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ABSTRACT \

A conéeptual hydrogeologic model of the Palo Dulo Basin, Texas Panhandle, subdivides
the basin into three hydrogeologic units: ti‘xe shallow Ogallala and Dockum aquifers, the
Permian evaporite aquitard, and the deep confined, underpressured Permian and Pennsylvanian
brine aquifer. The first permeable units beneath the thick Permian evaporite section are
‘Wolfcamp strata composed of carbonates, shales, and arkosic sand and gravels (granite wasn)
with average effective permeability values of 8.9, 0.0001, and 8.6 md, respectively. Groﬁnd

waters in the Wolfcamp aquifer flow to the northeast toward the semi-impermeable, granitic

Amarillo Uplift. This anomalous hydrologic condition (flow toward a low-transmissivity barrier) .

may result from the presence of highly permeable granite-wash deposits that flank the uplift '

and function as "hydrologic sinks."

A two-dimensional, vertical-averaging finite-element model, incorporating the different
lithologies and their different permeabilities as well as leakage through the overlying evaporite
aquitard, has been used to 'simulate the observed potentiometric surface of the Wolfcamp
aquifer. The conditions that best simulate the observed Wolfcamp pdtentiometric surface are a
combination‘ of specified head and no-flow conditions along the uplift, permeability values
greater than 260 md for the granite-wash deposits that flank the uplift (in contrast to the

average value of 8.6 md), and an increased permeability value of 50 md for the highly porous

carbonate zone. The best estimate of the vertical permeability of the evaporite aquitard is’

0.00008 rﬁd.

Treating the whole deep-brine aquifer as a single permeable unit beneath the evaporite
aquitard, ground-water flow is to the northeast toward the uplift with a slightly larger west-to-
east component than that found when éonsidering only flow m Wolfcamp strata. The conditions
that best simulate the averaged potentiometritisurface are‘those from the best simulation of
Wolfcamp strata, with, mcreased!.permeabmty values of 260 md for the Pennsylvaruan granite-

o TR l}\. 5 kZ tne

wash close to the uphft and 250 md for the mgn—porosrty Pennsylvaman car‘bonage@.




GENERAL GEOLOGIC AND HYDROGEOLOGIC SETTINGS

The Palo Duro Basin is a Paleozoic depositional subbasin of the larger Permian Basin of
southwest Texas and southeastern New Mexico. The bagin is bounded on the north by the
Amarillo Uplift and Bravo Dome, on the south by the Matador Arch, and on the west by the
Tucumcari Basin and the Sierra Grande Uplift and on the east by the Hardeman Basin (fig. 1)
The transition between the Palo Duro and the Tucumcari and the Hardeman is poorly defined.
The detailed stratigraphy and depbsitional systems of.the basin have been discussed in several
research reports (Gustavson and others, 1981; Handford, 1980; Dutton and others, 1982). A
simplified stratigraphic column consisting of different hydrogeologic elements and hydrogeo-

logic units is defined for the study of regional ground-water movement and mass transport in

the present work.
Major Hydrogeologic Units

Table | summarizes the stratigraphic and hydrogeologic divisions of the Palo Duro Basin.
The hydrogeologic elements were designated according to| their relative water-conducting or
water-retarding charactef. The hydrogeologic units are ;composed of one or more of the
hydrogeologic elements, and represent assemblages of vertically contiguous strata that have
different primary . lithologies, but have the same general hydraulic properties (Bassett and
Bentley, 1983). Some of tne 'hydrogeologic elements are composed of a sequence of relatively
high and low permeability lithologies, reflecting the heﬁerogeneity and compiexity of the '
system. Nevertheless, there are three major hydrogeologic units overlying the impermeable
crystalline basement: the Deep-Basin Brine Aquifer; the Permian evaporite aquitard; and the

- shallow Ogallala-Dockum Aquifer.

Deep-Basin Brine Aquifer - 1
The Deep-Basin Brine Aquifer is composed of the pr%-?ennsylvanian, Pennsylvanian, and

Wolfcampian (Lower Permian) strata extending from the top of the Precambrian crystalline



rock up to the top of the Wolfcampian dolomite. The aquifeti* is generally composed of shelf and
shelf-margin carbonates and fluvial-deltaic arkosic/nonarl%osic sandstones interbedded with
basinal shale (mudstone).

The pre-Pennsylvanian strata contain three depositional unitsg a basal clastic unit; a
Lower QOrdovician, predominantly dolomitic unit; and a relatively thick sequence of Mississip-
pian carbonates (predominantly limestones). These units are not"continuous, but occur in
various combinations throughout the basin (Dutton and others, 1982). The crystalline basement
deepens toward the southern center of the basin with the deepest part occurring just north of
the Matador Arch in Floyd and Motley Counties (fig. 2). The same trend is observed for the
structure contours of the top of the Mississippiah system (fig. 3), but with a smaller slope,
indicating that the p-re-Pennsylvanian strata thicken toward ?loyd and Motley Counties. Th;e
thicvkest pre-Pennsylvanian sequence is, however, encountered in the faulted, northeastern part
of the basin. ‘The thickness of.the pre-Pennsylvanian strata can be determined from the
structure contour maps of figures 2 and 3.

The Pennsylvanian and Wolfcampian strata are the most laterally and vertically extensive
elements of the Deep-Basin Brine Aquifer with four genetic stratigraphic units of (1) .shelf and
shelf-margin carbonates, (2) fan-deita, coarse arkosic deposits (granite wash), (3) deltaic-

nonarkosic sandstones, and (4) basinal shale. The depositional patterns and total thickness of

the Pennsylvanian strata were strongly influenced by regional subsidence which was actively

shaping the basin geometry. The northwest-trending area of thickest Pennsylvanian strata,
occurs in the basin center and thins onto the bounding Precambrian basement highlands and
western edge of the basin (fig. 4).  Thick, coarse-grained clastics were deposited adjacent to the
sources, the Amarillo Uplift to the north and east, and the Erravo Dome to the northwest, and
prograded away from the sourcﬂe area forming the "granite-‘}wash" deposits (fig. 5). Deltaic-
nonarkosic sandstones in the southeastern Palo Duro Basini extend westward into the basin

(fig. 6), probably originating in the Wichita Mountains in Oklahoma (Dutton and others, 1932).

Basinward from these peripheral terrigenous clastics are interbedded shelf carbonates which



grade basinward into thicker, more vertically persistent, shelf-margin carbonate buildups. The
interbedded shelf carbonates in the lower Pennsylvanian strata are relatively thin (ig.7),
whereas thick, well-defined shelf-margin carbonates are| common in the upper Pénnsylvam’an
strata (fig. 8). High-porosity trends in the Pennsylvanian carbonates follow the shelf margins

(fig. 9) and excellent correlation exists between high-porosity zones and dolomite occurrence
(Dutton and others, 1982).

There is no major lithic change from the Pennsylvanian rocks to the Wolfcampian rocks;
therefore, it is difficult to place the system boundary. The operational marker for the boundary
Is a thin, widespread limestone unit which was deposited near the end of the Pennsylvanian.
Where the limestone was not deposited, the boundary is conventionally placed at the top of a
widespread shale (Dutton and others, 1982). A typical cross section in figure [0 illustrates
thick, widespread sequences of fline-grained sediments of silty shales and dark micritic
limestones which filled the deeper portions of the basin during late Pennsyl;/anian and early
Wolfcampian time. Depositional environments during the Wolfcampian are the same as those
existing in the Pennsylvanian, although the basin was transforming from a relatively deep basin
to a restricted carbonate platform. Wolfcampian strata thin onto and over the Precambrian
basement uplifts with the thickest parts trending nortnh-northwest (fig. 11). Granite-wash
deposition was confined primarily to the flanks of the uplifts due to reduction in the supply of
clastic sediment during the Wolfcamp. Some deltaic-nonarkosic sandstones extend westward
into the basin through the southeastern boundary in similar patterns as those of the
Penns.ylvanian system (fig. 12). The thickness of Wolfcamp carbonate varies from 120 to 580 m
(400 to 1,900 ft), with the thickest part lying approximateiy along the shelf margins (figs. 1!
ana 13). High-porosity trends in the Wolfcamp carbonates also follow the shelf margins (fig. 14)
and correlate with zones of'dolbmitize‘lfsig_g, CAUTION
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Permian Evaporite Aquitard

The term, "Permian Evaporite Aquitard," in this study refers to the relatively low-

permeability, Permian evaporite-bearing strata extending from the top of the Wolfcampian

strata (fig. [5) to the top of the Alibates Formation (fig. 16). Ground-surface elevation (fig. 17)

was used as an approximation of th¢ strata's upper boundary east of the Caprock Escarpment
where the Alibates does not exist. The Permian evaporite-bearing strata consist almost
entirely of four major lithofacies: halite, anhydrite, dolomite, and fine-grained siliciclastic red
beds (Handford, 1980). A core study of the Permian section in the DOE-Gruy Federal No. |
Grabbe test well in Swisher County (fig. 18) indicates that the section consists of 58 percent
salt and anhydrite, 32 percent red beds, and 10 percent dolomite. Another rough estimation
from the sample log-of Ca;stro County No. | well shows a combination of 67 percent salt and
anhydrite, 30 percenf red beds, and 3 percent dolomite (A. Dutton, personal communication,
1983). Total thickness of the evaporite aquitard estimated from figures 15 and 16 varies from
650 to 1,550 m (2,100 to 5,100 ft), and the aquitard thickens toward the southwestern part of

the basin.

