. The technique is es{entially the same as that 
'I 

of Krahula and Polhemus: trigonometric functions are added to the 
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exis.tin~ set: of basis;. functions: of~' ~ectanIDllaf elementcontainjng; a.;.. 

well- These: trigonomettic functions are'; th.e~ treated:1ikee:ordinarr 

basis:: functions- with:.. their c:6~fiicient$ determineC£by- the-°re~ finite:. 

element method'_ 

A~ extension:. oL the:. th~rd:. approach:. to.. non.-rectang,ular elem~t5,.. as:;· 

~ ; ... 

.' "'''~~i"ci-~~J-~~~~~~.$~~~~~.c;~~:k.~~~~~~rut~fi~ld:~,has.;"b.e~g!;.v.em.~y.;.:Mo-~le1.Y~~~·'L~ I· . - (l970r and..Rao, Raju and-Murty" (t97t).,.. Mor:le-.rdealt·vrrith:method~ror 

I 
I 
I 
I 
P 
I 
I 
I 
I 
I 
I 
I 
P 
I 

incorporating; special.. solutions: into: the fmite- element-analysis:: of th~ 

problem: of- the:. bending;- of. a s quare:. plate:- wi th: CL. squar~ hale::- in: its.: middle ... 

These speciaL solutionsc are: the bihannonic::. eigeniunctions: ot- thei::-problezn;:. 

the: solutions:. describe: the exact analytical.struc.ture:: in: thee: vicinity- or.' 

di:scontinuities:~ and. ilr; p~r.tic:ularthe- eigeniunetion& des-cribee:the singu­

wities: in: the~ moments: at: the:: corners..' of the:h.ole--.. In::on~ respect 

Morely' $". method:.. difie:r$ fronr.:the:-others-.- mentioned:=-_ the: eigemimc.tions are:­

th.os~ of; the: entire domain:. rath.er than: tho se:. of: a particular suh-region.;... 

Raa,.. et: al_.- di.vide::: the:: dom~int~: la.rg:e pr.in::tar.r elements;; c:onta; ning;: 

"'streS$ concentrations:" and: s'econdary- elements; which:: are' regular 

finite: elements.. The solution- within. a primary element is composed.of. 

fUnctions:," not: neces sarily- eigenfunctions,. sansfYing:-. thee di££erentiaL 
-

equatio~ and. c erta.in. boundary-' conditions:. on. the: suh.-regian_ Agaillf_ the:: 

coefficients of. these: functions are-- determined: frol"Ir the~ regular-finite: 

element method_ 

For-aILo! the e~ples of increased local solution- accuracy- men­

tioned:thus: fa:.reach~ region: of:. desired solution: impro.vementrequirea a.n:.. 

aadition:.of. unknown' coefficients to the vector- {hj~' [see~eq'''' (4) J. A 

problexn arises when: there are: a.. large' numberr of such: regions or a 

large- number-of a.;cided functions'. The size of- the' II stillness" matrix, 

as. weLLas. its bandwidth, is greatly increased.t' 

In:.. a.. quite recent paper-Hayes, Kendall a dWheeler (1977)" treat­

the probleItt of steady-state. simulation. of well fieldS' and. ~se a. technique' 
! 
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-
which is similar to .that presented herein. Rather than increasing the 

dimension of the FE solution space they cha.nged the form of the approxi­

mation to 

p(x, y) =' LP. ca. (x, y) + w(x, y} 
. J J 
J 

where p(x, y) is the unknown function being approximat'ed, the sum is 

the usual FE basis function expansion and w(x, y) is a special function 

of the form '. 

w{x, y) = w{r) l' < R 

I 
I 
I 
I 
I 
I 
I 
I 
I 

At the 'well (1':0) this function exactly reproduces the source/ sink singu- I 
larity for a non-leaky aquifer. Also, w{r) and its gradient vanish at 

l' : R. R is chosen so that the support of w (the ,region over which w 

has a nonzero value) is confined to a small number of elements, usually 

one. In their formulation w becomes pa'1't of the iorcingrunction and is 

integrated over the domain. In this fashion the singularity is locally 

removed from the problem (although the del~ function is still present 
" ;. 

in the forcing function). The stiffness matrix remains unchanged but 

the right hand side vector has areal integrals involving products of the 

gradients of wand the basis functionscp .. ; . "" ...... ,: . ,"" '., ~'_:'~" '. '. 
1' .......... :# ~.~ ~-":.' ; .... <:. ~-:)' .. -', ~., ....... ~~ .. ~··z!'· ~"\-.4". ~~.;~.:I: .... :,~. ".' ~~ }.~'-' ~ .. , .. '~ .~' : ... ~ _;. .......... ~ .. '.' -,." ", . ,': .~. ~ -: ..... ";~. . "·1 ... t···.~ . ';:- - ' ........ :: " '. . 

Next a new technique is presented whicp is conceptually simpler 

and co,:,putati~;.allY more efficient than the [ethOdS just discussed. 

D. A Technique for Singularity Removal I 

,,: 
One approach {not used here} to simulation of a well field problem 

is to straightforwardly solve the matrix equation (9) for the coefficients 

is asslgned by having the point 

I 
I 
I 
I 
I 
I 



I -" 

la 
I 
I 

I 

'I 

(~, y-Id' coincide: with. a. node:- point- (co~er)... teo solution-obtained. l.n:.. 

this fa.shion:is;; perfectly- ade~uate:: in: the: far-fi lC£region:.aw;a.Tfr01n:~e­

welL but: the:: accurac.y decrea~esr as the- iinme 'te vici~tT of. the:. well. 

is< approached .. 

The:: method preS"ented:~ below· is. an. extens.io~ of. the:: foUowing;;.very-

, .. _ ... -;.;t~!~~~:~c-~.;~;~ct~~?~~!~,:~.~~~~$.r:-.~~~~~dir.:~a;~~~O!,a.~m~ .. ~~~ -r- nod~ ';"e: place:: the- well within: an: element and:. distribute.' the:~is.char:g~ 

I 
I 
I 
I 
'.~," .~ 

I 
I 
I 
I 
I 
I 
I 
D­
I~ 

I 

among; the:: nodes: of that .. element'_ If one';' determines:: the-distribution:: ot:. 

discharge by integrating: Q~. over the element: one:. finds:; that the: alloca­

tion: to: the:: i: th:. node: is.:.. ~CP~'1t..'. yo-Id where (x-k..'. yld. is;~e-locatioIr of: the:: 

welL withbr~ the: element: [remember that a : ~o'(:r-"k~ y--y-td I~ 
The technique:. s.uggested:.:hereiII:: iSO': to: approximate:: the:t~ue:. solution;, 

h(X';yr-by-thecotnbinatio~o£ whata.znounts; to. a;.;..Green."s:.fimction.: G:: for:-

a.. welL of.: strength: Ok. within: aIr. element plus: a...ifinite-element.s olution::. - . ~ . 

(t9T' 

This. concept is: shown: schematically-in. Fig1.lre-4., We:::£ind that the.. sing1l-
A· 

. larpart ot. h. is rpe'resenteci exactly by G. and:. H becomes regular;. and.' 

hence- determinable by the:-finite-element method,.- within.. elements: con­

taining::- wells.. The distr.ibutio.n: at discharge: to nodes of the- element i s- . 
. . 

: T 
determined.. by evaluating. a boundary integral obtained by' applying: G:r.een,ls· 

theorem.:. to: the.: function.. G .. 

The: boundary: value- problem.. describing the Greenls functioncor.res-· 

ponding- to a.. point source of strength. Ok within.an. element Q7 with. 
e: . . 

boundary r . is 

(20) 

G O · e ,= on: r 
;.','.-" 
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l 
/1 
i! 
~ j 
H 

A 

where L is defined by equation (2). The ·nite element solution H is 

continuous over the domain n, and addition of G does not destroy 

this continuity since G = 0 on the boundary of the elements for which 

it is defined. 

Incorporation of the Green I s function into the finite element state­

ment of the problem given by equation (9) is easily accomplished. First 

the domain of integration, n" is divided into a number 'of subdomains 

(finite elements) ne,. e = 1, ... N. We want to embed G' in a particular 
e 

subdomain (' singular' element). Substitute equ~tion (19) into (8) [ equation 

(8) is written for an arbitra"l"Y element ne
; the interelement bounda"l"y 

integrals derived th"l"ough application of Green I s theorem cancel due to 

interelement c ontinu'lty ] and expand using t~e linearity of E(CPi' h) to 

obtain 

.fJE(CP .• H)+E(<e .• G)dne: JijO+K
b 

h !<o.dOe-!q ct'.dr (21) 
o,e 1 l, n,e 1 a 1 r n 1 

Next for elements containing wells, multiply (20) by cp., integrate over 
1 

I 
I 
I 
r 
L 

I 
I 
I 
I 
I 
i 
I 

the element 0, , and apply Green's theorem to the second-order te"l"ms to . e I 
obtain the identity 

JI E(cp .• G)dO
e 

= JICP.QkO(X-X. ,y-Yk)dO
e +1<0. T aa

G 
1, d:r ~ 1 n e 1 ,k r e 1 ClfJ x f3 Cl 

(22) 

I 
I 

, , .. :. : ._. ,',' ...... ~ ,' .. :.~:..: ...... ' .-:' .;.. ... <~ ... ~.~ _"!: .• ':: :. \.~ .'.~'. ~ ........ :: r:{.:"-:~'~'~~.~::~:.., .. "~";'':''f f'~-·:r·~,-:. "~~'~~~ .;':" -:-. .-.::" .. ~ l~ :"",_,,: ~:-:." ... ",:"",,,: ',I' ... ..,;~.-1~ "t.. !·; .. ':·'«··:i';'~ =:: ~1~~' •. :., • ' I 
'.. .',# ~~:.. ~.~' •• ;:\~ ...... ,,,, - -

In this last equation it is important to note the distinction between the 

eleInent domain n,e and boundary r e
, and the entire domain and I 

bounda~y nand r. The final result is obt+~ed by subtracting equation 

(22) from equation (21): \. • 

'LfiE(cpi.H)dn='Lf[~ haCPidn-~ 1. CPiTa,B :~k i.adr (23) 

e rt e o,e ',rk f 

-23-



rl -' 

~, 
r~ 

where ~r$ over aJ.l: elementS!-and.E, is; oni: over the:. boundarieS!; of-
~ .. k: 

those elements containing; wells.. In: equatio . (2:3:)- the: entir~ domain:: 

,I boundary- integral,.... resuittng;,irom:. speci£ying;;flwc (l'te~annl boundary 
. -

. conditi:on~,- haa oeen..leftout;:. improblema ofaquife:ranalysi$ one=: 

I usually works: wi ~eith~r sP~cifred head.. (D~ric.hletrboundaz:r ~ondit±anS! 

I or no floW' boundarIeS', lIt wh1cn case=: q: = 0 and,.the:,~9un,ciaJ:;y~u;teg,l:a:l.~~~.i~;~ 
. . ...•.. , ..•.... ,.....,.-. . ~~~ .. ~~~~ .. ~~r-~~~~ .... ~~~~""""'."":' ... r ... • -.. . '.' .. 

·l~~~~h:~~-r:·.· ". . .. . . . . '. . .. 
I 

Evaluation: of the futereleIIlent Boundarx IntegraL 

Comparison:. of equations... (2:3) and:. (9}: sho.ws; that th:~ only:- remainin~ 

I I . trace' of the=: welL withi.Jr. the:-iinit~ element statement of:.. thet' problem: is;.: th.~ 

I 
·1 
I~ 

'J)"':" . . : ,' ... 
t . ..:: .... ¥ 

I 
I 

I 
I 
I .0 ..... '.-.. 

--. ,.:'- -

I 

boundary integr::tL 

(Z4r 

The-proper technique-for evaluating: this:' integ:ttaL i Sc th~ main;foC'U:Sl' of:; 

this;. sub section_ Whil~'evaluation::o£ this. integ~al appearS" straight­

forward,.. a.. review of. the literature. shows: that there are::.-certain:.subtle:­

ties: to- be- overcome.. For ins.tance, 'we- shalLfind that; the-result pre:-­

sented. by Pinder ancLGray (1977, pg_ 12..4)c is' only- true-·£orelements::with:. 
. I· • 

straight sides.. The: fundamentaL point' to' keep in:. mind. when: addres:sing:­

such integrals is. that the b&undary r e 
and: its: behavior~thin.the::inte­

gral are completely specified once the location of the node:-points:: are:. 

chosen. 

Be£ore:theprocedure for-evaluating.. the iljltegraL in equatior.t (Z,4) 
I 

is discussed we-me~tion a technique, due- to Berr·, for investigating 

homogeneo.us anisot;ropic problems in' terms: of \their equivalent: isotrOPiC .. 

counterparts.' (the:: field within the singular elem,nt must be homogeneous, 

ii. we are to find the analytic function G). Using: Bear's "modified:.inspec.­

tional analysis ll (Bear.. I97Z" pg .. 676) one: findst the transi.ortnation. ot 

-2..4-
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coordinates an9- parameters which carries n anisotropic problem into 
I 

an isotropic problem. This transformation is (for the x and y princi-

pal axes) (Bear, 1972, pg. 297) 

'(T )1/4 
X =X ~ 

i a T 
ya 

, '. 

(25) 

T. = (T - T )1/2 
1 xa ya . 

where the subscript a refers to the anisotropic statement of the problem 

and the subscript i refers to the equivalent isotropic statement of the 

problem. In equation (25) Q is 'the total flow crossing any.line within 

the two-dimensional surface of the aquifer. The transformation in (25) 

carries the equation 

a2h 
T a 

xa ax2 
a 

+ T 
ya 

+ a
2

: i
) 

ay. 
1 

,- (~) h. = 0 
b . 1 

1 

Thus i1 we can find a solution for the equiva~;nt isotropic problem ·we 

can use the inverse transformation to find tlile solution for the anisotropic 

problem (see Appendix IT). The function G found by solving I 
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J I 

.18 
I 
I 

-' 

eo: 
on: r 

(2.6):. 

. .....• ~.~~~~*~~~~~~~:":~"i~5.~~",.~",~;"'~~"~AII!;~~~~~ 
:..oai~~t4rjj~"""W1:~' ~s~Uff~~~~c~e-~fit,o~r:;"~b'oth: the:. isotropic and. anisotJ:lOpic: problems;~ where::-th~ 

I 
I 
I 

I 
I 
I 
;1 
I 
I 
I 
f> 
I 

principaL axeS! of the: latter are coincident with. ~e-. x:-: and:- Taxes:;.. 