Ogallala-Dockum Agquifer

Overlying the Permian evaporite aquitard in the central and western parts of the Palo
Duro Basin are the fluvial, deltaic, and lacustrine deposits of the Triassic Dockum Group and
the alluvial deposits of the Tertiary Ogallala Formation. The Dockum Group is composed
dominantly of terrigenous clastic red beds, mudstones, siltstfbnes., sandstones, conglomerates,
and minor facies of dolomite and chert (McGowen and others, 1979). The Ogallala Formation is
made up of large alluvial fans of sand, gravel, and clay resulting from the eastward fluvial
transport of eroded clastics from the Rocky Mountains (Seni, 1980). In contrast to the Dockum
sandstones, which have low specific capacities and produce wa‘ ers that r‘ange widely in sallnriﬁtAy,

the Ogallala aquifer has supplied most of the water used in‘the High Plains for agricultural,

industrial, and domestic purposes. In the Palo Duro Basin, the aquifer is about 120 m (400 ft)




thick along a northwest-southeast trend and thins in the southwest direction to about 30m

(100 ft) and in the east and northeast directions to zero (Seni, 1980, fig. 5). The percentage of

sand and gravel decreases from 70 percent to 20 percent in the same patterns as those of the

aquifer's thickness (Seni, 1980, fig. 10).

A Conceptual Ground-Water Flow Model

Figure ‘19 depicts the conceptualized regional ground-water flow patterns. in the Texas
Panhandle (after Bassett and Bentley, 1983). The flow system is characterized by the geometry
of the region, its hydraulic conditions, the relative average permeabilities of major hydro-
geologié units, and the permeability distribution within each major hydrogeologic unit. The
preliminary values of the relative average permeabilities given in figure [9 are intended only
for illustrating their effects on the conceptual flow patterns. The distribution of the actual
permeability values is far more complicated in the real system. The flow regime is bounded
vertically by the land surface with a water table that essentially follows the topography, and by
the basement aquiclude. The flow system is assumed to be currently under steady-state
conditions. |

The low-permeability evaporite aquitard separates the flow regime into two distinctly
different flow sysfems: the upper unconfined aquifer (d‘)gallala-Docku‘m) and the Deep-Basin

Brine Aquifer. Considering the ratio of average thickness to average areal extent of the

aquifer in the Palo Duro Basin, which is about | to 400 for the upper unconfined and | to 190 for

the deep brine, both aquifers can be treated as extensive ones in which losses of head due to the
vertical velocity components may bé neglected. Thus, flow in both systems is essentially
horizontal. The results of pressure-depth analysis of thg deep-basin fluids indicates vertical
uniformity of heads (Bentley, 1981; E. Orr, personal coi}nmunication, 1982), suggesting that:
(1) the whole deep-brine aquifer is interconnected, proBably by depositional thinning of the
shale aquitards that are interbedded with the carbonates and sandstones and/or by faults and

fractures and (2) the assumption of predominantly horizontal flow in the aquifer is valid. The



same pressure-depth results also indicate that the deep-brine aquifer is underpressured in most

parts of the-basin, especially beneath the High Plains, and that it is artesian. In other words,

the piezometric heads in the deep basin are below the land surface, but are well above the top
of the deep-basin aquifer and are within the salt section.

Recharge to the deep aquifer probably takes place in the updip areas to the west in New
Mexico where the aquifer crops out (fig. 19) aﬁd along the upper boundary where vertical
leakage from the upper aquifer moves through the evaporite aquitard. The amount of local
recharge from leakage depends on the potentiometric-head difference between the upper and
the deep-brine aquifers and the thickness and vertical permeability of the evapdrite aquitérd.
Although average vertical-permeability of the evaporite section may be very small, vertical
leakage across the .aquitard may be significant due to the large contact area b;etween
formations. Locating areas where leakage is relatively high is also difficult because of the low
density and unreliability of data.

Flow in the Ogallala-Dockum Aquifer is essentially horizontal and the flow system Iis
effectively separated from the deep-brine system. Although flow patterns in the aquifer are not
the subject of this study, long-term, equilibrium, potentiometric head contours of the aquifer
are necessary for the evaluation of flow patterns in the deep aquifer because the upper aquifer
is a factor controlling the vertical leakage across the evaporite aquitard. The Ogallala and
Dockum Formations may not constitute a unified and interconnected aquifer, but may represent
two separate aquifers. Available data are not sufficient to separate the two formations into
two separate aquifers. A conservative approach is maintained by assuming the potentiometric
surface of the Ogallala is representative for both formations.

The Wolifcamp is the first permeable strata beneath the proposed repository site and is a
possible pathway for contaminant transport f?ronp‘ hq reposmory to the biosphere. The whole

Deep-Basin Brine Aquxfer can also be treated as a major ‘pathway for contaminant transport,

owing to the hydrauhc mterconnecnon of the aqu1fer by‘crdss—formf onal flow. Additional

[
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pathways may exist in continuously permeable dolomites (e.g., San Andres dolomites, Dutton, in

press) in the evaporite section,

HYDROGEOLOGIC PROPERTIES OF THE FLOW SYSTEM

Fluid Properties

Procedures for computing salinity values of thé deep-basin fluids from geophysical logs
and from chemical analyses of fluid samples were described in Bassett and Bentley (1983). The
average salinity in terms of total dissol?ed solids (TDS) of brines in the Wolfcamp—éarbonate
section of the .Palo Duro Basin is lBOI,O‘OO mg/L, determined from [10 data points (Bassett and
Bentley, 1983, fig. 10). Similarly, the average salinity of brines in the deep-basin granite wash '
of the Palo Duro Basin was estimated, from 87 data poiﬁts, to be 123,000 mg/L (Bassett and
Bentley, 1983, fig. 11). In this study, an average salinity value of 127,000 mg/L was used for
the deep-basin brines. Using the average geothermal gradient of O.6°C/leO ft for the region,
the average temperatures of brines in the Wolfcamp carbonates and in the granite wash were
computed to be 41°C (l05°F) and 52°C (125°F), respectively. It is expected that a small
temperature gradient will have a negligible effect on regional ground-water flow patterns and,
therefore, an average temperature of 46°C (115°F) was used to represent the fluid temperature.
Using these average fluid properties (salinity and temperature) to convert un;ts of permeability

to hydraulic conductivity for the flow system. | md equals 0.001 15 m/day.
Permeability and Hydraulic Conductivity

In order to do numerical simulations of ground-water flow patterns and calculate travel
times in the deep brine aquifer of the Palo Duro Basin, Tnowledge of the permeability of the
various hydrogeologic units is necessary. [t is also nec}essary to recognize that when two-

dimensional flow takes place in a stationary and isotropic 1Tnedium under a uniform gradient, the



X,

effective permeability of the medium is given by the geometric mean of permeability values at

data points (Neuman, 1982). For problems of two-dimensional areal flow, each horizontally

distributed point quantity must represent the vertically averaged permeability of the aquifer at
that point which can be determined, for example, from purﬂi]ping test data. The geometric mean
of these point quantities is then used as an effective permeability value for the aquifer. The
following is a discussion about the availability of permeability data for the dee’p—basin aquifer
system and thé use of 'the data in the numerical simuiations.

Permeability data are available for Wolfcamp carbonates, Pennsylvanian carbonates,
granite wash, and pre-Pennsylvanian rocks (Table 2). Much of the permeability data is from
petroleum exploration testing in basins adljacent to the Palo Duro Basin and is included in the
data base. Permeability data for Wolfcamp carbonates are available from 25 DSTs (drill-stem
tests), described by Bassett and Bentley (1983), from six pumping tests and 70 core sample
tests. The six pumping tests are muitiple tests of a single Wolfcamp interval in the DOE-Stone
and Webster No. | Sawyer test well in Donley County, Texas. The 70 core sample permeability
values are from oil fields in the Anadarko, Midland, and Dalhart Basins (Texas Water
Development Board, 1972). Pennsylvanian permeability data are available from 25 DSTs and
118 analyses of core samples. Upper and lower Pennsylvanian samples are not differentiated in
the core data. Granite-wash permeability data are availab!e from 10 DSTs, 10 pumping tests in
a single granite-wash interval in the No. | Sawyer test wegll, and 426 laboratory core analyses.
Of the core sample analyses, 415 are from six wells in the Mobeetie Field in the Ahadarko
Basin. Pre-Pennsylvanian permeability data are very limited and consist of values from 4 DSTs
of the Ellenburger Group, 6 DSTs of Mississippian carbonates, | pumping test of the Ellenburger
Group, and 14 pumping tests in a si.ngie Mississippian carbonate interval in the No. | Sawyer
test well. From this data base, Smith (1983) summarized the permeability values of each
hydrogeologic unit and computed the geometric mean, arithmetic mean, and variance of the
permeability for each type of data. Additional permeability data from five pumping tests in the

Pennsylvanian granite-wash at DOE's SWEC-J. Friemel NoL | well indicate a permeability range



of 10 to 400 md with the average of 140 md. Laboratory| tests on a granite-wash core sample

from the same well indicate a permeability range of 97 to 267 md.

It should be noted that none of the above permeability data represent a vertically
averaged permeability of the hydrogeologic unit at a given location which is the desirable nodal
point value in two-dimensional areal flow simulations. Although each permeability value from
pumping tests represents the average fluid-conducting property of a relatively large volume of
the medium compared with that of a core sample, the tested zone of the medium is still a small
portion of the whole section of the hydrogeologic unit. No attempt was made to compute the
vertically averaged permeability at data points where there are more than one permeability
value because of the insufficiency of information and the variety of testing techniques used to
obtain the permeabiiity data. Instead, all the permeability- data for each hydrogeologic unit.
(including those of the neighboring basins) were used in the computation of the unit's geometric
mean and variance.

Table 2 summarizes the effective permeability values and the variances for each
hydrogeologic unit of the Palo Duro Basin. The variances|given in the table are those of DST
permeability data which, for all strata, are the highest; The range of variance from 5.08
to 5.70 for the carbonates seems high compared with the typical range of [.12 to 1.49 from
24,222 core samples of limestone (Bennion and Grifﬁths, 1966). The variance of 7.13 for the
granite wash is also high .compared with the range of .21 to 5.30 from more than 60,000 core
samples of conglomerate and sandstone (Bennion and Gri&fiths, 1966; Law; 1944). The large
values of variance indicate that there is a large natural variation in the permeability of each
hydrogeologic unit and also suggest a lack of sufficient data. The effective-average
permeability value is slightly increased with the inclusion of permeability data from neighboring
basins for the Wolfcamp and Peénnsylvanian carbonates, bbt slightly decreased for the granite
wash. A conservative approach is maintained by using the larger value in each case.

The vertical permeability of 0.00028 md for the e'va} orité aquitard was derived from the

harmonic means of permeabilities of two typical cross sections of the evaporite strata using
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typical or measured values of permeability for each substrata. A typical cross section of the

evaporite strata is illustrated in figure 19. The typical or|measured values of permeability of

the evaporite's substrata are: 0.0001 md for red-bed shale (Davis and DeWiest, 1966), 0.0073 to
0.012 md for salt and anhydrite (Davis and DeWiest, 1966; Peterson and others, 1981), and
0.1 md for dolomite (DST resuits, A. Dutton, personal communication, 1983). Table 2 includes
the typical values of permeability of carbonates, shale, and granite wash taken from the

literature.
Porosity -

There are no direct measurements of porosity available for the deep-brine aquifer of the
Palo VDuro Basin. An indirect method using neutron-density logs was employed to make
quantitative determinations of porosity of the Wolficamp and Pennsylvanian strata (R. Conti,
personal communication, 1983). From two neutron-density logs which penetrate the Pennsyl-
vanian strata at the DOE-No. | Sawyer test well in Donley County and the DOE-No. | Mansfield
test well in Oldham County, porosity values of the Wolfcamp and Pennsylvanian carbonates and
the granite wash were estimated at 50 ft intervals according to the procedure described in
Schlumberger (1979). Results of the analyses are given along with some typical values in
Table 3. Conti (1983, personal communication) has determined the porosity distributions of the

Wolfcampian carbonates using 20 neutron-density logs in the Palo Duro Basin (fig. 20).
HYDRAULIC AND BOUNDARY CONDITIONS
Head Map of the Ogallala-Dockum Agquifer

Potentiometric heads in the Dockum Group indicate hydraulic conditions on the upper
boundary of the underlying evaporite aquitard. Availat%le head data are insufficient for
constructing a reliable potentiometric head map of the Dockum unit. Published information on

the characteristics of the Ogallala Formation is readily available. Using these data, combined

Il



with Dockum head data, Bassett, Bentley, and Simpkins (1981) constructed a head map of the

unconfined Upper Aquifer that overlies the evaporite aquitard in the Palo Duro Basin (fig. 21).

Head Map .of the Deep-Basin Brine Aquifer

The whole deep-brine aquifer can be treated as a single permeable unit beneath the salt
section provided that there is adequate vertical communication of flowing fluid between units
comprising the aquifer. Based on the available geologic information and the results of pressure-
Vdepth analysis (which indicate general vertical uniformity of heads in the deep basin), this
simplification seems to be justified for the evaluation of ground-water flow patterns on a
regional scale. Therefore, it can be assumed that heads in the Wolfcamp and the Pennsylvanian
strata are similar anci that regional flow patterns in the deep basin may be characterized by an
average potentiometric head surface.

'Almost all of the head data from the Deep-Basin Brine Aquifer used in this study were
derived from the results of drill-stem tests (DST) conducted in petroleum wildcat wells and
from bottomhole pressures measured in oil fields (data available from the Petroleum Informa-
tion Corporation (PI) commercial file). There are about 1,460 sets of data for the Palo Duro
Basin and the northern part of the Midland Basin, just south of the Matador Arch. Sixty-six
more sets of data with pressure/time charts were obtained directly from operators in the Palo
Duro Basin in the form of DST technical reports. This type of data, classified as "class H" data,
is considered to be the best since the pressure/time éharts are available for analysis (Mafthews
and Russell, 1967; Bassett and Bentley, 1983). The Petroleum Information Corpofation data are
ranked according to number and quality of shut-in period data. With decreasing reliability, data
are classified as: ‘'"class A" data if there are two shut-in pressures and both agree within
10 percent, "class B" if both shut-in pressures do not agree within 10 percent, and "class C" if
there is only one shut-in pressure. Note that, in fact, class C group may include soine good data

such as those of class A, although good data could not be diffjerentiated from bad with a single

12



shut-in pressure. The higher pressure of the two shut-in pressures was chosen and then

converted to equivalent fresh-water head.

An average head surface for the deep-brine aquifer was constructed by averaging head

values at data points where there are multiple values. By doing this and by choosing not to use
class B and class C data, because of their lesser reliability, the data base of measured heads
' was reduced to 42 class H heads and 305 class A heads.
| -For a better‘undersdtanding of the characteristics Aof eéCh class of head dafa, class H and
;dass A data were first separately investigated and then merged Class H head data are
' ”-'_:.':sparsely distributed and are very rare in the mlddle north and northeast of the basin (flg 22)
‘The head. contours. indicate a decline of head from west to east );nd from southwest to
' '.ndt;’theast Class A head data are sparsely distributed within the Palo Duro Basin but densely
"packed in the northern parts of the Midland Basm, south of the Matador Arch (fig. 23) An
- average head map constructed from class A data (fig. 24) indicates that: (1) there is a general
trénd of head decline from west to.east and-frdm southwest to northeast across the Palo Duro
Basin but with variability of localized zones of- low and hlgh head and (2) there is no well-
defined direction of regional head dechnevsouth of the \Aatador Arch due to the high den51ty and
variability of localized zones of low and hlgh head The zones of low head are probably created
by depressunzatlon of the aquifer from oil and gas productlon especially south of the Matador '
Arch; or they may be due to measurement errors. The zones Of hl"h head could be due to 1°C31
high intensity recharge from the overlying evapo'rit‘é‘aqUitard- Since we are interested in
studying the ground-water flow patterns on a regional scale and the available information is
neither sufficient nor accurate enough for a detailed investigation of the effects of locally hl"h
recharge or depressurization due to oil and gas production, the irregularities of the head
contours are treated as noise in the head data due to s%mall-scale variations of head and
measurement errors. o |

i . .
To obtain a smoother head map, a statistically rnoving-average technique called "kriging".