NoW"'J the:.- value:- of the- integ~aL in:.. equation:: {2.4}: depends: upon:. the 

type of: basis;, functions:.. us ed,.. the:- shape: of:th~ singular elements:. ~on:.­

taining; we·lIs,..,. and:. the:: Ionn:. of the function:.:. Cl_- Since: the:. distribution: of 

head:. arouncL a:.::. welL in:: a... two'-dimensionaL model. of an: is ott-opic: aquifee 

isa~radiahfunc.tion:o£th~dfs:tancefrom::the::wel1,... ·~natura.Lshap~for-· 

sing:ular element~ is;:a;.. circ'le:(i .. e .. , the:ffuite:- element approximation:: of: 

a:. circle): with::¢:.welLlocatecL at the center.: For ~ circular element with:: 

a... well. a:.t:its;.center:th~di£ferentiaLequation::: d~fning;th~Gree~$functiotr",..... 
, 

equatio~ (2:6:}'r becomes:~ 

e· n 

G=-O on 

"" 
Because both~ representations~ ser.ve to introdu:ce a di~cha~ge Qk- into 

the: floW' domain,. the delta function. de:scr.iption of the:- well may be re-­

placed. by- the~·£ollowing condition at the well:.: 

Thus the· boundaxyvalue problem.. defining. G. becomes 

/ 

-2.6-
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1 aG 
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r ar 
K 
-G:: a 
Tb 

in 

1
. aG Q k 
1m r ar :: -­- 21TT 
r-O 

G :: 0 on 

e 

The solution to equation (27) is 

where I and K are the modified Bessel functions of the :first and 
o 0 

second kind of order -zero, R is the -radius 9£ the singular element, 

(27) 

(28) 

and B is the leakage factor defined by ffb' B :: {K" . In -the case of a non-

leaky aquifer B - co and (28) becomes 

G.:: Ok !n (~) 
21TT r 

The specific discharge, q , acros s the singular element boundary r e 
n 

is given by 

q .:: 
n 21TR 

nonleaky 

I 

~. I 
where 11 and Kl are the modified Bessel functions of the first and 

{29} 

(30) 

second kind of order one. Sinc e for a singulal'l element R is a constant, 

I 
I 
I 
I 
I 
I 
I 
I 
i 
I 
I 
I 
I 
I 

I 
I 
I 
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'F"" is<. e~ tu constantc and' can: b", tak~OU~id'" of thedntegrand' of 

equatio~ (Z.4).~ ThuS.\.: we noW" wctnt to:: evaluate I . ........ .. .-

. I'" . . - " "-., -', . ... e:. 
ct' , .::' <e-.. dr . 
. ~ . L 

, r:~" . ' 

pos-sible::problenrarises;=. thednteriorco.rner angle: between:: two' sides of 

the- isoparaInetriC:. eleInent might: violate: th.e: condition:: tilat: the:- angle be­

les s; tha.n.1aO~ degrees:_,' Tli.e:::discusaion. which:.: fol1o.w$ pres.ents;.'the:: case: 

of a;:. circu:la:r-elenrent:. (isotropiC: probleIn); theo cas eo- or: the::: elliptic:. ele:.­

Inent:(anisatropic::probleinr.iSZopresented::in:;AppenciiJcIr~. 

The isoparametric:. circle:: hag-., itSl node: ppints.; on:: the: tr:ue: circle:· 
. , 

and: its;; boundaries.:: are-located: in:: acc:ardaIlCe" with: equation::: (15)_ Con..­

sider an:: is.oparaznetric:. cil:c:le: with:: the. g).obal coo rdinate:- system: origin; .. 

locate¢': at:. the;circ:le's.; centerand::. the:'x;-~ .. goiIig;. through::: node::- 6: of- . 

Ffgure-J~ Nodes: 2..a~cL 3'lie:along:the'pluia;n~ minus- 45"deg:r:ee- rays •. 

Nodal coordinates. are- as follows:-

-(If-. -f;-) 

k) ( 

R' ... ' T_ 

~ 

-28--



; ~ .~ .. ~ ... 

Then according to (18), e
1 

= 129.6 degrees He e
2

:: 39.6 degrees. 

Thus e 2 + 180 :: 140.4 which is greater than eland the constraints 

are satisfied. Figure 5 shows the true circle and its FE approximation. 

Actually, because of the symmetrical $hape of the.isoparametric 

circle we can go further in discussing its properties. Cons'ider the same 

orientation of axes mentioned above. If we use equation (11) for the 

global coordinates, substitute the node points, and use the basis func­

tions, we find after grOouping equal powers 

x = R ~J 1 -( 1 -_;}2 ] 

y= R 17 [ 1 - (1 - --;-)~ 2 
] 

'. 

and 

/ 2 { ( 1) 2 ( J) 2 ( 1 )2 2 2:}"""'" 
J /= R 1 - 1- - ~ - 1 - - 17 - 3 1- -=- E" "" ." . 

[2 J2 J2 

where /JI is the Jacobian determinant of the coordinate transformation. " 

" 2" I I 8{2 - 11 2 . ' 
(Note that R ~ J ~ 2'" R > 0.) Finally, we mention that Henshell 

(1976) has discussed the magnitude of the distance between correspond­

ing boundarie s of a true circle and its isopar3.metric model. 

We have now reached the point whe~e we can directly evaluate 

the inte gral of equation (31), i. e. , 

.. '-.# . 

We carry out the. development for a true circ:'r with the finite element 

approximation being applied only at the final stage. To start, the follow-

ing identity for general curves is used, viz., 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
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dI:'" = 

z:: z:. ~ 
Ai. t:ru~ circle- of radius, R is,c specified:. by' x: ;-T = R so: 

and... 

" 2-. u-(!i) 

2:- z: Z:: 
. Along;;; x::.. +- T =- R: ,C£::, is;: ;ndeed. c:onstantwhidh: jus.tifies: our. ha.ving;: taketr 

n_ ! 

it outside o£ the integrand_, The:.- integ,ral. becomes;; 

r . C(J; 

\ = <r~ R" teJ-""--R---'2:::
l

---'-,-y=Z=- dT 

e-. 
Now:~ since' q' is, constant along:. r , each side:=node-of, the-boundary-will n: . 

receive: the: same contribution: of: the- discharge. the' same:- being;.tru~for-

each corner-node-" and the', total discharge to a:ll- nodes' is' Z1T'Rq.. To: 
~ . ~ 

simplify'matters we' need only evaluate the integral for" a partic.ula.z.~ side 
, . 

node, (the basis:, func.tion- of; a. side node: has non-zero value' only' along', the 

side.- on:'which:, the'; node-lies):~ Also" sinc:e th~vtalue: of the integral, must: 
. , 

be- invariant to changes in orientation, we, may:~translateand.: rotate th~ 

. element so that the side node'lies along the: pos:itive: x--axis of. a, coordi­

nate- system whose- ·origin. is at the, element' s, c~nter' (the' welll., Finally" 
I 

along, the side for which: the: basis: function has: fon-zero' valu~' one; or the 

local variables", say ;-.' is" constant,., so along:, trat. boundary 
. . 
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1, 
j, 
,­
I 

From Figure 3 we are intere sted in node 6, whose basis function along 

the ~ = 1 face is CP6 = 1 - ".,z. Using the boundary representation of 

(15) the final form of the integral to be evaluated is 

1 2 

16 = qRj (.l-n) ~d 
d77 77 n -1 JR 2 _ y2 

"-

where 

~ 1 
- Y2) + (Y3 + Y

2 
-"2Y6)17 = 2" (Y3 d77 

2 [1 1 2 2 Y = Y6 + 2" (Y3 - Y2)17 + i (Y3 + Y2' - 2Y6)17 ] 

But with the chosen orientation we know that 

R 'R 

(2' Y -=--
2 f2 and y 6 = 0, so 

~ = R 
d77 f2 
y2 = tR21?2 

, 11 1 - ,,,2 
I6 = q R - d 77 = q R 

n -1 r-z n 

, V2 - " 

The corresponding ~esult for a corner nOfe i's 

n n=qR 11'_1 
21Tq R - 4 • q R () 

4 n 2 
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ThUS,. 

(32:):: 
j., 

I 
r~, (corner. node)' = q: R .. ;( J!.·.-l)' 

L . n:::. . L 
, . ' 

, ' . 

;., .~&~Jis>~~,~G;~ft~:hV;~.~.\~,~p:~~res.u:1tsrvoSinterest~i\trs~iIiiCe;-;i:>:rie:~pa~~~~~: 
I .- .... of ~~ tra~s£ormation::betwe;n: an: anisotropic:: and: eq~ivalent iso~opic 

I 
I 
I 
I 
Pr;.· 

.'. . ,-

I 
I 
I 
I 
I 
I 
I 
r 
I' 

proble~ stated:. that: the total...discha.J:g.e-crossing; respective:- segments:- or 

the:. aquifer is: the:.:. same-, , tJ?e: results of {3Z.} holcLfo,rthe: anisotropic 

II s ing.ula.l:: ellipse" as:. welLas:.: the: isotl:opic:..11 s.in~la.r circle! '.... Tliis:; is~;· 

shown: in: a::. longer,.., though:: more:: inst:c.uc.ti.ve fa.shion::in:A ppendix:,n::. 

. Application:. of: the::: techniqu~is:. ·straigh.tfoJ:.Ward:; and:. onl r the!·method::. 
- '_. 

for generating;-- the: forcing:. function: must b~ modifiecE in: a.. standard:. EE:... 

computercode-_ If the:' elemenccontains:.:. a; well. then:.the::welLdischa.rg~ 

is: aUocatecEaccording;,t~ equation:: (32.)_ Corn~r and:.sid~ nodes:..have:::: 

thes~vcdue$ fro~ the's ing,ular solu.t±omadded: ~();: the:.£o~ing;;£unction::, 
~ . ~ 

vectqr [With:: q~ given::.bTequation; (30)'I. 
n:... 

F'. Velocity' Fields:-

Beforec turning:-_ to application of the method pre's'ented. herein.. it is' 

worthwhile.. to. mention: how' th~ FE. solutior:L ma.y. be-- exploited_ .Di~ect: 

utilization: of the; hydraulic: head solutio~ is., pos sible: because-. the' solution 
-r 

is a. continuous~ fUnction throughout the.. domain. That the, FE. solution is 

in:.. a. form: which: is readily-exploitable i~kone major-advantage' not: shared 

by finite difference methods": . This subsection.'is' concerne.d with:: methods 

for' obtaining velocity fields from the hYdrauli~ head- solution.. TheIl', we­

examine' a me.th~d iorgene·ratingfamilies of s~reaznlines and,. finally-;' 

an integration sche~e for determining time of ~raveLalong- the: streazn-· 

lines ... 

...... ~ ~ ". 
-; . ,- .-': . '-".-~ 
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1. Quadratic Velocity Field 

The simplest means of obtaining a ve ocity field is to directly use 

Darcy's law: 

A 

oh 
q = - T 

a ae ox 
f3 

a, f3 = x,y 

A 

Sinc'e h is a polynomial in the local (;, 17) -coordinate system q is 
a 

(33 ) 

finite everywhere (assuming that the Jacobian of the local-global trans-
• 

formation does not vanish). In particular (see Courant and John, 1974, 

pg.26l), 
A A 

q = _ T Oh,.. T oh 
x xx ox - xy oy 

A A .... A 

-= _ T (Oh ~ + oh ~) _ T (e 2..S. + oh ~) 
xx o~ ox 017 ox xy ~~ oy 0,., oy 

X oh oX T ( A N
1

- 8i 0,., 

T I[ A -,:t;i'!- oh ox + 
IJI I 0; 0" 

(34) 

..... 
For the final forms in (34) we have explicit -representations for x. y, h, 

T ,T' =T ,T and I JI in (~"17) basis function expansions over each ele-
xx xy yx yy ~ ""1 

ment and thus the representation may be used directly to calculate ~~at a 

.>~·, . .;,...,· .. ,~ . .;,.:speciiic C(~":77) .:point. 'T:A.convenient-repre·sentation 'of th~ velocity over' .,; ... 

an element may be found by expanding the nodal velocities from (34) in 

a basis ·function expansion. Thus, if (;., 77.) is the /h node point. the 
J J 

simplest .representation is 

8 

I: q (~., 1?')cp.(~, 17) 
j= 1 Q J J J 

a = x, y (35) 

& 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
·1 
I 
I 
I 
I 
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I 

b 
I' 
I 

.. . 

NoWi< while cree eX±st~~ [eitb:er-:fJ:om: (34} o·r (3:5lI an.c:t.is: finite tlttough.­

out the' domaiI:rit::is;; discontinuou& along;.inter element:: bound.a.rfe:s: .. 

Iildeed,.. our. experienc~ show-s>- that ~ ca:seSE Wiitl:c: a;;.; stron~ hydrauliC' head.: 

gradient th~ jump: in:. q"cx:. may-be-large- c:ompared: with; it"s::: ~gnitude-... , 

Two- methods: for improving: OIr. thiso; straight-forward:.. representatio.n:. are:-

. ',' . discusse~~b~~~$~·4\'w.~~~ .~~.::~: .. :-, ... ' .·r.- :":" ' ...... -~.: •... :,:_. :.~.; .. ::-.~ 

"·1'-'~~~:~·r.>~~'= :~~~:;£~~-~~~~~~~i~~~~ved: ~el~~ity f~ercErepresentatiolt 

I 
I 
I 

I 
I 
I 
I 
I 
I 
I 
P 
I 

, for' '. ',,' 
i~ to;. averag~, . >] I • the- neda;L veloc:ities. ..,.alL element"$' con.-

ngueus: with: a:;. given:::nede... Then. with: ~'. ancL q.: " _ repres.e-nting;,_the:.~ 
, .. ~ J -yr. 

averaged: c'omponents;. of Cfer atth~ j node"" the:c:ontinuous:.. velecity- COIn.-

ponentSi are- g.iven:. by-

(!6} 

where: CfJ. are the- usual basis functions:.. A pr10blem arise s with:. applying­
J 

(36) when the Gr.eents-functiorrhas: been: embedded in the selutien ... We do' 

not-want the- finite: element: velocity to' be· continuous acre ss:, boundaries: 

ot elements:. contajIJjng: wells', because the: velo¢ity derived..frorn the: 

. Green.' s function: does not:-van~sh on the element boundary._. WIshing;: to: 
.~ 

taka full advantage of the embedded solution~ we found a method: for-

alleviating- this. problem: as follows-:: when:. determining: the:' average nodaL 

components.: for elements containing:_ the- wells we' include: the...anaLytic::.: 

(Gree~lsfWlction) velocity contribution. Thu~.·, if qG ~. and qGy' are 
< Xl ·1 

the. analytic. components at node J and.i£ the,niunber-oi elements: con-
. ,I 

tiguous' with. node: J is- s, tha averages<are giten. by 

-34-
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~ [( ~ q~~») + qGXj], -
~j = 

(37) 

I r (± <e») ] 
~j = ;L " . q" + qG . 

e=l YJ YJ 

Using these com.ponents in (36) one obtains the desired velocity distribu­

tion everywhere except within element"s containil;Lg wells. To find these 

com.ponents use. 