was employed to filter out the noises. The programs for the kriging technique employed in this
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‘study .(GAMM and UKRIG) were developed by Knudson and Kim (1978) based on Matheron's

(1963) intrinsic hypothesis that the first order difference (or increment) of observed values of

the phenomenon (the head values in this case) forms a stationary process (has the same
I

‘probability distribution at different locations). In other words, the programs assume a constant

drift of head values over the area from which data are selected to make an estimate. In

- general, ‘the kriging technique provides unbiased estimates of values of a variable at the nodal

pomts of a regular or eregular grid given measured values of the varlable at arbitrary points in

R space. The method dlffers from other spatial mterpolanon and averaging techniques in that it

also provides estimates of the variance of the corresponding errors of eiglmanon.
- The first step in applying the kriging technique is to compute a representative variogram

from a given set of dbserved data (using program GAMM). The variogram provides information

‘about the form of relationship between two observations as a function of the intervening

distance. Different functions can then be used to fit the computed variogram in order to

describe it mathematically. " The kriging program embloyed in this study (UKRIG) uses a

spherical function for describing a variogram which can be defined by parameters: ¢, a, and co,
respectively calléd the sill, the range, and the nugget effect. The reader is referred to Clark

(1979), Da\zid (1977), and Royle and others (1980) for comprehensive discussions of geostatistical

‘theory and mathematical methods. The next step after obtaining a representative variogram is

to specify a block system of either regular or irregular sizes. Kriged estimates c;f the variable
are then computed’for' each block by weighted averaging of the values of the surrounding data
points ‘(Llsing program UKRIG). The weight of each surrounding data point in weighted
averaging depends lon the variogram structure and the location and orientation of the data
relative to the kriged point.

An extensive varlogram study of class A head data ‘resulted in an anomalous representa-
tive variogram. The variogram 1nd1cates, fro-rn its periodic-sine-function shape, that class A
head data belong to a purely random process with highly irregular patterns of data points. This

phenomenon is mainly due to the highly inaccurate and flyctuating head values in the densely-
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packed groups of data in the northern parts of the Midland Basin which may be due to

depfssurization from oil and gas production. Since the highly inaccurate head values are in the

area outside the Palo Duro Basin, they are rejected and onljr those of class A data located above

the 33°49' latitude used in this study.

By combining the best classes of head data, the new data base consists of 118 selected
class A and 42 class H nead values (fig. 25). The representative variogram of these 160 head
values (ﬁé. 26) gives the following information: ‘(l) The fangse, the distance at which the
.'i\’,lax_fviégram levels off, is 45,000Vm_, meaning that‘all the hea;i data points within a disﬁance of

' 45,000 m from a givven point are related to the head value at that point and thus are used in the

pel

e
estimate of kriged head at the point. (2) The nugget effect is 2,700 m2, indicating that the

'- -a\}érage standard error of the head data Is about - 52 m which is,relatively high compared to the
" head difference of about 500 m across the basin. (3) The average square difference of tf‘ue heé.d
V\(alues (Gammg) increases from the nugget effect with diséé.ncé until it levels off at a distance
equal to the range and gamma equal to the sill, that is, héad data nearby have similar values,
and data far away are likely to have less similar values. (4) The average square difference of .
the head values begins to increése apvbroximateiy linearly at some distance after it levels off.
This indicates that the mean trend (or drift) of head begins to exert ité influenc;e and that a
regional trend of head distribution 15 expressed in these head values. Note that drift, a lafge-
scale phenomenon, aoes not exert its influence on daté points separated by a distance less than
the range. -

The study area (fig. 25) was divided into a system of regular blocks, 20,000 m on a side.
Based on the 160 selected class A and class H head data and their variogram structure (fig. 25),
head values at the center of each block were computed using program UKRIG (Table A-1 in
Appendix). A head map constructed from these computed head values (fig. 27) clearly shows a
- decline of head-from southwest to northeast across the b‘as'u%n with a slightly 1érger de-clir;eufro.rﬁu
east to west along the basin's southern boundary. The krici"ng program not only provided the .

estimate of head value at a kriged point but also the estimation variance (and hence the
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standard error of estimate) at each point. The estimation variance refers to the variance of the

error between .the true head value and the estimated head value of a block. The standard error

of estimate is the square root of the estimation variance and represents the magnitude of error

associated with an estimated value. A contour map of the standard errors of estimate for the

kriged heads in figure 28 shows that the error is very high in the middle-north and northeast

"areas of the basin where there are almost no data.
Head Map of the Wolfcamp Aquifer

Due fofhe limited amount of Wolfcamp head data in the Palo Duro Basin, Smith (1983)
L used all ‘classes of head data in both the Palo Duro and Anadarko. Basins to construct a
Wo-lfc;.arﬁp head map’.- His data ‘base consisfs of 23‘bclass H i;leads, 71 class.A heads, 19 class B

A heads, and 167 class C heads. His variogrérri aﬁalysis resuited in'a representative variogram-
vhaving a range of 20,000 m; a nugget effect of 5,340 m2 (57,500 £2), and a sill of 9,530 m2
- (102,500 £t2), The Wolfcamp nugget effect '15 larger than the nugget from the averaged heads
variogram of the Deep-Basin Brine Aquifex;, indicaﬁng that the Wolfcamp head data have a
higher standard random error which, in this case, is mainly due to measurement errors. The
Wolfcamp head Enap (fig. 29) is based on kriged estimates of head at the éenter of blocks
20,000 m on a side. The standard error of estimate associated with the kriged head is given in

figure 30Q.
Boundary Conditions

There are generally two types of boundary conditions in any grouﬁd-water flow system:
specified head and specified flow conditions. The eastern and wéstern boundaries of tﬁe Palo
Duro Basin are treated as head boundaries along which values are specified according to the,
relevant head map, that is, from figure 27 for the Deep-Basin Brine Agquifer simulations and

from figure 29 for the Wolfcampian aquifer simulations. The same head maps also indicate that
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the southern boundary along the Matador Arch is a no—f{ow boundary since the equipotential
lines of both aquifer systems are essentially perpendicular to the boundary.

The conditions on the northern boundary along the Amarillo Uplift are more complicated

due to the presence of the basement uplift that was exposed throughout the entire Pennsyl-
vanian and a major part of the Wolfcampian and due to the presence of oil and gas..fields.
- Geologic information \indicates that the eastern section of the northern boundary is a no-flow
‘,bou'rjdary. | This is'supported by'hydrologic .i‘nformation (the ﬁead maps). - The massive block of
the Ama;il_lovUprt apparentiy acts as an impervious barrier,'direcjcing most of the ap‘proaching' :
fh.ud from the Palo Duro Basin eastward along thé downthrown block of the Qplift. There is a

_ _ _ -
- thin layer of Wolfcampian brown dolomite overlying the uplift (fig. 31; Handford, 1980, fig. 5;

'7;5':;'," ‘_ Dutton and others, 1982, figs. 12, 22, plate II) that may provide channels for fluid flowing over

5 the uplift. However, this fluid conducting unit has a relatively small transmissivity comp_aréd

. “'with those of the adjacent Wolfcamp aquifer and the whole deep-brine aquifer in the Palo Duro

- "Basin. Based on the average thickness of 60 m (200 ft) and the permeability of Wolfcamp

: _‘ Carbonates, the permeable unit on the uplift has a transmissivity of 0.6 m2/day compared with 5

S to 50 m2/day for the adjacent Wolfcampian aquifer and 10 to 80 m2/day for the whole deep-

gfine aquifer. ‘Tf‘ierefore, flow in this small transmissivity unit is notrexpected to have any
'sighiﬁcant effect on the regionalbflow field of the Palo Duro Basin. Moreover, tﬁe presence of '

011 an>d gas in the Wolfcampian brown-dolomite unit on the Amarillo Uplift (Pippin, 1968) may

| reduce the effective permeability of water flow and act as another impervious barrier
preventing ground water from flowing over the uplift. The head map of the whole d'eep-brine
aquifer (fig. 27) clearly indicates that the northern boundary along the Amarillo Uplift can be
treated as a no-flow boundary, although the Wolfcamp head map (fig. 29) and the Brown
Dolomite isopach map (fig. 31) does not obviously reveal a no-flow condition along the uplift.
Further discussion on the boundary conditions is given in the following section.



NUMERICAL SIMULATIONS

General Description of Numerical Modeling

For detailed characterization and evaluation of regional ground-water flow in the deep-
‘brine aquifer, the conceptualized physical flow-system is represented by a steady-state, two-
~dimensional, Vez"cical-averaging~ mathematical model of a confined aquifer with vertical

. léakage. The mathematical model is then numerically solved using the computer program

1-. "TRAVEL." Program TRAVEL is a general purpose program for two-dimensional steady—stéte

' gréund—water' flbw analysis. It can be used to investigate two—dirﬁe’r}sional, profile or are;.l,
" flow and mass transport problems. Program TRAVEL was written basevd on the Galerkin Finite-
- Element technique a1:1d the use of quad‘rat‘ic-quadrilateral el‘éments in dlscre‘tizinvg a flow re.glon.
Béckgro@d-nnatérials, as well a's.some examplves of.applicbation, are available in a report»by
Charbeneau and Street (1978). Full descriptions of the program's use and capabilities, as well as
‘an example of application, are aQailable in the user's guide fér the program (Wi;'ojar_\agud, 1983).
The studiéd flow region of the Palo Duro Basin was discretized into a finite element mesh
of 120 elements with 405 nodes (fig. 32). The X and Y coordinates of the finite element mesh
. héve their origin at 103.7500° longitude and 33.387(° latitude, respectively, the same as that of
- the well-control points rhentioned earlier. The éoordinate of each node point is gi‘ven _in meters
from the origin. A data file called "PALOFL" wés created to numerically represent the
geometry of the flow region, thi_cknesses of the hydrogeologic units, and. some hydraulic
conditions of regional flow within the Palo Duro Basin. As Table A-2 in the Appendix
illustrates, the PALOFL file consists of the following data at each node pbint (all length units
are in meters)
(1) nodal point number;
(2)  X-coordinate of node point;
(3)  Y-coordinate of node point;

(4) elevation of top of the crystdlline basement in meters from sea level (from fig. 2);
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(5). thickness of pre-Pennsylvanian rock (from figs. 2 and 3);
(6)  thickness of the Pennsylvanian carbonates (from figs. 7 and 8);
(7)  thickness of the Pennsylvanian granite wash (from figs. 5 and 12}
(8) thickness of the Pennsylvanian shale in meters {from fig. 4, (6), and (7))
(3)  thickness of the total Pennsylvanian rock (from fig. 4%
(10)  thickness of the Wolfcamp carbonate (from figs. L1 and 13);
(11 thickneSs of the Woliéamp gi'anité wash (from fig. .1 2%
(12) thickness of the Wolfcamp shale (from fig. 11, (10), and (1 1)}
(13.) ' th:icknéss.o-f the total Wolfcamipian rock (from fig. 11)
(14)  thickness of the total granite wash (from fig. 5} d
__"__'(15._) - thicknéss‘of the evaporite acjuitard (from figs. 15,.16, and 17}%
(16) "pbtentlométric head in .the up;ze'r’ unconfined aquifer (from fig. 21)
e (1‘7)‘ thickness of the high-porosity Wolfcamp carbonates (from fig. 14}
B (18)  thickness of thé high-porosity Pennsylvanian carbonates (from fig. 9);.and
(19) NCODE, an integer identifying zones of granite-wash «coarbsening in the Pennsyl-
vanian strata; it has the value of 2 for nodes in the coarsening zone, | for nodes af _

the boundary of the coarsening zone, and 0 for ordinary nodes.

- In Table A~2, the deép-brine aquifer was divided into three subunits: the Woifcémp, the
Pennsylvanian, and the pre-Pennsylvanian strata. The Wolfcamp and the Pehhsylvanian sﬂtraté
were further subdivided into carbonates, granite washA, and shales. The nonarkosic sandstones in
the southeastern parts of the basin that are interbedded with carbonates were combined with
the carbonates because of the relatively small thickness of these sandstones. The numerical
values of elevation, thickness, head, and NCODE for ‘each node point were obtained by
superimposing a work map of the finite element mesh onto th\‘e relevant work map (or maps) as

|

indiéated_above__and either reading the values directly or d‘omputing them. Combined with

information about the hydrogeologic properties (hydraulic conductivity and porosity) of the flow -
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system, the data in Table A-2 were used in preparing part of the input data file for the two-

dimensional areal flow simulations. |
!

Input data files for numerical simulations were prepjared following the user's guide for

TRAVEL (Wirojanagud, 1983). Although the whole procedure for preparing an input data file
will not be described in this report, the computation of four parameters representing the
hydrogeologic propertles of the flow system wﬂl be briefly dlscussed In an input data file, the
baqulfer 's transmzsswmes in the X and Y d1recnons (TRANSX and TRANSY) must be specified at
» ._;each node, whereas the_vertlcally integrated porosity (PORTH) and the leakage coefﬁcxent

. (COEF) must be specified element by element. In the Wolfcamp aquifer simulation, for

example, the nodal point transmissivity is simply the summation of the products of the

_ hydraulic conductivity and thickness of each Wolfcamp subunit (the carbonate, granite wash,
’and'.shale)v : ‘i'he contribution of the. shale subunit 'to the overall transmissivity value is

" pracnc:aily neghglble due to its very low permeability, but it is included in the computation for

- completeness. Nodal point values of the vertically integrated porosity were computed in the

'_-Same manner and then averaged for each element. The leakage coefficient (defined as the

_ aquitard's hydraulic conductivity divided by its thickness) was computed node by node and then

averaged for element-wise values. The computational procedure for the properties of the whole .

" deep-brine aquifer is similar.

| | ane ph.ysicallylcomplex system has been represented by a numerical model whose behavior
is governed by the boundary conditions and the values of four model-parameters: TRANSX,
- TRANSY, PORTH, and COEF. The reliability of a numerical result is, therefore, direcﬂy
related to the availability and accuracy of the basic information required inbcomputing the
input parameters. Owing to the lac'k of accurate data on the potentiometric head and
permeability.of all of the major hydrogeolo;gc unlxtfs ‘m the Palo Duro Basin, no smcle numerical
simulation result presented in this report is mtended to represent the actual regional flow

patterns. Instead each 51mu1anon result should be vxewed a a<posszbl€‘f repregsentation of the

'.(17’~ S Trolimiae s B "r\ ((u;‘)

actual flow system and results from the so- called "best mo el" repfeser\f the most probable
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flow patterns. Numerical simulation is undertaken in an effort to better characterize the deep-

basin ground-water flow system based on the available information and to evaluate changes in

the flow patterns in response to any expected variations in the flow parameters and boundary

conditions.
The Wolicamp Aquifer

Regional ground-water flow patterns in the Wolfcamp aquifer are of concern because the
Wolfcamp is the first permeable unit beneath the.prbposed repository level in the salt section.

Major contributors to the transmissivity of the Wolfcamp aquifer are}he carbonates and the

- granite wash. They would be the major pathways for any contaminant transport in the up_pér
. part of the deep—briné aquifer. The low permeability shale functions as an aquifard, underlyihg.

“ ‘and interbedding with the carbonate aquifer.

»- ‘ Table & summarizes numerical simulations of the Wolfcamp aquifer. The specified head

values along the eastern and western boundaries were set according to the Wolfcamp head map

(fig. 29). The head value declines from 860 m (2,820 ft) in the south to 550 m (1,800 ft) in the
~north along ‘the western boundary, and from 480 m (1,575 ft) to 380 m (1,250 ft) along the
‘- - eastern boundary; The southern boundary along the Matador Arch is a no-flow boundary. The

head map also indicates that the northern boundary along the uplift in Oldham and Potter

Counties is a no-flow boundary, but this cannot be cle"afly seen along the eastern part of fhe
boundary in Carson, Gray, Donley, and Collingsworth C.'ounties, probably aue to the lack of head-
data in these areas. Owing to the physical complékity imposed by the uplift and lack of head
data along the northern boundary, two configurations of boundary conditions have been modeled

(see figs. 34 and 35).

Simulation A< . . . - , \

In Simulation A-1, the known valués of permeability %nd porosity from Table 2 were used

as input parameters for the numerical model (fig. 33) with the boundary conditions as shown in.
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figure 34, The ‘resulting Wolfcamp transmissivity is Fairly uniform throughout the basin
(fig. 33). However, contours of computed head from |the simulation results (ﬁg'. 34) are
Corﬁpletely different in patterns from the contours of ;easured Wolfcamp head (fig. 29 and
figure 4.18 in Stone & Webster, 1983) indicating that the specified model parameters do not
satisfactorily represent-the actual physical flow system. Therefore, the transmissivity values,
the permeabiﬁty of the eyapori_t_e aquitard, and the boundary conditions are modified in ‘the

subsequent simulations, based on’ geologic and hydrologic information, so that the simulated

‘head surface is as much in agreement as possible with the measured-head surface.