(j = 1,2, ••• 8) (38) 

Then within the source / sink elements the velocity is given by 

8 

~= L ~.cp. + qG 
j=l J J x 

(39) 

8 
q = L ~ .(/j. + qGy y 

j=l YJ J 

I 
I 
I 
I 
I 
I 
\ 

I 
I 
I 
I 
I 

:F):~:~:~'~' ~'.:;J::""';":'::-'.-"-";-':"":" ':'\"~':-::'-;"":';;';"_::>- "'.~"~~;<"':!:'~"':~./::~"; , .. :., ,'.' .... '" .'::, .. , '.~. ,..... .!.".,·w ,;' ':',. ': --'~. :, ~ :.' ' .• ;.' .': . "'. C,' ,:.:;'::';,;>;r;"-" J " •. ">:<'1 
- '. The velocity field derived from the above equations is continuous every-

where e.xcept a~-ross element boundaries contatning wells. Ac1."oSS 

these singular element boundaries the velocity!is continuous at the node 

points but there' is a jump elsewhere because the basis functions cannot 

exactly inte1."polate the x and Y components of!the Greenls function 

velocity. The discontinuity in velocity is accejJtably s1l1all. 

I 
I 
I 
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I" 

IJ 
I 
I 

--
1 -l 

z:~. Smoothed.. Linear Veloc.ity Field, ~ -

A:.. sec.ond:: approach.: for obtaining:' em: imp oved: velocity- disn:ibution: 

is:. -to:. smooth:. th~.elementvelo..Cit.y represen~ 'on obtained. from:; Darcyls-.. 

law:- before averaging:. the contributions< at ~ node to' find. the:' continuous: 

velocity- £ielet;;.., This: second: approach- is: known:. as: stres $ avera:g:ing:il:r 

ther .... E". structure s..,literature: ... ,~ See;,Hinto~ and::..- Campl;lelL lL9;7.~);..£al%oCDi~~~;tSl~ 
~~O!iO'I!~~~' '~ .. ~. ~.-~, .• "" .. ~ ~ .. ~~,:-;>i,~~;·~r~~~,;~~'!·'·.,~·~~..a!': ;~"'''::-''"4.:~ .• ~;.~. -" 6' • •••••• ..- •• 

. di'~cussion: OL its. attrib.ute:s_ . To' develop;; the method: c.onsiderthex-

I 
I 
I 
I 
W') 

, ~ 

I 
I 
I 

component of. the:: velocity given:: in: equatioIt, (3:4) ... ro: sm:ootlr. this:- repre­

sentation.. we:: find. the-least square's:. fit to; (3'~)' in::.. terms:; of the., linear basis.:..: 

function::. expansion:::: 

..:.... 
('f"" -"l. __ --. 

," x:: 
(40): 

where l/J} are" the:- bilinear basis: functions;; (see:: 'rable:. z:.) o· The- approx±.-­

ma:tion;erroris; g,i.ven:hy- et ~J-17)-= ~ F;'~-1T)' -Cf;d. $", 77")' and:. the: least 

~quaresditi5:;found;;.by- choos~g:the coei£ic.ient's;:in: (40)' so;: thatthe:-squar~' 

of: the errorta:kea orr. its; leas:t-possibl~value,. i .. e •. , find.. the: minimunr 

of.. E. = If e 2dO... Accordingly- one has, the' syjitern ot equations,' 
~ I' 

aE: a --- " " 
i= 1,2,.3,.4 

I from. which. one: obtains 

I 
I 
I 
{J 
I 

JI 4J. tL • cL~d Y 
",e 1 J 
u 4x.4 4xl 

or, upon transforming, to (;, n)-coordinates 

-36:'" 



, , 

,1 1 
:: 1"1 q ~.I JI d~ dn 

. -1 -1 x 1 

q . 
XJ 

(41 ) 

For parallelogram shaped elements (including squares and rectangles) 

Hinton and Campbell (1974) mention that when 2 x 2 Gaussian quadrature 

is used to evaluate the integrals in (41) the resulting least squares fit is' 

an interpolate through the four Gauss points .. Indeed, for parallelogram 

shaped elements the Jacobian determinant is a ~onstant and may be can­

celled from the system (41). Then each of the coefficients in the matrix 

and forcing vector is at most a third order polynomial in ~ or 17 and 

is integrated exactly by the quadrature scheme. The problem of mini-

mizing the error becomes one of minimizing 

where. (~k' ~) are the Gauss points. The minimum valueequals.ze:ro 

when the basis function expansion is an interpolate througl?- the values of 

(34) at the Gauss points. For parallelogram. !elements Hinton and 

Campbell give the following solution to (41) 

1+ 
3 
2 

1 
-2 1 -

3 
2 

1 
-2 

I 
~ 

.1 
I 
I 
I 
I 
I 
I 
I 
I 
\ 

·1 
I 
I 
I 
I 

. : . ,. / .. ': , . -' ... 
.' ',' "";. . ~" ," . "";";"'~~ .:.<.:~_., '. ,JI 

" .- . " '.";';~/.: 

1 
1 + 2-

~2 2 2 

:: 

.1 
3 1 

~3 -- - -2 2 

1 3 
'~4 1 --2 2· 

1 
2 

1 + 3 
2 

1 - -
2 

-37-

3 
1 --

2 

1 
2 

1 +.1... 
2 

II 
qx 

III 
~ 

IV 
~ 

(4~) I 

j: .. 



I 
13 
I 

- th: . 
where- ~.~ i::.=r,. .. _ ... "LV;,,:ar~the:i. Gauss,;poi tvalues of.~ ob.tained.. 

from:: (3.'4):'_. For th:~ g~neraJ: cas-e- of isopar.tIn tJ:ic: elements.. th~ matJ:ix:: 

system: (4-1r must:be: in.verte¢.(hy- some type:- of Gau.ss~n:ellmination~ to: 

finc±. th~ smoothed. c:orner node-values of: ~ Again,.,.. us~g; 2.:x:2.: Gaussian.. 

I qua.dratur~ tao evaluate the integraI$ the: interpolate: of:tite Gaus~ point:' . 

~I-=::=::::~=:::::::::==:=:---
I 
I 
I 

I 
I 
I 
I 
I 
I 
I o 
I 
I 

continuous::· velocity' field: (which: now:- has;: amy- <:-0 rner nodes.' in:. its: expan­

sion)_ 

G..... Streamlines' 

.. From:. the: del:ive& velocity-field: it is; an:. easy-task: to; genel:ate 

streamlines~ Tlieequation:.o£. a... streamline:: is;.· 

(43};:' 

where- u. and: v' are the-, x: and y components of the. velocity vectors, 

respectively-... Using: the-transformations: x:. =~~.cp'~" etc:-.- [ see:- equa­
J J J 

tion. (La) 1,. fo.rx-,. y,. u..and.. vas. well. as 

8cp:-: ) 
+-~d""" 

81T' " 

one finds: that: the equation:for the streamlines, maybe transioJ:m.eci to: 

local coordinates- as' 

-38-
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where 

B =( I: Uo4'o)(I: Yo ;s-\ -(L: Vocao)(L:Xo ;s- ) 
o J J ° J 17 ) ° J J ° J '17 
J J J J 

To find the streamlines all one need do is integrate equation (44) ·in the 

local coordinate system and transform to global coordinates. The im­

proved Euler's method (which is a second order Runge-Kutta scheme) 

was chosen for carrying out the integration. 0 

Consider taking a step of length D in local coordinates. Then 

approxim.ately 

W10th A - A A C 
~17 -: 13.J..).., 

so 

2 2 
- ~~ + D17 

[from (44)] this becomes 

.-.. . ,,_.... '. -~.:., . 

(45) 

(46 ) 

Equations (45) and (46) give the step along th,e streamline in local coordi­

nate s. The directions of the step are given by 

... I 
I 
I 
I 
I 
I 
I 
I 
I 

I 
I 
I 
I 
·1 

I 
I 
I 
I 
-



I 

~ 
I 
I 

.. 

A.> 0'· 

The: alg.orithm: for the second order Runge--Khba s'chem~ is~ ~s: folIQws. 

(see Carnahan,., .Luther and:.Wilkes~L9~6..<7.,,;.-,p~3:6·2.~~~~~~ 
~~.~~~.-:",:";~~.!;>-;..--~:..,.:~,<;-r .. ..,., ...... :;"~, .. ;,-,,.-" ......... ,., ,-,-,-=,,!. '-~-'-' -, ", ",.,"': :.1":, " , '-'" , " .. ' , ' '- ' " 

• I_ .-start-at-point ($, 1it 0'" evaluate.-: A.O' and: BO" and:.,take: the step:' 

I 
I 
I· 
I 
:p 
I 
I 
I 
I 
I 
I 

I 

accordin~ to; (4ST,> (46.} and. ( 4: 7} to::, reach:. ( ~ 17't,.-, 
2.~.. 1£- (.;; 17)--1. does:: not lie within.. the: elementmo.ve back-along:: the:-

3_ 

step:- to; the elementbounda:eYi. 

.. ~te&L a.ndd3c

L and:averag.'" ~ & ={(AO+-All. 

, ~ = z.(BO';+- Ell,,.. 

4_ takethe'step:againfronr (~17)O using; Land. a and;.being;: 

sure to:: remain:. within:: or on: the elem.ent boundary," 

repeat-again-
! 

ThiS"'" scheme:-:W'as;. us ed:.. ta: generate: the:- streamlines" shown:. in:. the:: suh-

section~ on applications ... 

, H... TUnes ot T"raveL 

The scheIn'" used. for generati';gc th"; :t" of. traveL along; stream:­

lines is ve:ry simple:- alsoe< Each.; time the:. r .' step: is:. taken:: in: cons.truct­

. ing- a s~am1ine between two points we: evaluate: the: magnitude: of: the 

velocity-at both. ends.. Thenr we: use: 

D.. 1 _--,"g!;;.lo~b~a= __ 
t :::t +-
1 cr 'l . 

which approxima.tes 

t = t L ,0 

I'(VO +-V 1) 

ds a. 

./ 
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; 1 

.. 
! 1 

: 1 

; . 

where ds is the increment in vector length along the streamline and 
Cl 

D 1 b 1 is the step used in the Runge-Kutt scheme transformed to goa . . 
global coordinates. To generate breakthrough curves one need note that 

the closer one gets to a well the more pronounced the effect of the singu­

larity. At the well the flow is essentially radial. If streamlines are 

set off at equal intervals around the radius of the well, .each interval 

carries the same discharge. Accordingly from the breakthrough times 

for each streamline at the extraction well, a linear extrapolation may 
J. 

be used to find the breakthrough concentrations. 

I. Plotting Contour s 

A final topic before applications are mentioned is the method for 

gene-rating contours. The method follows.irom equation (12). AssUIne 

the expansion 

A(;'17) = ~ajCP/~)'17) 
J 

is available (that is, the components a. are known). Then to plot the 
J 

contour A = ¢ one needs to solve 

2. 
¢ - (c 1 + c2. E; + ... + C s ~ 11 ) = 0 

::~ ~~2 ! . ~~ ~~2 

<l> - I (c 1 + c 2 ~ + c 5 S ) + (c 3 I + c 4 ~ + c 7 ~ ) 11 

+ (c 6 + cst772 = oj 

or 

-41-
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,.1 ~ 

·13 
,I· 

. ~ 

1 . :\C=;.. -B~==J B·2:...:.. 4Afc-cV} . . '. '-" 
~= . - . 

- '. .'~ .. ~.~~, .' .~~~~,~~~ r ..... ~-~~~ ....... .. S', .' '" . . . 
....,. *' #:: .. 

- If:. ;:"'lies;within:the range- -t:.:S:."r ..:£. L {.;- is:- chos-en:- to:: be- within: this:o 

1 

I:·' 

I 
I 
I 
.1 

.J-- ............ ........ ...... 
range} therrth:e:-point ((;,17): is: a.:. point on: the:- contotlr_ This: maybe~ttans:-

fo rmed: bY'" equation: (lOr to: fine±: the:: corresponding; globaL point".;.. One- needs;;· 

to:.: search:. thl:ough:.: ~ series of;. ~. points: and; them through:. a;;. series: of., ,.,..,. 

pointSi to;' specif.Y'"the: c:ontours;.witfim an:: elementj~_1I3 __ .lIIg"_.'t •• 1:' 

... _---..,.becaus;ethec:ontourma.y-:r.un:.roughlY-para-lIe~ to: one or. 

the local coordinates-_ 

:;:;.-
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V. APPLICATIONS 1 
As mentioned prev"iously, application 0 the technique presented 

herein is straightforward and'\only the mellio for gene:;oating the forcing 

function in a standard FE computer code must be modified. Ii the element 

contains a well then the well discharge is allocated according to equation 

(32). Corner and side nodes have these values from the singular solution 

added to the forcing function vector (with q given by equation (30)). 
. n 

Also mentioned previously are a number of techniques for exploit-

ing the hydraulic head solution to obtain furthe\r results. Since the 

hydraulic head is specified in a basis function expansion its derivatives 

exist everywhere and may be profitably used in further analysis •. These 

results generated from the ba,sis function expansion of the solution (con­

tours and streamlines} are of great value when v"isualizing the finite ele­

ment solution. They represent a pal"ticular adtantage which the finite 

difference method does not possess: rathel" than having to interpolate 

bet\veen node points to find contours one may use the continuous FE solu­

tion. But, as is the case with any of the numerical methods which re­

duce a partial differential equation to an algebraic system, the solution 

generated will not possess all o-f the pl"operties of the "t:rue" solution. 