. Simulation A-2 ‘ . ' rd

-The model parameters for Simulation A-2 were the same as those of Slmulatlon A-1

: w:except that the boundary conditions along the uplift were ‘modified (fig. 35). The contours of
V 'computed head (fig. 35) are still not in good agreement with those of measured head. It should
- be noted that a more restricted model was tried with specified values of head throughout the

- northern boundary along the uplift, but that mode! was also unable to satisfactorily simulate the

measured Wolfcamp head surface.

Sll;nulation A-3

Simulatlon.A 3 mvestxgated the effects of varying the transm1551v1ty d15tr1but10n of the
acjuifer. It is reasonable to expect that there are zones of high transmLstlty in the
northeastern part of the basin because the Wolfcamp head map indicates that there is regional
ground-water flow toward that direction. High transmissivity zones may be related to the
Wolfcamp granite wash that was primarily deposited in the northeastern part of the basin
(fig. 12). The relatively thin granite-wash deposit with an expected high permeability may
function as a high transmissivity zone (or sink) at the northeastern corner of the basin (fig. 36),
pulling the “gfouha' i»i/arter toward that direction. ;I;he gréni!ﬁe-wash permeability was gradually
increased to 260 md in Simulation A-3. Contours of coﬁputed head from Simulation A-3

(fig. 37) are similar to the contours of measured head except in the northwestern parts of the
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basin where they indicate some flow toward the no&th and northwest directions. These

unexpected flow directions may be caused by the speciﬁe}:l no-flow condition along the northern

boundary or by ‘thé high vertical leakage specified for #he evaporite aquitard, which allows a

large amount of leakage into the Wolicamp aquifer, resulting in ground-water flow out of the

basin through its western béundary.

Based on the results of Simulations A-1, A-2, and A-3, it can be concluded that zones of

high ffansmissivity must exist in the northeastern parts of the basin for the model to reasonably

sirh_tﬂéte'the measured Wolfcamp head map.

Simulations B and C 7

The effects of. leakage on the simulation results were investigated in Simulation B by,

. assuming a no-leakage - condition (perméability ‘of the evaporite adultérd equals zero). An
- .'_;u;n’provement in the simulated head contours (fig. 38) indicates that the spéciﬁed value of
o 0.00028 md for the vertical permeability of the evaporite aquitard in previous simulations was
~too high. The contours of computed head in figure 38 are generally in good agreemént with the
'lWolfcamp head maps (fig.-29 and fig. 4.18, Stone & Webster, 1983), although they are smoother
.:a?nd' more north-south. Increasing the permeability of the eVaporite aquitard to 0.0000& md in

" Simulation C slightly improves the head distribution -(fig. 39) such that it shows a more

southwest to northeast flow direction than the results of Simulation B. The change of flow
patterns from their original southwest-northeast direction to west-east direction along the
northern boundary shows the effect of the no—fiow condition imposed on that boundary. ‘:Vhile a’
no-flow condition may be justified in the eastern part of the northern boundary where the uplift
was almost completely exposed throughout Wolfcampian time, it may be an unrealistic
restriction in the western part of the boundary where the brown dolomite over the uplift is up
to 100 m (350 ft) thick (fig. 31). -This unreal.istic-no-flow a%surnpti‘on may also be the reason for
\

the east-to-west flow direction in the northwest part of the basin (fig. 40), an unacceptable

condition according to the measured Wolfcamp Head maps.| The streamlines and travel times in



figure 40 were computed assuming a number of starting points along the western boundary. The

spaces between streamlines do not constitute flow tubes as in a flow net and, therefore, there is

not equal flow between streamlines. The travel-time interval between marks along streamlines

is 400,000 years.

Simulation D-1

~ The numerical model was further refined in Sirﬁulation D-1 by imposing é. specified head
7_"cc;nd_ition along'tne western part of the: northern boundary,keeping all the other boundary
co.nditioﬁs the same (fig. 41). This, in effecf, allows a possibility of flow over the _-uplif.t. The
resulting head distribution and streamlines (figs. 41 and 42) illustrate a.rs’;lgmﬁcant improvement
~ of the ﬂow patter’ns. in thé hortnwest‘ern part of the basin with the head contours being more
similar to the measured head maps thaf; the previous simulation résults. The streamlines are
' essenﬁv.ally parallel to the.uplift along the western part of the northern boundary in Oldham
, _Cbunty but show some components of flow across the boundary (over the uplift) in Potter and
Carson Counties where the overlying brown dolomite thickens to about 240 m (fig. 31). It
should be noted that the northern boundary of the numerical model is on the downthrown
(soutnern) side of the uplift. Therefore, the model does not recogniize any physical configura—
fions on th'e‘upﬂft, such as the existence of brown dolomite, although the existence of the upl_lft
itself is recognized by the model in Carson, Gray, and Wheeier Counties through the assumption
of the no-flow condition. ‘fhe occurrence of larger flow jcomponents across the northern
boundary througn the zone of thick brown dolomite is considered to reflect a reasonable

representation of the physical system by the model parameters and boundary conditions.

Simulation D-2

The model was refined in'Simulation D-2 by using the averaged porosity distribution of the
' Wdlfcz‘irrip (fig. 20), keeping all the other parameters the same as those of Simulation D-1. As
such, only the travel times differ from the results of Simulsation D-1 (fig. 43). Owing to the
smaller average Wolfcamp porosity from ﬁgure. 20 (0.064) compared to the porosity values used
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in Slmulétion D-1, the travel times in figure 43 are less than those in figure 42. The time it
takes for ground water to flush through the modeled section of the basin within the Wolfcamp
aquifer is computed to be about (.t to 1.8 million years (fig.|43). Travel times across the entire
Palo Duro Basin (biosphere to bio (L15°F) was used to repg’esent the fluid temperaturle unit

beneath the salsphere) are larger.

Simulation E

” Simulation E is another alternative for refining the numerical model gsing a qualit_a.tive'
».i‘sbpach ma‘p' of 'hi'ghl.y‘ porous carbonate in thér"%"olfcamp baqui.f.er (ﬁ‘g. 14). 'Porbsity- and
permeability values of the highly porous carbonates were increased to 0710 and 50 md from the
averag‘éA values of 0.08 and.8.9imd, t"éspectivelvy.i The fesulting transmissivity'distri..butionv
. (fig. 44) shows a significant increase in fransmiséivity.élong the shelf margins and a blow trans-
’mlssivitny zone trending from south to northwest across the basin cénter. The‘boundary
- conditions in Simulation E are the same as those imposed in Simulations D-1 and D-2‘.V As
expected,'the contours of computed head (fig. 45) iﬁdicate a high hydraulic gradie’rit along the
low-transmissivity zone, a phenomenon that can also be observed from the measured head map
' (ﬁg.-29). The total travel time for ground-water to flow across the modeled section of the-.‘
basin varies from 1.2 to 2.0 million 'years (tig. 46), w‘hich is the same range as.the pre\}iéus
estimate from Simulation D-2. Total discharges through the western part‘of the ncsfthern :

boundary and the eastern boundary are about 280,000 and -400,000 m3/year, respectively.

~ Leakage Across the Evaporite Aquitard

Using the results of Simulation E as the best representation of the flow system, the
potential for leakége across the evaporite aquitard was computed at each point by taking the
difference between the head in the unconfined Upﬁer Aquifer (fig. 21) and the computed Wolf-
camp head (fig. 45). The potential for leakage was then contoured (fig. 47) N Contours of tﬁé
leakage gradient (fig. 49), obtained by dividing each head) difference by the corresponding

thickness of the evaporite aquitard (fig. 48), indicate that the gradient for downward leakage is

s
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high along the northern boundary of the basin and beL.omes smaller toward the south and
southeast directions. The negative gradient in the southeéi;sterﬁ part of Cottle County indicates
the potential for upward flow from the Wolfcamp aquifer to the ground surface. Note that the
results in figures 47 and 49 are based on the computed Wolfcamp head from Simulation E which
assumed a permeability value of 0.00008 md for the evaporite aquitard. Local variations in the

amount of léakage depend directly on the heterogeneity of the aquitard's pefmeability which

needs to be further investigated on a local scale. The amount of leakage th;ough the evaporite

o aqulta.fd was estimated for each element (Table 5).basexdi on the numerical results (fig; 49 and an

‘average value of 0.00008 md for the aquitard's permeability) using a nurrierical—integration

scheme. The total amount of leakage is estimated to be 359,000 m3/year, about 52 percent of

the total discharge from the Wolfcamp aquifer of the Palo Duro Basin. -

The Deep-Basin Brine Aquifer

Because of the differences in the potentiometric surfaces and geologic conditions between

‘the Wolfcamp and the deeper strata (Stone and Webster, 1983; Dutton and otners, 1982), flow

patterns in the deeper strata may be different from those of the quicamp aquifér. The limited
information available, however, does nét allow a three-dimensional study of flow in the deep-
brine aquifers with reasonable accuracy. A more appropriate approach is to treat the deep-
brine aquifers as a singlAe permeable unit with perfect crésS—_formational comfnunication. All
model parameters representing the aquifer properties, as well as the head value at a given

point, are the vertically-averaged values throughout the deep basiﬁ. This approach is adequate
for the study of averaged flow-patte;ns and averaged flow-velocities of tﬁe deep brines as well
aé the total amounts and rates of basin _discharge, especially when there are only limited
amounts of information available for the flow system.