In the case of the· generated contours of hydraulic head this shows up 

when one follows a contour bet\veen elements. While the contour is con-

tinuous, its tangent is not. Ii one required a solution with continuous 
.~ 

c.c 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

.' 

I', 
I~ ., 

I tangents (which amounts to having continuous first derivatives of the 

solution), a system of basis functions possessing a higher ol"der of con:-

, .•. ;,;..t .... '<-:..~nui~y. should.be used ;o{e.cg .. , .Hermitian elements ,····seePinder andGray~::""'·:~..r,';':· :;,,:1 
't't I~ .~ • ,".' .'. ~ .... '. • ., • 

.. 1977). One can always improve on the solution o~tained thl"ough appli- -- . I 
cation of mlInerical methods, but this will requirr incl"eased computational 

expense. .1 
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A.. 'The- Thiem ProbIem:. 

As= a: ftl:stexample consider the:. simple- Thienr problenr: of' & welL 

located. in: the: middle:. of a. ci:rcular island::: and:'pum2ing;; from: a. confined: 

non.-Ieaky aquifer under steady- state: conditions.:.... This:: p.urelv-radiaL 

roblem: was:, used: tao determine , distJ:::±b.ution::~ of fIOW' 

f:rom: the:, singul.ar. element:: containing:: the:. w~lI is.:: correct_ If. the: distri ~ 

bution: is: cor~ec:.tthen:.the head. at:. all. nodeS' .. , on:. the singular eleInent 

boundary-would:. b eo:- the: same-.- If the- dist:l!ibution: isc. not:: co rrect: then: the-
, ~ 

headSi for the:: corner:: and. side nodes, wilL differ~ The:: s.olution: (not in-

cluded. here)~ showed.. that the: heads;. are the:: sa.n:te ... 

B:" S'ource."" and Sink in: In£init~Aquifer:- I!otropic.:- Cases 

A:- more=-intere.sting:;,example::-concernS:l the combination: of' source­

and: sink:well&pumping:azrinffnite'aquifer;. The: analytic:: head. solution$ 

for both:: the:.- leakY" and:.non.-leak;y~-cases;.are-: known:-;,.,vi:z;;.,~ 

h -
Q 

2..1iT 

Q: 
h ::--

2..11T 

leaky 

( 44.)-

non-leaky 

A s shown, in, Figure 6" r-
l 

is,. the distance': frQrn' the: injection welL and. r-z.. 
is the distance. from::. the:- extraction. well_ For:- the. non-leaky case.. the 

contours' of c.onstantheadfornra.fa.:mily of c'irc'les' (Apolonios' circles;' 

B '1 7 ) " ur-o ' [41T-Th ], . f 0 f· 01 • earl; 9 2. yy 1th C' == exp: ... Q .. ' the eiquatl.on or thlS aml y 1S 
! . 
I 

d+ [-r- (~:=i}r = [:<~r 
where" 2d. is the: distance.. separating. the: weI S. (Figure 6) . 

. 
/' 
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To obtain the finite element solutions
j 
over a finite domain the 

analytic heads irom (49) were used as bounbary conditions on the do­

main. Also, by symmetry, the perpendicular bisector of the line con-
, 

necting the wells is a line with zero head (zero head at" infinity is taken 

as the datum). Figure 7 shows the element mesh used and a compari­

son of contours of the finite element head solution with the analytic 

solution for the non-leaky pl!oblem. The di$tance between wells is 305 

meters (1000 it), the radius of the singular element containing the well 

is 30. 5 meters (100 ft), and the rectangular domain shown is 1830 x 1070 

meters (6000 x 3500 ft). In this domain (hal! the source-sink combina­

tion) 23 elements and 86 nodes were used. The transmissivity of the 

aquifer is lIZ meters
2

/day (9000 gpd/ft) andi the pumping rate is 680 
3 

meters /day (1Z5 gpm). 

With these parameters the analytic solution for the head (in feet) 

is 

h:: lOIn ( r 2 ) 
11' r 1 . 

As a measure of the error we have used 

error h - h 
.:: 

Q/21fT 
.". (rZ ') :: - h - In -10 r ' 

1 

'r 

( . 

.i.'he maximum node point error occurs at the two upper corner nodes of 

the singular element containing the well (in the Figure). The magnitude . 
:,;.i';"\Sf'':('4-(:'~·~~~~' f. ". ~~'" ;:.:~;~;:",::';~,:,: ~:' '~.;~'" t.;;.:. :~ .... ' 6'"<~~'-:' : ... ::.~ r::~' .;/, '.;:.;'-";~'5" ' : -;.:.~.~ "'", '.... ... ', :~ ".::" 'c ~.:' \.-~.\,':"":,.,-.". ; ~~ •• ;: ~ " ',' :- -: : ":', ''; .'~ •• ",", ','. .~ .-.' ," : .... :. ". .' • -'.' ,'::':.-.: _. 

;''''~:''''?''~'of the error is -0.063 which corresponds to a negatlve error in head of 

0.1 centimeters. Within the singular element 

Error = h - h 
Q/27TT 

:: 21fT (H + G 
Q 

-..J:5 -

h) 

c 

.1 
I 
I 
I 
I 
I 
I 

~ .. ,:.:.:: " .. 

I 
I 
I 
I 
I 
I 
I 
:1 

I 
I 
I 
I 



·1. 
.b 
I 
I 

.... 

-, ,". -

where w'" ha.ve ,.sed: e~tionsd 19t~ (?.9} and: (19) _ ~'" not", again:c that" 

a.t the- weIT the Green!:sdunctIOn: G. and ac~ (~nalytic) solution: h:- are;' 

equetl- In. our result R: =- 3cr .. ~ (radiusc of the: circular elem.ent contain:.-

in~ thewellL~ r"z:.. =305: and:. H ~t the::welLis",eq!J.aL to;· hal£. the: sum: of' 

"1:' "~_·th:eifSicfe'.i-riad'~lieCfd:Sflib~th'es:·eieme~.. mmtI-5f.one-q'U3;\rter.th~"s'UI:n1:'o:E th~:-;,£~:4:I"'ti-~~ .... 
co rner node-head$. (H

welL 
= 2.. ... 2.2- m)... Thus,. at: the sing.war· point the: . 

1 
I 
.1 
I· 
'13 
I 
I 
I 
I 
I 
I 

erro ri 5"", -0 ... 01 L. which: carres ponds::; to.. minus. II L centime tars-_ 
! 

Figure'8 shows; the:-pro£~e: of. the:: anal:yti¢::; head. solution. alon~the: 

centerline:- througJr the--wel1sfor the: leaky:-aquiCer'counterpart of. the:.­

previouSi' exaInpl;er_. Als.o;;. included: are- the:- finit~ eleIn;ent: node:: solutions 

and:. the::- sa lution:: at: the elem.ent!' s; center as;;' det"rrnined::. froIn:' the:- bas.i$..... 
. . i . 

fUnction::: expans.ion-_ The::hydraulic. r:esista:~c:e~ ~.' is:. Z500~ days: and.. 
I 

the head:. in: the=-adjacentaquiferia;.. taken:: as'; z:e~o_ Agai.Ir;... comparison:: 

with:: the analytic: solution: is;.; s.eem t~ be ;"err gpbd~ Tlie: error wit~ the­

sin~ element: is; givelr: by.-

z: r · (rz \ ( R) Error-=- 1T" H +-K -} - K ~. 
Q. o·a, 0 B 

Atthe.welLwe- have,' an.errorof-O. 076 whiCh:cbrresponds. to.: -7.A- centi.-

meters., 

c. Sourc-e and Sink in- Infinite: Aquifer:-: Anisgtropic: Cases 

Figure:' 9 shows', contours; for-the: leaky, ~rsotropic. counterpart-of 

the-previo.us ... examples. In:.Figure .. 9-a the·majdr· principaL axis of. trans,-
.. ' 

missivity- coincides with the· centerline through-the injection-extraction 

:welL system. •.. The, x and: y transmis.sivities a~~ 55 .. 9 and.. Z~3 •.. 6 meters-
2
. 

per- day- (in acc9rdarice> with, equati~n. (~5). Ti :;.~{ 55. 9 x Z~3. 6) 1 /Z' :::; 112.. 
2.. . , 

m / day so comparison can be made with the 'PrJviOUS exam.ples.. The 

leakage· coef£iCie~t and.. discharge- are the'. same as. i~ the~Other source­

sink.case$_ I:n.:.Elg,ure:9-b~the=axe..s:;arereve·rs d::...W1th: T =-Z2..3._6·and... 
x.":. 
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T ::: 55.9 meters
2

/day. A comparison of 
y 

situation depicted in Figure 9 -b would be p 

e two plots shows that the 

eferable if one were inter-

ested in establishing a barrie,r (e. g., the s It-water barrier mentioned 

in the Introduction) to flow in the direction of the centerline through the 

wells. The mound of pressure covers a greater width perpendicu~r to 

the direction of flow so an increased spacing between wells could be 

used. 

D. Velocity Fields, Streamlines and Timtls of Travel 

.. 

If one's only interest was in determining the hydraulic heat?- through­

out the field the analysis could cease at this point. The technique used 

yields an excellent approximation to the analytic hydraulic head~ partic­

ularly considering the coarseness of the FE mesh. But, obtaining an 

improved distribution of head around a well is not an end in itself. The 

primary goal is to apply the method to problems of contaminant trans-

port where the distribution of velocity aTo~r,cl,. a well is extremely impar-

I tanto 

The velocity field is obtained by differentiating the head field. That 

the head solution is to be differentiated provides one reason for choosing 

q~adratic , isoparametric quadrilateral elements. Linear ~lements yield 

a constant velocity over each element while our experience shows -that 

< 

,I 
1 
I 
I 
I 
I 
I 
I 
I 
r 
I 
I 
I 
I 

mixed order elements lead to poor results when the solution is differenti­

ated. The type of elements used in this~work and the singular solution for 

elements containing wells combine to provide enough freedom to obtain: an 

accurate solution near wells yet they do not have an excessive number of 

. ;.::\.\:;x':n6de·s'·in:·the':-fai-·fi~·lci~·egi·o~ ~'~h~r'e"th~' ~~iuti:~:; 'd~'~'~' "~~t '~h~~'~~':~:;'idl~ ."r~',.~"}' ":",-"'1 
The discussion now turns to the two metlr.ods for obtaining im-, . 

proved velocity distributions with C orre spondi 

generation of breakthrough curves. The case 

streamlines and to 

an injection and extrac-

tion well in an infinite non-leaky aquifer is again considered. 

lytic solution for the streamlines is (Bear, 19 2, .pg 321) 

The .ana-
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'.1 
E"quatiOl'r {50}' maybe change:.into: ,the::. io.r:m,.. . ' -,.>- - .. ' ... ', __ '~Uri'r~~ 

"'" :,; ...... /': •. 'f" ',. '''-''_'~~~~,:'''rlot ~~,.~.yt",~~;;'<"ri\'Y':--~'for-t'-:O-~ .• ~~~'~" .... ~yr"'" ~ . 'e',' I" .~,,: .r.~ I\"l~:-r-~ •. _ ._._ • .. ~ ...... 'T • _. • ~.. -. - • '. 

. . . ~. z::: L 2... 2... \jL 

I 
I 
·1 
.. I 
,.... 
,.::0 
... ~~j 

I 
I 
~I 

~I 

~I 

'1 

(r. - c£ cot -) +- 'I,T': = d::. (L +-cot ._) 
" In:.. , IIL 

'!. 

which... shows- thatthe:o. streamlines: forn±: a. fam:ily- of circles: wi til: <;:enters:: 

( . ~- 0) ..J.. ..J:'!',' d(L..L z...~" '} tf,z... I ~. I A 1" . at d.cot-, 'anu:ra:~ • .-cot:.- =d.csc:.~""",n.ct :ytic:times:: 
In. • . In.. In: '. 

of:.. travel. between:;; points;: ma.y- be: ca:lculated:.:. either fronr the originaL worle. 

of Muskat' ( rg:!4} or-from: a.:.sirnpler-forrnula:- developed.. by z'aghi.( L 977Y.< 

F' or b reakthrouglr;; times,::. in: an: inj ectio'n-extJtaction:- s ystezn: this;;. latter, 

fonnul&. takes;:' the particularly-sim.ple: farIm 

,,' ~:. ~. 
L--cot- t nr ,rn::,' 
' .• 2.l\J 
SJ.n: -

(51) 

Directinteg.ration. along the centerline:: betw~en. wells gives: the followin~' 

for-the:-time:· to' initiaL breakthrough 

t* -min:: 

Using: equatio.ns:. (50) and. (51) one can COO'lpa}e the· FE.. solutions with their 

analytic. C ounte rparts .. 

··The same- p8:rameters:: were used.. in th velocity- sample problem. as. 
. . ' 3 I , 

in the- hydraulic: head.. problem:: Q..:- 680 Il'L. ! fay {12..5 gpm) , eb':::: 0.91 Ill" 

(3 £eet),d.:;:·152..4 m(SOO feet) and T=112~.~2Iday (9000 gpdl!t). The 

choserr meslr consist": at 13~: 31 ::)::e,te~sr,,:,~ ~lentents covering 
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an area 440 x 305 nl (396 nodes and 117 e~enlents). The side nodes 

of the nliddle elenlent were shifted so as t1 fornl the circular element 

containing the well (radius =.24 m). Again', the nlesh covers half the 

injection-extraction well combination, the other hali bein~ identical by 

symnl etry . 

Figures 10 and 11 compare the num.erically generated streamlines 

(dashed line) {rom the smoo~hed linear and quadratic velocity fields with the 

analytic streamline s (solid line) for the first quadrant of Figure 6. Note that 

the agreement is excellent. The FE streamlines were found by starting at 

a point on the analytic streamline near the well and integrating the equation 

of the streamline using the second-order Runge-Kutta method described ear­

lier. The local error is defined by E(x, y) =~ 11.\1 (x, y) - 1.\1 (x
o

' Yo) 1 and 

thus is equal to zero at the injection well [a~tually at the initial point 

for the streamline near the well, (~ , y ) J. 1.\1 (x, y) 1m is given by , 
o 0 

equation (50). Examination of computed values of E, or more simply 

examination of"Figure 11, shows that the error for the quadratic field 

stream.llnes alternates in sign for the variOUS, streamlines. This type 

of behavior is well known in the structural FEI. literature where the FE 

stresses are known to oscillate about their analytic values (see Hinton 

and Campbell, 1974). Figure 10 shows that this oscillatory behavior of 

E is 'not as apparent for the stress averaged linear field streamlines. 

From these two figures it appears tl:tat the solution derived from the 

smoothed lineal' velocity f~eld is preferable as far as the computed 

streamlines are concerned. But the values of E(x, y) also show that the 

.1 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

smoothed,l~~.ea.~ ,~~,~, ,~~a.~~a:i~.,~v~~,~.CitYf~~~d_ .. ~:~o~~_ .. g~,:.~ .. :eq~.~_~a.:~~?'~~":::':;t.~';<4·:"·"';:'·'1 
:~:';~":~"~':~':';"fe':~~it';;'~~ithi~"'th'; '~i';c'~1'a4~"ei~ment c~n:taining the well (which is to be 

expected since the velocity within the circular !lement is prim.arily .1 ) 
detel'm.ined by the analytic Green's function). hus the improvement 

in the snloothed lineal' method is achieved outsi e of the cil'cular element. 

Figures 12 and 13 compare the corl'espon ing analytic, and FE 

breakthl'ough curves for the smoothed linear and quadratic velocity field 
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methods·... Ag,am;.., the:, agreement: is' excel! nr. The quadratic::: method: 

predict$ a::; mo:~. ~ccurate ~e to': initi'al. br akthrougl:L but the: overall fit 

is; better for the. smoothed:. linear: method:... 
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V!. DISC USSION 

In this section a number of points reI ted to the present work a.re 

discussed •. The first topic far considera.tion is the ch<?sen simulation 

model and the results generated therefrom. The second topic is dis­

persion phenomena. Generalization of the n?ethod and time dependent 

problems comprise the third topic. 

A. Simulation Model and Results 

The finite element model pre sented in Section IV is a very general 

model for steady"':state analysis. But, consideration of practical prob­

lems suggests that the restriction to steady-state problems might seri­

ously limit application of the model. For ins~ance, there is an unsteady 

start-up period when pumping is initiated as well as variation in the 

inje<:tion and extraction rates over time. Also, it is anticipated that 

after the initial start-up there will be periods when the pumps will be 

shut off. These considerations suggest that the steady-state assumption is 

impractical. The basis for the steady-state a~sumption is the long time 

frame to be considered in the movement of contaminants. Transport 

between wells in the present case will take from nlonths to years. Con­

sidered over these time frames the va-riations in well discha-rge will act 

as a small' perturbation on the overall transport process. During periods 

of well shut-down the flow within the aquifer will, for practical purposes, 
is 

stop. The hydraulic head distribution will rapidly return to its "natural" 

state and leakage between adjacent aquifers wua be important only over 

..... _. _ .. ve,"-ry .. long, ... time.lrames :(the,difference·in.hydraulic· headb'etwe~I( adj'~'~'eX;t' .',' 
~1~,~~~rt:"1~\~.-~~:J""-~' ,.-. ~ ... ' . ',... . ' . . _ . 

". aquifers is usually much less under "natural" cpnditions than when water 

is being injected into or extracted from one of t~e aquifers). In simula­

tion of short to moderate length no-flow periods only the kinetic com­

ponents of chemical reaction models need be ru. Ii chemical equilibrium 

models are used then these no-flow periods rna be completely removed 
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from the input reco~d fa,. both the hYdraUli~ and contaminant t~ansport 
models.. In s~m, SInce the central focus of the present lnvestlgatlon 

is convection-dispersion-reaction of c ontarninants, the steady-state 

flow assumption seems adequate. 

There are· a number of severe restrictions implied by the· use of 

I 
a steady-state flow model. , For the ·present<work·the::·mo·st;::·s·eve·re·\:)!"';-· ... ':t.,,~;i~~..A~j~.~ 

: .:~ ':"t' ;·~"'·~··these is that the density field must be uniform throughout the region of 

I 
I 
I 
I 

I 
I 
I 
I 
I 
I 
I 
I 

flow. If the density field is not uniform the dynamics will change as the 

field moves about (it takes more force to change the momentum of a 
'\. 

heavier liquid .. ,so the velocity field must change). A second restriction 

is that one cannot consider the interaction between chemical and. bio-. . 

logical species and the porous media, .e. g., clogging due to precipitation,. 

ion exchange, or bacterial growth. 

In the- computer code used in the FE simulation of hydraulics the 

aquifer transmis sivity is specified as a continuous parameter field 

over the domain.. Our experience in simulati;on of nonhomogeneous 

fields suggests that this restriction to continuous parameter· fields is 

more a requirement of conceptual aesthetics than a requirement for rea­

sonable simulation results. For a field consisting of sand and gravel 

lenses embedded in a silt and clay matrix it is conceptually preferable 

to specify the transmissivity as a discontinuous field. This is because 

the transition between the sand and silt is abrupt. A simulation attempt 

of such·a problem using a continuous field runs into severe problems 

with keeping the transmissi~ty non-negative (see Section IV. B). The 

other parameters (porosity and leakage coefficient) were specified as 

constants over·each individual element. Thes parameters could also 

be spe~iiied as a continuous field, but then the order of the Gaussian 

quadrature scheme used to evaluate the integr Is within the stiffness 

matrix would have to be increased. It was fel that the added expense 

was not justified. 
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When evaluating the usefulness of the nUInerical model presented 

herein one Inust compare it not only with a lytic solutions but also 

with FE solutions obtained from placing weI s at node points. For the . 
far field (away from the well) the two FE m thods produce, equivalent 

results. This is because of the local character of the finite element 

solution (emphasized by Oden (1972); the type of solution, or constraints 

on the solution, in a particular area are not felt in regions 'far removed 

from that area). It is only as the well is approached that the distinctive 

features of the type of approximation used for the well show up. To 

compare the two FE techniques the problem '!used ,in Section V. D fOl 

examining the generated streamlines was simulated with the well placed 

at a corner node. The region 427 by 305 meters (1400 by 1000 feet) was 

modeled using 560 15.2 meter (50 feet) square elements and 1777 nodes. 

The hydraulic head at the well was found to ~e 5.63 meters (18.5 feet) 

rather than the analytic infinite head. At thel, adjacp.nt side nodes 7. 6 

meters from the well the simulated head was 17 CIn greater than the 

analytic head and the error slowly decreased with increasing distance 

from the well. Except very near the well the siInulated results were 

acceptable but the solution obtained through '1se of the model of Section IV 

was superior ·throq.ghout the domain. 

A moments consideration makes it apparent that the velocity ob­

tained by differentiating the head solution near the node-placed well 

. (equation 34) will not be vrcry good but it is not cOlear how one should go 

about assigning a velocity at the well itself. (A velocity cOInponent at 

the well is required if we wish to siInulate the transport of an injecteq, .. ,.':",.!. 
';j'_5=\~tL~ .... t1A;'~ !~~~';...*.~~ .. .L~.~ ·~·~.:::;:'~7~;·~~):~~·"'.~;.:".J-:''t .... ~· :,~:.~ !~{,\.~.;~ ~ -:::~)··~·:";.~:::\·~.:~?~~i't 1: ... .' -1' ~~.,.: •. :,.~~ ... ': ; ..... : . .1;: .... "7 ... ~ ....... " ';' .. ,:.,.. : .. ' "" ...... -: .... ~ ":' ." - ".: ". ".i. ."' !" .... "': .~. ~r" ", -. 

-' .. - '.'" contaminant). If the field is not averaged in lome way then it is impos-

sible to send off streamlin'es in the direction f the element boundaries; 

since the magnitude of the x and y velocity components are approxi­

mately equal the only direction a streamline tn take at the well is along 

the bisector of the element. Also, the jumps In velocity magnitude and 

-53-

.1 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
., 
I , 

/ 

I 
I 



\\1 

:1 
" 

:1 
I 

.. 

direction are very large when crossing ele~ent boundaries. If the 

velocity field-,is averaged using either of the methods suggested in 

Section IV. F then the velocity field become$ continuous but there is 

still considerable error in magnitude' near the well., At the well itself 

the averaged velocity is nearly zero! Thus t one can see that there are 
~'. . " . . "_'.". . ".'" ... ,.- •..•.... : ..... '.", .......... _ .,· .. ~.:.: ..• :I~·-··.t .. 't.'~";;'·r·"·::-~:';""",,.':'-

"I'-":'<':~"'"-''''''' ~some·ve'ry'r:e:al,:pi-·obl~e;n~s.:'~ith';pl~~'ingth~'';'~ll ~t"'~'nod~' p~i~t .. F~r "., ' ' 

I 
I 
.1 

,. 

contaminant transport modeling these problems dictate that some type . 

of improved approximation technique be used., 

Concerning the: hydr'aulic. head solution generated from the tech­

nique of. Section IV. D, there is ver.y little to. be added to that mentioned 

in Section V. !The- generated head is very close to its analytic value 

throughoutth~ domain.. Completely- satisfactory results can be obtained 

using a very coarse mesh (see Figure 7). 

The object of. most interest is the' velocity field obtained from the 

hydraulic head solution.. This velocity field is used directly in the con­

taminanttransport model_ Based. on the' resljllts presented herein it is 

not possible to conclude which of the two improved velocity field methods 

presented in Section rv. F is preierable. Conceptually the smoothed 

linear field is preferable. There are three reasons for this. First, 

while the node points are the best sampling points for the primary vari­

able (hydraulic head), they are the worst sa~p1ing points for the deriva-
I 

tives of the primary variable (velocity). Hinton and Campbell (1974) 

suggest that this might be related to the fact that interpolation functions 

tend to behave badly near the extremities of the interpolation region. 

Sampling at internal points should therefore give better results. (See 

Strang and Fix: 1973, pg. 168, for a note on . hy the node points are the 

best points for sampling the primary variable .) The second reason for 

preierring the slnoothed linear velocity metho is that the process of 

smoothing serves to filter out unwanted modes of deformation or flow 

due to the incomplete higher degree terms of the quadratic polynomial 
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velocity field. Third, it is contrary to one IS" analytic" expectations 

to represent the hydraulic head and velocity field by the same series 

of functions when the latter is derived from the former through differ-
. , 

entiation. Ii we did not have to consider the transformation between 

local and global representations of a function, it follows that diiferen­

tiation of a .quadratic representation would yield a linear representation. 

But, as the examples of Section V. D show, none of the above reasons 

can be compelling. Apparently, averaging the contributions to the 

velocity at a node from surrounding elements serves to do the same 

type of smoothing as the least squares· fit of the linear velocity fiela to 

the quadratic one. It is left to future work to determine which of the 

velocity field generation schemes is the best. 

. .. -. 

where D' 
af 

ac 
at 

is the 

a 
( D' ~) 

a(3 aXf3 
= 

I • 

ax a 
a 

__ 0 (I' c) 

I 

coefficient of hydrodynamic!! dispersion,.a 

\ 
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order symmetric tensor. 0' 
~ as is the sum J£ the coefficient of mechani-· 

cal dispersion (D ) and the coefficient of molecular diffusion in the . 
a.~ 

porous media. Unless the field velocity is very small,. mixing due to 

molecular diffusion may usually be ignored and 0' :- 0 . 
a.~ Cl..8 

.' . .Th~~~. _hC3:v.e,b_~,~p ... :eCl.:t;tY~~h::.9E,e.~S:~~.:.~~.r;y~tions.,e.xp:t'e·~.sing..;the.;._~~ .. ,~,.;,~"~,:;";,;,,,.~",:o>;.;.·~~,., 
• __ . .• .... ". -. ." " • - ': '!. ... \ • ~'" ". .... t '~ ., ". .. .' '".' 

coefficient of mechanical dispersion.in terms of ~undamental properties 

of the porous media and characteristics of the flow. A number of these' 

models are reviewed by Bear (1972). The major point of interest'here 
q 

is that all expressions for 0 require the velocity vector v :::: ~ I 
a.~ a e 

where qa is the Darcy' velOCity and. e· is the porosity (va. is the~ actual 

velocity at which a parcel of water moves through the porous media). 

The most widely used representation is that of Scheidegger (1961): 

v ... v 
a 8 

V 

This expression is valid for isotropic dispersion where a r and an are 

the media's longitudinal and transverse dispersivities and V is the 

magnitude of the velocity vector. The longitudi:lal and transverse 

dispersivities are properties of the media only, being independent of 

the flow. Scheidegg~r' s model suggests that the coefficient of dispersion 

is proportional to the first power of the velocity. 

As discussed by Cherry, et ale (1975) ,determ.ination of the 

magnitu(~e of the longitudinal and transverse coefficients of dispersion 

(dispersivity) i.s very difficult and requires a Iknowledge of the velOCity 

field. . They group the methods for determ.ini!ng the velocity into 

three classes: 1) artificial tracers, 2) envirOf' mental isotopes and 

3) application ~f Darcy's law. They consider he first method to be 

most accurate. 
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Problems associated with determInation of coefficients of dis­

persivity are most readily apparent whl one compares the magnitudes 

of coefficients determined in.. the laboratory and the iield~ - Cherry, 

et al., quote laboratory values (for uniform materials) on' the order of 

10- 2 to 1 . f 1 centlmeter' or the ongitudinal coefficient' a
1 

in the model 

where DL is the longitudinal coefficient of mechanical dispersion. 

Field' coefficients are determined by first simulating the hydraulic head 

distribution and adjusting the coefficient of transmis sivity until the simu­

lated field matches the observed head distribution. Then contaminant 

concentrations are simulated with'the dispersion coefficients being ad­

justed until a match is obtained with observed contaminant values. 

Coefficients obtained in this fashion are olilthe order of 10
3 

to 10-4 

centimeters. Thus we find a difference b~tween laboratory and field 
5·' , 

value s of about a factor of 10 . 

An obvious reason for the large disc~epancy between laboratory 

and field dispersivities is the scale on which flow is occurring. In . . 
numerical modeling there are additional pJ:'oblems associated with 'the 

scale of resolution of the numerical technique. These problems of 

scale should be examined in some detail in future work. 