The numerical model of the whole deep-brine aquifer is similar to the model of the Wolf-

camp aquifer. In fact, some studied resuits of the Wolfcamp model can be directly useful for
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deep-brine aquifer simulations, such as the most probable values of the leakage coefficient and

the permeability of Wolfcamp granite-wash, and the proper types of boundary conditions.

Simulation-A
Table 6 summarizes the deep—bfine aquifer simulations. ‘In Simulation A, the known values
of permeablhty and por051ty from Tables 2 and 3 were used, except that the permeability values
of 260 md and 000008 md were specxfled for the Wolfcamp granite wasn and evaponte'
aqmtard respecnvely, based on the best Wolfcamp model . The boundary condmons and. head
E values were spec:lfled accordmg to figures 51 and 27 respecnvely The head value dechnes'
- from 900 m (2,950 ft) in the south to 620 m (2,030 £t) in the north alor{g th_e western boundary
_A'and‘ f'rpm 480 m (1,575 ft) to. 370 m (1,210  ft) along 'tne_easteen boundary. . The model
o transrhiséivitiee for this simulation are asrgiven in figure 50. The contdurs. of computed head
. (fig. 51)~and streamlines (fig. 52) indicate the ekpected soutnwest to noftheaat ﬂow direction
but with a slightly larger west-to-east flow component than the Wolfcampian flow mainly due
to the more west-to-east trend of heads spec1f1ed along the western boundary (see figs. 27 and
29). Flow in the nor‘chwestern part of the study area is para.llei to the uplift in Oldham and
_ Potter Counties and dlscnarcres tnrougn the northern boundary in eastern Potter and Carson

Counties (fig. 52). The comc1dence of*the dxscnarce boundary with the zone of thick brown

dolomxte over the uphft indicates proper funcnomng of the model parameters.

Simulation B

Altnough the simulated head,contoura m figure 51 generally have similar patterns to those
of the measured neads (fig. 27), the 450 m contour extends further to the east than e>'<pect_ed.
Incfeasing transmissivity valdes’ in the northeastern part df the study area will adjust the 450 m
contqdr' line further to the west, The ‘permeabllity of the Pe | nsylvanian granite wash in certain _
areas close to the uplift (fig. 53) was, therefore, increased in Simulation B to 260 md to account

for a possible granite-wash coarsening toward the source and/or high permeability in th‘e_ fault

zone that flanks the uplift. (In Simulation A, only the permeability of the Wolfcamp granite
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wash -was increased to 260 md.) This, in effect, creates a high transmissivity zone extending
along the uplift (fig. 54) and the simulation results are s"ghtly improved compared to the

previous ones (figs. 55 and 36).

Simulation C

Fmally, permeabilities of the more porous Wolfcamp and Pennsylvaman carbonates '
o (flgs. 14 and 9) were 1ncreased to 50 md in Slmulanon C The resultmg transmlsswn:y contours
- are as glven in flgure 57 and the 51mulanon results in flgures 58 and 59 glve an estimate of
idlscnarges of 60,000 and 1020 000 m3/year across the northern and the eastern boundarxes,:"
'respecnvely The apprommate travel time across the basin is in the range of 1.2 to 2.2 million

years, which is in the same range as that of the Wolfcamp aquifer.
HYDROGEOLOGIC IMPLICATIONS

- Ground water in.the Wolfcamp aq"uifer flows mainly from southwest to .northeast a'cross:; s
the basin and discharges through the eastern boundary and part of the northern boundary (in
Pbtter and Carson Counties) where the Wolfcamp brown dolomite overlying the Amarillo Upﬁf.t" 1
15 't.rmni.ck:and acts aé a conduit for fluid flow over the uplift. For the given boundary condmons, |
-tms flow dlrecnon can be maintained only when there is a hlgh ‘transmissivity. zone in the
norfneastern bar_t of the basin that functions as a sink and "pulls" the ground water toward the
uplift. The expected high transmissivity zone can be related to the existence ofjne Wolfcamp -
granite .wa.sh. that was deposited primarily along the flanks of the uplift. The results of
numerical simulations indicate that a permeability value of 250 md or higher for the granite
wash is needed to cause the observed flow direction (fig. 45). Although there are no data to
justify the expected perr.neability value'of the Wolfcamp granite wash, five pumping tests in
~ Pennsylvanian granite wash at DOE's SWEC-J. Friemel No. | ;vvell indicate a permeability range
of 10 to 400 md with an average of 140 md. Because of the simiiarity in depdsitional

environments between the tested Pennsylvanian granite wash and the Wolfcamnpian granite wash.
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(both are close to their sources, Bravo Dome and Amarillo Uplift, respectively), a similar range
of permeability values is expected. Bentley (1981) and Bassett and Bentley (1983) noted that

the fluid pressures in the deep—bas'in aquifer were below hydkostatic. Because the thick granite-
wash deposits cause a shift in direction of lateral ground-water flow, it is also expected that
this hydrologic sink could cause the observed subnydrostatic pressures. This numerical model,

however, cannot c:onflrm this relanonsmp, because the prescnbed heads used for part of the

' boundary condlnon force the 51mulanon to be subnydrostanc.

SAn alternate explanatlon as to why oround-water flow J.S toward the Amarx.llo Upﬂft may

" be the extensive hydrocarbon producﬂon from the Panhancﬂe oil and gas fleld Hydrocarbon

<

productlon along the Matador Arch (soutnern boundary of .tne model) has caused an artificial” .

depressurmg in that drea. The p0551b111ty of 'this occurrmg in the Amarlllo Uphft regxon needs’ e
_ to be conSLdered Simulat.ton E does show, however, that the mgn permeabthty zone of gramte-

wash sedxment can cause the northeastern flow.

Toth (1978) suggested that elevated potentiometri’c' surfaces beneath topographic'highs'

-can be translated through low permeability formations and affect potential distributions in

deep—basm aquxfers In the Palo Duro Basin, the low-permeabxhty evapomte aqultard separates '

- the flow reglme into two different flow systems ‘the topographically high, upper, unconfmed .

aquifer and the Deep—Basm Brine Aquifer. The translation of topographic effects from the
elevated potentiometric surface of the Ogallala through the evaporite aquitard to the Deep--
Basin Brine Aquifer, however, appears to be small compared to the effects of permeability

distributions of the aquifer system. Comparing the results of numerical Wolfcamp Simulations

B, C, and E demonstrates the relative importance of topographiceffec‘ts and permeability

distributions. In Simulation B where there was no leakage, the head distribution (fig. 38) was
governed by the transmissivity distribution of the Wol%camp aquifer and the boundary
conditions. In Simulation C where topographic control wa% allowed by assuming an average.. »
permeability value of 0.00008 md for the aquitard, the r#ead distribution (fig. 39) remains

essentially the same without showing any topographic effects. On the other hand, when the
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permeability of the highly-porous Wolfcamp carbonates a‘ong the shelf margins was increased
to 50 md in Simulation E, d bunching of contours (fig. 45) as~observed, a phenomenon that can
be also observed on the kriged head map (fig. 29). The flow direction follows more along the

shelf carbonates in Simulation E (fig. 46), and the average travel time across the basin
decreases from 2.2 (fig. 42) to 1.4 million years.