C. Generalization and Time Dependent Problems 
_ ~. " h~~:'.'-;.' '( ..•.•.. ~ .• :_~:<;.: . .- .; ... ..:.O<I·;·?~·:i~~;~::f~:"'~~~,~{;:!.~~j1~:~~;·~~·t~·· 

;:'i{r ;,~"",,:,:-:,:,,::,,,":,~;:''':i'''',The 'technique 'Of embedding an' analytic singular -soluti~n into the 

finite element method presented herein is a example of a general 

rigorous approach to combining analytic an numerical methods. Tbe 

analytic function is superposed, on the appro imating solution and does 

not enter the problem with an unknown multiplying coefficient (i.e. , in 
, 

auglnentation of the solution space with extr~ functions; see Section lV. C). 
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One can easily envision the use of other- ana1ttiC: solutions. e. g •• flows 

around bodies;· certain types of boundary con~tions. other- types of 

singularities. The: method 'could be used. in other-fields, e. g., struc­

tural mechanics, heat transfer or- electrostatics. The key lies with. 

the problem which remains. to be solved after- embed<li:ng the analytic 
• • .'~ ',,~. ... __ • t" .... -'J: .', ':t~' ..... ~.~ .. ;.~ .. :..:c.<.~~ .. .r "':.~~~~:'~,:··;XI~.w·-ro~::.:"'J , • .:-: . .tr"';;+~;~'i.~~~t~:~~ ... ~",:~·j·~~j·~,~ .. · ... --;; ... -). '.~~ ~.t:.: :.:;. .. .:.,,;-~ ;:.,.~ ,"''"~'': .. ~ ~!:~~~; .... :~:....!:.<.-' 

solrition~'~' The situationgiveIi~in' S'ection IV~ D is probably the best con-

ceivable. Ii, for the leaky aquifer case, we had restricted ourselves to 

embedding only the Thiem. equation (G*), then the' forcing function' of the 

resulting system of equations would also contain.. the term - fr~ G*<cidO 

(i. e., the leakage' indue ed by the Thiem equation). Use;f 0 the· 

appropriate Gre.en's function of the operator has. even removed this term+ 

From. the· present point of view- the: mostj interesting generalization 

is that to the-leaky-aquifer-. time-dependent p~oblem. In analogy with 

equation (27). the boundary value' problem defiilning the Green's function 

is 

lim 
r-o 

+ .!..~ -~G 
r 8r Tb 

e 
G = 0 on r 

in n. 

G = 0 at t = 0 for all n 

where S is the aquifer storage coefficient. Applying the Laplace trans­

formation to this partial differential equation (slee Street, 1973) and solving 
• I 

the resu.1ting ordinary differential equation we ~ind 

G= 
Q 

21TTp 
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Z S K 
where N :: p - - and G is the Lapla e transformation of the T Tb 
Green's function G, i. e., 

co .. 

G(r. p) = 1 G(r. t)e -tp dt· 

The convolution of the inverse Laplace transformation of each of the 

terms of G, which is the desired solution G, is a far too complicated 

function to use profitably as the embedded solution. As such we look for 

a second function ,\ (r, t) which will'cancel the singularity at the well 

but not necessarily' satisfy the other constraints on the problem (in par­

ticular the element boundary conditions)'. Such a function could be that 

, of Hayes, Kendall and Wheeler (1977) but here we look for.a function 

which may be embedded within the FE method in a more systematic 

fashion. 

We consider two problems simultaneo4sly. The first is that oia 

well (point source) in a nonleaky aquifer and the second is that of a well 

in a leaky aquifer. .For the former the apprQximate solution is 

where Al satisfie s 

S a '\1 (loA 
1 a '\ 1 

:: + T at 
or 

2 r or 

.' ,.; :~;'~::l:~':':~ ':-";\;;~-~;f:',i"",~~.:.*~·,;\·~6;"?~:i;~1j:-;!',~.'/~"!·0·.",-:';'::~~:;'';~:0:::,o·Atr;;:. .. .r:.';;:.::;::·8'::~·.~-;.:'~:'·;>+ .~\<, ,:;,;.: .':)~';;f:'~;f:r\\.~.;n.:. !;,'j-:" -;, ':,; .,:',. '.-';.", ', .. 

. . '. limo' r . a r : - 2 1TT 
r-

A - 0 as r -- co 
1 

,.\ :: 0 at t:: 0 
1 
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and for- the latter the: approximate solution s 

lim. 
r-O 

A -0 as r"-co 
2.. 

A =: 0 at t = 0 
2.. 

The' solution for- the first equation. has been given by Theis (1935) while: 

that for the: second is given by Hanrush and Jacob (1955). These- solutions 

are 

and 

Q 
Al (r, t) = 41T1.' f cc 1 -u 

-'e du 
2 u 

r S 
4Tt 

Now, using the ·same procedure as in Section\rV. D the final FE problems 

to be solved are' 
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f. r 

e 
- <O.dr , 1 -fq r.p.dr 

n 1 

r 

for the first case and for the second 

.r. 

In the above note that A'i is the same function as Al except that it is 

·evaluated at -r = R, the radius of the circular element containing the 

well. At any particular time A~ is a constant over the sirigu:lar~le~· . 

ment and thus E (CO i' i\ 7) == ~ COi }\:;. Sin{ilar statements hold for i\~. 
Note also that the allocation of the well discharge to the nodes of the 

singular element is the same as for the problem presented in Section IV. E. 

Only the magnitude of the normal velocity changes (it is now a function of 

time}. The only obvious distinction betw'eenthese tw'o -results is the 

presence of the term ...,.{(-~ A j<PidO in !he forcing function of the former. 

The reason for its presence is that the boundary value 'Problem defining 

I .the function !\ 1 (r, t) did not tak~.i?~~,.~.:~.c:~::t;.:~~~.g:,.f~,?:n -.~~e .adjacent ".':,. " 
I . . ," .. '. . . '<;';;'-' .. ~~J~:':'::":.~':,~...ri.J!'~~-:'~'!.""~ .• :~~':~;.:'.~' ·~·'·~;··:l;.:..:'.t~~\..jr."\"."" i.('";,",,:,,, ':a . '. -

T~,;,!j1;:~i+'3z~".1;':la'quifer":·~;<·Thu·s,· whiIethe :representation of A1 (r, t) is .simpler than that of 
I 
I 
! 

'A2(~' t), the price is paid for the former ~y its presence in the forcing 

function. In each case the starred iunctio serves to cancel the value of 

the singular solution on the boundary of th circular element so that the 

approximation h is continuous throughou the domain. A·.seconddistinc­

tion betw'een the two FE problems is in thEl element boundary integrals 
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of the normal velocity. The third and last . stinction is in the· function 

used in the time correction for the unsteady boundary conditions on 

* r e fIs J\k ~ dO, k = 1,2. The FE problems can be solved using the 
'0 at i 

usual methods for time dependent problems (i. e., finite difference the 

'I" .- ,'.' .... :. tim.e·' step) .' .~.,:" .. >-, ". ;;.' .:.;; .• :"' .. ,,·c·.,·.;" ,'. ,,,,,,, .. ,":7 7,·';:'·· .. ::,· '':-:~' "'1:·.·"~ -..•. ,.\';': .. '\'j< .. ,,:_; .... ~...,:"";,·,/:~:.;_ . .,.c; .•• :~"' ~ '" "·:Q<·":".""''',·I-", ... ;,."";.,-;,,i~,,,~~->;. ··l".· 

Generalizations to similar problems are easily carried out using 

I 
I 
I 
I 
. 1 
I 
I 
I 
I 
I 
I 
I 
I· 

I 

'. 

the same procedure. A slightly different type of generalization is to 

change the geometric shape of the singular element containing the well. 
l\. 

Ii a square is used for' the nonleaky aquifer' (the case where a circle 

gives the Thiem. equation) the Green's function becomes a. Fourier 

series expansion.. Our experience· shows that evaluation of. the boundary 

integrals of the normal velocity for the first. six or seven terms of. the 

Fourier expansion is sufficient as far' as the far field FE. solution is 

concerned • 

.. 
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VII. CONCLUSIONS AND RECOMMENDA TONS FOR 

FUTURE WORK 

Conclusions concerning the approxima, ion technique presented 

herein and the finite element' numerical model are given b~low. Recom­

mendations for further modeling work are also given. Conclusions con­

cerning the Santa Clara Valley Water District Project are given in 

Appendix I. 

1. 

2. 

3. 

The conclusions drawn from the present work are as follows. 

The approximation technique presented in Section IV.D is an example 

of a simple but rigorous systematic method for combining analytic 

and numexical methods •. The method as described will handle the 

analysis of steady-state hydraulics in a confined, leaky aquifer for 

a nonhomogeneous porous media containing injection-extraction 

wells. The method is superior to othe~s found in the litexature. 

The technique yields excellent 'results for both the primary va1:'i­

able (hydraulic head) and for the derivative of the primary variable 

(velocity). Hexe "excellent" is judged according to the exxor in 

the model simulation result when compared with a known analytic 

solution. Concexning the fourth of the stated objectives of the 

Stanford University 1:'esearch project (see Section III), the .model 

presented is certainly more accurate than our knowledge of the 

xequired field parameters. 

Useful constraints ~ere formulated which guarantee uniqueness 

and invertibility of the transformation between the global and local 

I 
I 
I 
I 
I 
I 
I 
I 

I 
I 
I 
I 

. . " .' . x.~p'z:-e s ~n~ati<?ns,. 0(.<:: .iunctio~~: .. f:l~o '.'. ~,onst~.ai:Z?:~,s:};'T,e.re .!?r?:Ilulate.d. ''';;''-';;<;'''i:,',~1 
:.t.';~~J:;'¥.~~::~:~'c;'~i;·'~'~:-:~':..~.fS~.:p .. ~,.,.~~ ... d'!:~.~'''':':''''':~-.--.~--'~:.~.'' .. ~,:.:-::t~~lo··.h .. '~.#'.",.·· '.1. _~ ....... .,.~ •• i ~ :. • ~ 

. . ... which guarantee positive definiteness oflappropriate model," .'. . 

paramete~s. These latter constraints a~e particularly important I 

4. 

when considering strongly nonhomogenequs fields. 

The method presented for generating a f mily of streamlines and 

determining the time of travel along res ective streamlines is 

very helpful when visualizing the finite e ement solution. The 
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5. 

1. 

2. 

3. 

4. 

accuracy of the streamline solution (mjasured by E: in Section V.O) 

is very good, and as the breakthrough curve shows, the time of 

travel along a stream.line is also very accurate. 

The method presented for- plotting contours is of great value when 

":~_,_!_visualizing,the:.h-ydraulic:head,solution.ornonhom.ogeneoU:$:;:~~;<:+~·):';-"~·:;'f'-~~~:":; 

parameter fields. 

The following topics are recommended for- future research._ 

Further experiments to determine which 9..f the velocity generation 

schemes is the best (quadratic velocity field or- smoothed linear 

velocity field). Experimentation with other- schemes would be 

worthwhile-•. 

Investigation of methods for- incorporating analytic solutions within 

the- Hermitian family of finite elements.. The- Hermitian family is 

of speciaL interest because. it yields a cdntinuous. representation 

when: differentiated; thus, the velocity field could be determined , 
-directly from the head solution without a,veraging. In order" to 

apply the method a way must be found for relaxing the continuity 

constraints on derivatives across the boundary of the element 

containing the we 11. 

Investigation of time dependent problem~ using the schemes 

presented in Section VI. C. 

Use the model presented in Section IV to investigate the role of 

unknown coefficients in nonhomogeneous field simulations. A 

stochastic Monte Carlo scheme could be used to investigate the 

range and' uncertainty in generated resul This would be of 
. 

particular interest when compared with ell test data. 
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APPENDIX I 

Hydrogeology of the Palo Alto Bay1ands Area 
.. 

In this appendix the re~evant geologic history, stratigraphy and 

geomorphology of the near-surface (60 meters) deposits of the South 
· 

Bay area are reviewed, the purpose being to provide an understanding, ,,, ... , .... 
';'1_- . ~:'. ...~:'~. ~~. '"~""!. . :':· .. ~l\:..i:r- .~I.";":~.":"':""', ;~:" ~:.~>.::;- . .' .. ','r.~ .... ~!':,: ' .. " \~ .:'~ .," ~' .•.. "::...:. -.- \ ,_t~,-;,~_ . • ":. t...;. .••• ~ .~~. - :'.:' •• "" ";. • ~.~ •• ' ~ .... ':''?('--: ~.~ ... ,. '-,- : .. '!':.J.'-;" 11'. ~~!;t. ~:;o,..:. ~i1i':~/':""~'::,~ ""~'''''';;=-'-''-- .:-~-..;.It,,:" ... ,,; ~r·~[.;(.·~~".?;.: 

.. '~-:-Of the complex environment chosen for the injection-extraction system. _ 

Both local and field groundwater modeling are discussed. The· appendix 

I serves to highlight the problems one runs into when investigating actual 

I 
I 
I 

I 
I 

field sites. There is always a need for- more field data and t~e typ~ of 

numerical model used must remain open to change. 

Four phySiographic units are recognized within the- basin contain­

ing. the: Palo Alto baylands- (Sokol, 1963). Th~se are the northeastern 

slope of the Santa Cruz mountains, the valley of the San Andreas Fault 

Zone, the foothill belt- and the Santa Clara Valley. For- a discussion of 

the hydrogeolo'gy of these units see Sokol (1963). The Santa Clara Valley­

is a result of a combination of downwarping and faulting. During the 
1 

Quaternary the valley has accumulated an aggregate thickness of 300 

to 450 meters of continental sands, silts and clays interrupted by fairly 

thick sequences of marine clays (State of California, 1967). In the" 

injection-extraction project we are interested in only the upper 60 

I meters of deposits4 The recent geologic history of this section follows. 

I 
I 
I 
I 
I 
I 

1 
According to Holmes (1965), the last two or three million years have 
been geologically classified as the Quaternarr period. The Quaternary 
is further divided into the Pleistocene (Glacijl) and Holocene (Recent) 
periods. The .Pleistocene is marked by periqds of rising and falling 
sea level, corresponding to the retreat and al" vance of the glaciers. 
Here we are interested in the Sangamon inter lacial age (high stand of 
the seas), the Wisconsin glacial age and the post-Wisconsin or Recent 
age. I 
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Recent Geologic History 

Two principal features stand out in the history of Southern San 

Francisco Bay deposits: tectonic subsidence and the rise and fall of 

sea level during the Pleistocene (Glacial age). Atwater, Hedel and 

Helley (1977) have interpreted the recent geologic histo·ry through in­

vestigation of sediments and fos sils collected for bridge foundation 

studies. Early estuarine deposits were from the Sangamon interglacial 

high stand of the sea (70, 000 - 130, 000 years ago). During the subse­

quent Wisconsin glacial age the sea level fell artd part of the Sangamon 

estuarine deposits were eroded and covered by alluvial sands, silts and 

clays. The post-Wisconsin sea level rise has once again introduced 

estuarine deposits into the Bay area. During the recent rise, the sea 

level reached the Golden Gate approximately 10, 000 to 11, 000 years 

ago. The rising sea spread across the land area as rapidly as 30 meters 

per year. From 8000 to 6000 years ago the rate of sea level rise de­

creased and from 6000 years ago to the present has averaged O. 1 to O. 2 

centimeters per year. The Bay reached the vicinity of the thalweg (the 

line marking the deepest points of a stream channel) of the stream drain­

ing the "Bay valley" across from Menlo' Park 8000 years ago and the 

Palo Alto baylands 2000 to 3000 years ago. During this period tectonic 

subsidence \vas occurring, though at a much smaller rate. Figure 14 

(after Atwater, et al.) shows a section of the Bay at Dumbarton b:ddge 

(3.2 kilometers northwest of the Palo Alto Baylands). 

Stratigraphy 

Howland (1976) has investigated the h.drogeology of the Palo Alto 

ba ylands. Fortunately, part of his dy coincides with the site 

of the injection-extration project. Figure shows his inferred c orre-

lations between sediments in the Dumbarton ,strait and Palo Alto bay­

lands. 
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The following sediment descriptions ar taken from Howland 

(1976). 

SEDn.1ENTS FROM 20 TO 6o.METERS BELOW THE. SURFACE. 

The sequence is dominated by firm gray silty clay which contains 

a few minor lenses of sand and gravel. At depths oi. about 45 to 60 

meters the . sediments. are ,predominantly mixtures; of sand:'and: gravel~,:",·:,~:'''::·''''':;'w:~l~'~~~'' 
' .. :' .~. _ -.:..r '.'&.' 'J.. - '. # • '. " ........ _. " .- : • .- r.,_ 

The latter deposits are highly variable in thickness. The deposits 

from 20 to 45 meters are' interpreted to be of estuarine origin while 

those from 45 to 60 meters are alluvium. 

SEDn.1ENTS FROM 20 METERS BELOW THE SURFACE: TO THE.. 

BAYMUp 

Howland described. these: sediments after- investigating' approxi­

mately 70 engineering borings and 30 welllog$. The locations are 

shown in Figure 16 along with the location of the injection-extraction 

system. Figure 17 shows a fence diagram. co~structed by Howland .. 

Two members are delineated on the fence diagram below the artificial 

fill and Bay mud. The first is a silty and s.andy clay group. Minor­

lenses of gravel and sand of about 30 cm thickness occur throughout 

this member. The second member consists of loose to dense coarse-

grained deposits consisting mainly of sand and i, gravel with some silt. 

Sorting is moderate to poor. 

The two members are complexly interfingered and variable in 

I areal extent and thic knes s. Two beds of the sand and gravel deposits 

can be traced for some distance in the central part of the area (along 

I 
I 
I 

I 

section G-C). The bed at 14 meters continues lin section G-A. whereas 

the bed at 7.6 meters seems to lense out and b~come a sandy clay. 
I 

Toward the southwest the beds seem to coarse,. If they are continuous 
I. 

in this direction they probably thicken and effeqtly merge. Toward the 
, 

Bay the section becomes predominantly more f1ne grained (~layey) 

with considerable thinning of the coarser deposits. 
I 

I 
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NEAR-SURFACE DEPOSITS 

Toward the Bay the surface is covered by artificial fill and Bay 

mud. The Bay mud was deposited by,the post-Wisconsin rising sea 

(now) ~ 

Geomorphology 

The deposits of immediate interest in the SCVWD project are of 

alluvial origin. To gain further insight to their nature it is necessary 

to discus s the geomorphology of alluvial fans and alluvial piedmont 

slopes. 

An alluvial fan is a body of rather coarse -grained sediments built 

up' by a mountain stream at the base of a mountain front where a steeper 

slope passes abruptly into a more gentle slope (Reineck and Singh, 1975). 

When several alluvial fans occur adjacent to each other they may grow 

and coalesce to form an alluvial piedmont slope (compound alluvial fan). 

Fans ma;'be~divided into three zones (Blis senbach, 1954): the fanhead 

(upper fan segment) , the midfan and the base. It is the last zone which 

usually grades into the zone of coalescence with other fans. The char­

acteristic s of single alluvial fans are discus sed by Blis senbach (1954) 

and Hooke (1967). Hooke noted that while deposition is localized, 

shifting of the locus of deposition results in relatively uniform deposits. 

Blissenbach mentioned the main conditions for formation of alluvial 

fans: areas of bold relief and arid to semiarid conditions. There must 

be profound erosion and transportation together with a strong tendency 

for deposition as the mountain streams reach areas of low gradient, 

Fans fo:rmed in humid environments are usu~lly flatter than those of 
_ i 

agents on alluvial fans. 

arid environments', Blissenbach (1954) givel a discussion of depositing 

Streams which carry the sediment loa "change their course by 
I 

lateral migration and by overflowing their banks, carving new channels 
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and abandoning the old ones (downstream). ~onsequently relatively 

uniform. deposition is found throughout the· f~n or piedmont slope. The 

coarser channel deposits downstream on an abandoned channel are 

left to be covered by finer overbank deposits from flooding of neighbor­

ing channels.. Thus, discontinuous sand and gravel lenses may be 

formed. 

"I' .~.'c: :~:~ ::::c :::e:~::::::::~:::::=e:::e~:: :::::::t:e::::= ~'C~$."~ 
I the' upper zones of the fan.. These deposits are usefully placed with the 

classification of Reineck and Singh (1975) who mention three major 

I groups: channel de'posits, bank. deposits and flood basin deposits. (In 

the case of rive!s' which migrate· actively laterally, recognizable bank 

I 
I 
J.­
I 
I 
I 
I 
I 
I 
I 
I' 
I 

deposits may not be found ... ) Reineck and. Singh (1975) presenta de- . 

tailed discussion of the three major groups (and their' eight subgroups). 

The- major point here· is that the primary type of channel deposit. is a.,. 

point bar'. Point bars are deposited along the inside bank of a curve· in 

a strearn-.. The- flow t:raversing the inside· bend loses its: ability to carry 

the coarse bedload. (the suspended load is not afiected). As the stream. 

migrates the coarse point bar deposits are covered first by finer sands 

and finally by the fine silts and clays of flood plain deposits. Thus, a 

noticeable characteristic of point bar deposits: is a grading from. coarse 

sand and gravel on the bottom to f~ne silt and clay on the top. Other 

channel deposits show poorer grading. Flood pla.in deposits are from 
'" 

the suspended load of a stream when it floods and overtops its banks. 

3CVW D Injection-Extraction Site 

With the preceding background we turn tl description of the site 

chosen for the injection-extraction project. F am the work of Atwater, 

Hedel and Helley (1977) and the inferred corre ations of Howland (1976) 

we see that the hydraulic barrier separating th~ deeper zone (55 meter 
I ~ 

aquifer) from the shallow zone aquifers is composed of Sangamon 
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estuarine deposits. The 55 meter aqUii\r is composed of alluvial 

material froin a pre-Sangamon glacial age. The shallow aquifers lie 

in alluvium deposited during the Wisconsin glacial age. During the 

period of deposition the ocean shoreline was located out beyond the 

Golden Gate on the continental shelf. The South Bay and Santa Clara 

Valley were a river valley with tributaries entering from the adjacent 

mountains .. These tributaries formed alluvial fans alcng the border of. 

$anta Clara Valley. A particular example is the alluvial fan formed by 

San Francisquito Creek (see Figure 16). ~. 

Palo Alto baylands are located along the southeastern margin of 

the San Francisquito Creek Basin and the deposits beneath the baylands 

appear to have been built up mostly from this source. Sokol (1963) 

has extensively studied the hydrogeology q~ this basin. From investi­

gation of specific yield
1 

maps he determin~d that the upper reach of 

San Francisquito Creek (out on the alluvial fan) maintained approximately 

the same course throughout the Late Pleistocene and Recent time. The 

same maps suggest that the lower reach has migrated during formation 

of the fan. On Figures 16 and 17 one can find the present location of 

San Francisquito Creek. The underlying sand and gravel deposits 

were probably laid down by the creek as it migrated back and forth 

across the face of the fan. The center of the arc of migration is toward 

the northeast (as suggested by the thickness of the unit along section 

E-D). The deposits which comprise the injection-extraction region of 

the. SCVWD project are in the far southern end of the arc. 

1The specific yield is the volume of water y"elded per unit horizontal 
area per unit drop of water table (Bouwer, 1978). Sands and gravels 
have greater specific yields than do silts a d clays. Greater values 
of specific yield correspond to coarser dep sits which lie closer to the 
channel than the finer floodplain deposits. 
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Returning to Figures .16 and 17 (after Howland, 1976) note that 

the· two sand and gravel units shown along t e center section G-C 

correspond to the 7.6 and 14 meter aquifers found in the predesign 

tests. Figure 17 and the hign values of transmissivity (108 and 43 

m 2-;day for the lower and upper-, respectively) suggest- th~t, at least 

locally, these units are continuous over- some distance.. But the conclu-

"I"" """" :~o:::;::~::: ~at the 14 met .. " aquifer, continue sd"" secricr<' G -A,,'maY"'~~""~;'" 

I 
I 

Table 3 gives the transmissivity values for the upper· and. lower-

aquifer- injection and extraction wells of Figure 1, as determined by 

step-dra~down pum.ping tests (preliminary <;lata, Brown and Caldwell). 

Note the- varia~ility in transmissivity values between adjacent wells 

I throughout the field.. Also, the well-logs. show that it is verT difficult 

to correlate adjacent sand and gravel units. 

I 
·1 
I 
I 
I 
I 
I 
I 
I 
I 
I 

Figure 18 shows the profile of relative sand and gravel unit' con­

centration for 31 well-logs of the injection-ext:'J.ction system. Rather 

than viewing the profile as two distinct aquifers it is easier to view it 

as a proba.bility distribution function for- coa;rse lenses (versus depth). 

The expectation of finding a lense is greater than one hali only within 

the ranges 4.9-6.2 and 12.8-13.7 meters. From the well-logs it 

appears that sample s from adjacent wells (except near the I-I, E-l 

pair) are statistically independent, While one would certainly expect 

positive correlation for wells drilled close e!nough together, adjacent 
~ . 

units become uncorrelated within the range of distances between wells 

found in the injection-extraction field. (Indeed, the example of I-2, to 

be discussed below, shows that even locally the chances of finding 

corresponding lenses at depths for adjacent ells may be deemed inde­

pendent). Figure 19 shows a plot of perc ent of aquifers thicker than a 

specified thickness. This plot was generate from the logs of the 

injection-extraction-observation system and may be viewed as a CUInU­

lative distribution function. 
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The statistical picture drawn in the\previous paragraph is further 

clarified through description of depOSition~l processes at the base of an 

alluvial fan. Coarse -grained units are m-ainl y channel deposits (partic­

ularly point bars). Thin sand lenses may be attributed to the near 

channel overbank flows of natural levee and crevasse splay deposits 

(Reineck and Singh, 1975). The streams change their course through a 

combination of continuous migration (which extends point bars in the 

lateral direction of migration) and random jumps. When the stream 

returns it may erode part or all of the previouSl'.coarse deposits. Thus, 

the entire picture may be viewed as a random process. 

Accordingly, the best description of the field, apart from the first 

doublet pair (I-I, E-1), is probably that of a collection of individual 

sand and gravel lenses (from channel deposits) embedded in an exten-

sive silt and clay matrix (from overbank flows). Figure 18 suggests 

stronger correlation between deposits at about 5. 5 meters and 13.2 meters, 

but these should not be construed as continuous aquifers. Locally ground­

water flow may be simulated using a lea.ky aquifer model. But field 

modeling should probably consider the entire thickness of Wisconsin de­

posits as a single aquifer whose hydraulic conductivity is ~ubstantially 
1 

less than that suggested by the individual coarse-grained lenses. 

The discussion in this appendix has implications for the success or 

failure of the SCVWD injection-extraction project .. The principal goal 

of this project is the establishment of an effective hydraulic barrier 

against sea-water intrusion into the groundwater aquifers. Design of the 

I 

1Warren and Price (1961) were the first to ~se stochastic models for 
investigating flow in nonhomogeneous fields,. More recently Freeze 
( 1975) (also see Dagan, 1976 and Gelhar, e al., 1977) has used a 
stochastic Monte Carlo method for studying one-dimensional flow in a 
nonuniform media. An extension of this ap roach is probably the best 
way to surmount the limitations of a deter inistic model for the pres-
ent field inve stigation. A pplications of technique s are still in 
their infancy. 
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injection-extraction system was based on the conception of two distin-· 

guishable~ though separate aquifers in the sh How zone {above 2.0 meters}. 

An. important question raised.by the present iscussion is whether such a 

barrier is required in. this immediate area. The results presented herein 

show that the conceived aquifers are ac.tuallya system of discontinuous 

lenses which will not readily serve as an avenue to sea-water intrusion. 

1:"<'>'t·i,:,-:\~sec.ond .. qUeStion:'i$.whether' it'wilLprove- feasible to' establish' an' effec._;·~:/,'f\":.cri;.J:-')' 

tive,. continuous pressure ridge along the entire axis of the field. In 

I 
I 
I 
I 
I· 
I 
I 
I 

view of the poor' hydraulic conductivity of the upper zone and the discon-

tinuities in the aquifers of interest·, injection at a pressure sufficient to 

establish the barrier would have the undesired effect of causing' surface 

flooding near the well. 

Injection- Well 1-2.. 

To gain experience with" direct iniection on a field scale- the 1-2. 

injection well was investigated. in a pilot study (see Figure 1 for location). 

There- are four' observation wells surrounding the injection well at a dis­

tance of. approximately 7. 6 meters and- one additional well at 16. 8 meters~ 

The logs for- these wells are shown in Figures 20 and 21. Note the ex-

treme variability I even over such a s!Tlall area. 

With an injection pressure of 103 k Pa (15 psi) a steady-state dis­

charge (into the lower aquifer) of about 82 m 
3 

/ day (15 gpm) was origi-

nally attained. The steady-state hydraulic head distribution is shown in 

Figure 22. Immediately ~me notes the very small drop in head between 

1-2 and P-4. While this is an extreme departure from a radial distribu­

tion of pressure, it may have been anticipated fro!Tl the logs (note the 

lense in 1-2, P-4 and 5-3 of Figure 20). What could not have been antici­

pated is the drop in head between P -4 and S - 31' The magnitude of this 

drop is nearly the same as that found between 1-2 and the other observa­

tion wells (where in P -1 for instance, the len e doe s not even appear). 

Thus the lense which runs from 1-2 to P-4 is hydraulically".discontinuous 

from that found in 5-3. The inferred coniigu ation is shown in Figure 23. 
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An attempt was made to simula the flowfield using the confined 

aquifer model developed in Section IV. The inverse problem to be 

solved was t.o vary the coefficient of tra.nsmissivity until the observed 

head distribution was reproduc ed. (The actual discharge and a reasonable 

leakage coefficient were used.) After some work it became apparent 

that with this model, solution of the inverse problem required an unrea­

sonable distribution of transmissivity. A high value was used for ele­

ments containing the lenses (in an attempt to reproduce the small drop 

betv.leen 1-2. and P-4). To reproduce the drop in head between 1-2. and 

observation wells P-1, P-2 and P-3 the transmissivity had to decrease 
". 

to very low values. But then, to allow all of the flow to leave the region 

the transmissivity values out beyond the observatior. wells had to be 

increased. If this latter increase was not allowed the magnitude of the 

drop in head was reproduced but the value of the hydraulic head (or 

pressure) at the injection well was too large. 

An alternative to the results of the preceding paragraph was found 
" 

if the value of the hydraulic resistanc e of the C oniining layer was de-

creased significantly. 1 Using a higher transmissivity for elements 
? 

representing the lenses and a transmis sivity of 1. 12 m - / da y for the 

rest of the field, with a hydraulic resistance of 25 days a.nd a discharge 

of 82 m
3

/day, the hydraulic head contour,s shown in Figure 24 were de­

rived. The result seems adequate for al~ the observation wells except 

P-4. The hydraulic head drop betw~en 1-2 and P-4 is still much too 

large. But a change to the spatial resolustion level necessary to repro­

duce such a small pressure drop was deemed unjustified since the point 

of interest is already made if one examinets the magnitudes of hydraulic 

conductivities',for the "aquifer" and "aquit rd". For the aquifer (K :: T / 

aquifer thickness) the hydraulic conductiv'ty is 0.92. m/day while that 

IThe hydraulic resistance (a scalar quanti y) is the ratio of the thickness 
of the aquitard b and its hydraulic c ondu tivity k. The aquitard hy­
draulic conductivity was determined to be!, 0.13 cm/day for 1-1 and 0.06 
cm/day for 1-6. An average of these waslj used for 1-2.: k :: 0.094 cm/ 
day. From the well logs an aquitard thicf-ness of 5.8 meters was 
chosen. Thus, the hydraulic resistance iF b/k :: 6200 days. 
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for the .aquitard (K = b/resistance) is 0.2.3 /day. 'These values are 

of the same: order of magnitude which means: that. flow through the aqui­

tard should not be strictly in' the vertical direction (see th~ "law of. 

refraction of the gradient", Bear-, 1972., pg. 2.66). Thus the flow is 

three dimensional (and nearly 3 -D radial near the lenses) and conlined 

...... :.~. aquife.r:::rrfode'I;sC:.';"'~ho·ulcf;noi:b'E;:,;;ap"plfed:=;~"}·>t~lf.!"-t:.(:;,i:~r;k;-:'~.'N:-,':;.;.~1·.d::<,)·: r .• c.·"·::'i~/,,\.···.i~"·'·"""" ",,~-.• ::~.:~. j. 

While one. could use this quasi three dimensional model with high 

: I vertical leakage there are still a number of obstacles in the way of 

velocity prediction. One problem is: how should the· aquifer thickness 

I 
I 
I 
··1 
I 
I 
I 
I 
I 
I 
I 
I-
I 

values be- specified in places where· lenses are not found? A second 

problem stems. from the: combination of high transmissivity values for 

the- lense connecting 1-2: and P-4 and' the ovenly largec hydraulic head 

drop; the resulting velOCity is excessively large. It appears that one 

must leave the two ·dimensional model for one which is three dimensional,. 

but here- the problemo! specifying. the porous media ge,ometry is even 

more overwhelmiIlg.- One alternative, if the possibility of no model is 

excluded, is to use the stochastic Monte Carlo method of Freeze (1975) 

extended to three dimensions. The cost is significantly greater but the 

model is conceptually much superior to a deterministic model of the 

field. 

Doublet Pair, 1- r, E -1 

A second example for application' of the confined leaky aquifer 

model developed in Section IV is furnished by the doublet pair I-I, E-1. 

As noted earlier, there is reason to believe that the aquifers found in 

the predesign tests of I-I may be continuous Qver a larger area than is­

typical of the rest of the field. Reasons for ~his belief are furnished by 

the high transmissivity values at the injectio1 ar:d extraction wells, logs 

of other near-by wells (Jenks and Adams, 19,\4), and in pa::ticuiar by the 

fence diagram of Howland (Figure 17). 
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In setting up the simulation, reliance w s placed on Howland IS 

~ 

observation that there i.s a general thinning of the deposits toward the 

bay. Also, from the logs of 1-2 and £-2 we know that the- aquifers pinch 

out in that direction. Toward the foothills we can expect some thicken-. . 
ing of the deposits. Finally, as noted by Howland (and shown in the 

fence diagra:m, Figure 17), the aquifers thicken and effectively merge 

to the northwest. With these trends and the transmissivity values for 1-1 

and E -1 the input data was estimated and the simulation carried out. 

With an injection and extraction rate of 68U m
3

/day the hydraulic 

head contours shown in Figure 25 were generated. Transmissivity con­

tours are shown in Figure 26. The breakthrough curve at E-1 (ratio of 

injected fluid in the withdrawn fluid) is shown in Figure 27. Also shown 

in this figure is the breakthrough curve for the same conditions except 

that the field has a uniform transmissivity of 112 m 
2

/ day. Note that 

the effect of having the aquifer- thin out toward the bay is to 'increase the 

rate of breakthrough, as would intuitively be -expected. 

The breakthrough curves were generated directly from the velocity 

field and as such, do not include the effects of dispersion. It is expected 

that dispersion would_considerably reduce the time to initial break­

through and the front of the curve would not be as steep. 

1"1 1 



APPENDIX II 

In this appendix we evalua~e the interi\element boundary integral 

for the elliptic element of the anisotropic problem. The procedure is 

more complicated than for the circular isotropic element but the result 

is the same. 

Properties of the Anisotropic Solution 

Equation (28) gives the hydraulic head solution for the isotropic 

problem. U sing the transformations of (25) we find that the solution for 

an anisotropic problem with principal transmis sivities T and T 
x y 

is 

G = 

where 

Q 

21T(T T )1/2 
x y 

{
K (~) _ K 0 ( ~) I (~)} 

o B' (~) 0 B' 
10 B' 

(II. l) 

and x and yare the global coordinates of the anisotropic problem. 

F rom the form of the function G of (II. l) it is apparent that the head is 

constant on the ellipse specified by 

2 
x 

2. 
a 

2 
+ L = constant 

b
2 

Consider the !ellipse corresponding to 
I 
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I 

the. boundary of the singular element, r 1 = R I. The direction of stream­

I lines crossing the ellipse (see Figure 28a) is given by 

I 
I 
I 
I 
I 

-I 

I 
I 
I 
I 
I 
I 
I 
I 

tan B1 = ~ -. y. 
qx x 

Here, 

I (r') Kj~:) (R')j -T 
aG Q. y 

q = - = (K) Eo + Io(~:) I) B-y y ay 27TB1R ' 

.... 

and a similar- ~xpression is found for~. (K
1 

( .) and II ( .) are the 

modiiied Bessel functions of the second and first kind of order one}. 

The magnitude of q 
Cl 

I I J 2, 2 
qo. = q + q x y 

is' 

= -21T-~IR-' t K1( ~:) + ::1f,J Il(~: )l/x2
+ l 

(II. 2) 

(II. 3) 

Next we want to find the direction of the! outward unit normal vector 

to the ellipse. According to Courant and John (1974, pg. 231), the nor­

mal to a curve at the point (x, y) is 

{~-x)F'-(77-y)F =0 
Y x 

where (;, 77) is a point on the normal and F(x, y) = 0 is the equation of 

222 
the curve. For the ellipse, F = x 2. + "7 -R' = 0 and the equation of 

a b 
the normal maybe written in the form of a straight line: 

2 
~ ,., = 2. ~ 
xb 
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T'nis last equation gives the 

Figure 28b) 

tane2 

tangent of t~e 
I 

normal to the ellipse (see 

Y. a'it = 
x 

yT 
x 

xT 
Y 

Evaluation of Interelement Boundary Integral 

(II. 4) 

With equations (II. 2) through (II. 4) we can evaluate the boundary 

integral given by equation (24) 

f T 8G 1, dr e = 
<Di af. a;;- a 

e . B r .-
(15) 

In Section III r e 
was a "finite element" GiTcle with q constant on the 

n 
circle, and thus q could be moved outside of the integrand. But for 

n 
the ellipse q is a function of the position on the ellipse and must re­

n 

main within the integrand. Because 1,et. is a unit vector we can write 

q = q 1, = I q", I cose3 
n ex a '"'" 

(II. 5) 

where e
3 

is the angle between the streamline and the unit normal to the 

surface (see Figure 28c):" To find cose
3 

we use Equations (II. 2) and 

(II. 4) in the form 

F(~'i7) = 17 - Y t. 

t 
= 0 x-

a 2 
G( ~ , 17) = .,..,-~ ... = 0 2 c, 2 

xb 

I 

Now, according to Courant and John (1974, pg. 234), the cQsine of the 

angle between the curves F = 0 and G = 10 is 
i 
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F G + F G 
cose := 

so 

R,2 
:= 

( 2 4 2b4)1/Z( 2 2)1/2 ya+x x+y 

Then from (II. 3) and (II. 5), 
". 

QR' 
q := 

n 211'B' 

Next we look at the differential along the curve: 

<;lr 
2' 

(~) . dy 

U sing the equation of the ellipse we find 

2 2 2 4 
R' + a y (a -1) 

R
,2 2 2 

-a y 
dy 

(II. 6) 

Finally, we examine the basis function expan$ion for the boundary (see 

Section IV. B). Along the boundary (see Figu~e 3 for numbering scheme) 

For the isotropic circle we know that 

oc: 



R 
YZ - - {2 , Y6 = 0, 

The corresponding points on the ellipse (with major axis coinciding with 
1 . 

the· x-axis) are found from equation (Z5): Y A = ;:- Y
1 

= bYr So for the 

anisotropic case (with R = R I) 

R' 
Y 6 = 0, 

R' 
YZ = - - Y3 = -

afi 
, 

af2 

and 

~ R' Z R I Z 
2 

= - Y = - 11 d1'/ 
a{2 

, 
Z 

Za 

A check for element degenerac Y using Section IV. B shows that the ele­

ment mapping for the ellipse satisfies the ctnditions fOl'.~niquertess and 

invertability of the transformation betvleen $lobal and local domains. 

Before as sembling the integral we note that 

.-

( 
2. 4 2b4) - 1 / Z ____ a ____ ---,.._ 

Y a + x = Z 2: 2 4 l/Z 
(II. 8) 

(R I + Y a (a. - 1)) 

U sing the same procedure as Section IV. E w-= evaluate the integral for 

node 6, whose basis function is c.a
6 

= 1 - 71
2

. The integral is 

2 
(1 - '7 )q 

n 

or, with (2.6), (2. 7) and (2.8), 
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I 
I 
I 
I 
I 

I 
I 
I 
I 
I 

I 

QR' 
21TB' 

:j11 
2 

(l - n ) d17' 

/ Z-T/ 

Equation (II. 9) is the same result as found for the isotropic case in 
. ~ 

(II. 9) 

Section IV. E. Thus the procedure for implementing this approach may 

be directly e~tended for an anisotropic problem with the shape of the 

sing~r element given by the ellipse 

2 
x 

(T IT)1/2 
x y 

2 

+ (T ~T ~ 1/2 = 
Y x 

The side node and corner node flow allocations remain the same. 
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TABLE 1. Correspondence Between Functional Coefficients 
t 

in equations (11) and (12) 

1 1 
c

1 = - 4 (a 1+ a 2+ a
3

+ a 4 ) + Z (a s+ a 6+ a 7+ as) 

1 
c

2 = 2" (a 6 - as) 

1 
c = 2" (-a s+ a

7
) 

3 
1 

c = 4 (a 1 - a 2 + a 3 - a 4) 4 
: 1 1 

c = 4 (a 1+ a 2+ a 3+ a 4 ) - Z (a s+ a 7) 5 
1 1 c - 4"(a

1
+a

2
+a

3
+a

4
) - 2" (a6+ as) 6 -

1 1 
c = 4 (-a 1- a 2+ a 3+ aA:) + 2" (a s- a 7) 7 

1 1 
c = 4" (-a

1
+ a

2
+ a

3
-: a

4
) + z(-a6+ag) g 

TABLE 2. Bilinear Basis Functions (see Figure 3 for 

notatio~) 

tjJ = 1 

.~ 

1 4" (1 - t) (1 - TJ) 

1 
W 2 = '4 (1 + ~) (1 - ",) 

1 
4J 3 = '4 (1 + ~) (1 + 7'/) 

tjJ 4 = ~ (1 - ;) (1 + 77) 
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TABLE 3. 

·1 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

Wells 

I-I 
E-1 
1-2 
E-2 
1-3 
E-3 
1':'4 
E-4 
1-5 
E-5 
1-6 
E-6 
1-7 
E-7 
1-8 
E-8 
1-9 
E-9 

'::"'_':";''' 

Transmissivity (m
2

/day) for SCVWD Wells I 
(See Figure 1) (Preliminary Data) 

A9,uifer 

Shallow DeeE 

43.5 108.0 
134.6 116. 7 
33.6 6.4 

7.0 ". 1.0 
29.2 4. 8 
12..6 5. 0 

61. 5 22.3 
131. 1 1.9 
48.2 
6.2 130.8 

15.0 2. 6 
6.5 6.8 

32.4 4. 7 
62.7 44.5 
11. 5 4.7 
51.0 7. 9 
33.4 8. 7 

Mean 40.0 26.5 

Std. Dev. 39.0 43.8 
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