Based on the results of Slmulatlon E as the best representation of the Wolfcampxan ﬁow

i lsystem the ‘cravel nme across the model area of the basin ranges from 1.2 to 2.2 million years '

(flg 46) The flow velocmes in Wolfcamp carbonates computed in the present work are roughly .

one order of magmtude higher than those of INTERA'S model (INTERA, ’}82) mainly due to the

differences in the permeability values used in each model. "INTERA (1982) used an earlier -

3 c'omp'iled'data set of .permeabiiity values which _had lower statistical means. Using this study’s

co.mput'ed travel times and assuming that the present flow system started in the late

Cretaceous, about 30 to 55 pore vb_lumes of the Wolfcamp aciuifer_ have been flushed through the

“basin. The saline waters in the Wolfcamp and Deep—Basin Brine Aquifer are considered

+

_hydfodynamic and of meteoric origin. Because of this multiple flushing, these aquifers do not

represent a stagnant system containing original conate waters.
In spite of the small average permeability value of the evaporite aquitard, leakage
through the aquitard may be large because of the large contact areas between formations. The

amount of leakage was estimated to be 359,000 m3/year, about 50 percent of the total flow

- through the Wolfcamp aquifer. An approximate average linear velocity (v = 9/6) for vertical

flow through the salt section is 3.8 x 10-3m/day. A particle of water would travel 139 m in
10,000 years or 1,390 m in one million years. These calculations are based on a vertical
permeability of 0.00008 md,' a hydraulic gradient as defined in figure 48, and' an effective
porosity‘ of .001 (from Peterson and others, 1981).
The most sensitive parameter in the calculated values for the amount of leakage and the

!
average linear velocity is the permeability. A change in permeability from 0.00008 md to

0.000008 md decreases leakage volume and travel times correspondingly by an order of
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magnitude. The permeability value of 0.00008 md is considered conservative. In-situ
permeability testing of salt at the WIPP Site (Carlsbad, Njw Mexico) indicates permeabilities of

0.018 to 0.021 md (Peterson and others, 1981). Laboratorny permeability tests of salts from the

DOE WIPP tests indicate permeabilities of approximately 0.001 md (C. Christiansen, personal

communication). These results are one to two orders of magnitude higher than the value used in

. thlS study The chosen permeabmty value of 0.00008 'nd also produces the best 51mulated.,

potentzometrlc surface for the Wolfcamp aqu1fer

Two addltlonal factors affect ca.lculated trartslt times through the evaportte aqu1tard B

‘Calculatlons of hydrauhc conducn\uty within the basin were based on brmes with a TDS of

-

*

127 000 rng/L Brmes movmg through the evaporlte secnon would have TDS values over

S 300 OOO mg/L Thxs 1ncrease in TDS would also change the v1sc051ty and den51ty of the fluld.

To obtain the requu‘ed leakage for Slmulatlon E, the permeability of the evaponte section

_' woulgi have to increase. . The flow velocity would probably remain about the same because the
' in_cix-"reafsed resistance to flow of the fluid would be balanced by the increased permeability of the

: eVaporites needed to maintain the calculated leakage.

" The second factor in calculating transit times in the evaporite section is whether Darcian

~ assumptions for flow are valid at these low permeabilities and low flow velocities. - Future -

research on water flow through the aquitard is critical. It is a significant parameter controliling

flow patterns and chemical compositions of water in the deep-brine aquifer, as well as

indicating that there may be fluid movement through the evaporite section.

Average ground-water flow in the Deep-Basin Brine Aquifer is similar to flow in the
Wolfcamp aquifer but, with more west-to-east flow components. Results of numerical deep-

basin Simulations B and C (figs. 55 and 58) indicate that the model is not as sensitive as the

Wolfcamp model to the increases in permeax‘:fility‘f\?a’luesi of the Wolicamp and Pennsylvanian

high-porosity carbonates This' is probably due to the pr sence of thlcx, wxdespread Penn5/1~

£ sl
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vanian gramte wash that helps smooth out the trans 1551v1ty contrast due .50 the shelf
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carbonates. The thick and widely-spread Pennsylvanian Franite wash to the east (fig. 5) is also
responsible for the higher west-to-east flow component o# the whole deep-brine aquifer.

This modeling study has implications for the problem of radionuclide transport to the

biosphere from a potential repository in the evaporite aquitard. There may be a natural

component of ground-water flow through the evaporite aqultard Release scenarios need to

.vcon51der thlS natural flow component as well as potentlal flow through drllled and abandoned

: ffthan upward Wthh lS a favorable characterlstlc of thls basm. f ‘

I:E radlonuclldes reach deep-basin aqu1fers such as the Wolfcamp,, transport time to the

p "'determmed from thlS study The gramte wash along the Amar1llo Uplift should be consxdered as
:v_":vvelocmes in granite-wash facnes along the Amarillo Uphf‘q are 51gn1f1cantly hlgher than in other

‘ffii'rapldly to a dlscharve pomt. Second, the hydrologlc meortance of the Amarillo Uphft is not

gramte wash.' Untll the detailed hydrology and geology of the uplift are understood a

conservative approach in determmmg transit time would assume the uplift as the point of

~discharge.

Uy wells. The potentlal for flow through the- evaporlte aquxtard appears to be downward rather |

-blosphere w111 be long.: ‘l'ransrt times across the modeled area of the basm range from l 2 to .

| 22mllllon years.- Dlscharge zones to land surface or shallow ground waters cannot be
S the dlscharge zone for calculating conservative transit times for two reasons. Flrst, flow
- facies within the basin and presumably, once water reached the granite wash, it could flow -

»;-"~known Some ground water may flow across the uplift or it may all flow along its flanks in the

The simulated flow lines and flow velocities have been constructed and computed from a

yery limited data base. More detailed hydrologic and geologic lnformation is needed to
accurately characterize flow directions and.flow velocities within the basin. The inclusion of
permeable Wolfcamp shelf marglns (Slmulatlon E) sxanjflcantly alters flow dlrecnons and
velocmes fro'n'prewous simulations. The incorporation of this permeable zone into the model

is based on geologic interpretation and not on actual hydrologic testing of the zone. Other

\.
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aquifer heterogeneities, such as fauiting and fracturing of the evaporite aquitard and the deep-

basin aquifers, may have similar but unidentified effects on deepébasin flow.

CONCLUSIONS

The hydrologic information in the Palo Duro Basin in terms of hydraulic properties of the

aql.ufer aqultard system and deep—bnne pressures is 11m1ted but when used in con;unctlon thh a.

larger data base of geologxc mformanon, apprommanons of the aquer—aquxtard propertles can

A potentxometrlc nead map of the Wolfcamp aqu1fer derlved from t .’l;)e measured head data

mdlcates a. regmnal ﬂow direction from southwest to northeast across the basin and from west .

to east along the \Aatador Arch Tms flow pattern lS best 51mu1ated by the numerxcal model' o
-usmg modlfled permeabxhty values of O 00008 md for the evaporlte aquitard, 260 md for the
gramte wash and 50 md for the hlgh-porosny carbonate and a combmatlon of specxfled head

‘condmon (m the western part) and no—-flow condltlon (m the eastern part) along the. Amarlllo :

Uphft.. It takes about 1.2 to 2.0 million years for ground water to flow across the modeled area -

of the basm. The amount of ‘discharge through the western part of the northern boundary is .

,orobably 280 OOO m3/year, while - dlscharge through the eastern boundary is probably

400,000 m3/year

- The average head naap for the Deep-Basin Brlne ‘Aquifer also mdlcates flow from
southwest to northeast across the basin with a slightly larger west-to-east flow component.
Numerical simulations of the deep-brine aquifer show that the simulated flow patterns are not
critically sensitive to variations in the permeability distribution of Pennsylvanian carbonate and
granite wash as long as the Wolfcamp aquiter's properties and the leakage coetfficient are -
accordlng to the best Wolfcamp model. The best deep—brlne aquifer model was obtained with
mcreased permeablhtyv-values of 260 md for the Pennsylvaman granite-wash coarsening zone
and 50 md for the Pennsylvanian hlgh-porosny carbonate.! The total travel time across the

' |

modeled part of the basin is about 1.2 to 2.2 million years, the same range as travel times
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through fhe Wolfcamp aquifer. The amount of discharge| through the northern boundary is
60,000 m3/year, and discharge through the eastern boundary is 1,020,000 m3/year.

Additional hydrogeologic information, especially from future exploratory drilling, is
essential for improving and evaluating the numerical simula‘f:ion results of this study. Informa-

tion such as local variations of the aquifer and aquitard properties as well as more accurate

" head data are necessary for local characterization of the. gromd—w;ter'flo—w system in the Palo.
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“hachures (Dutton and others, 1982).

FIGURE CAPTIONS

Figure L. Structural features of the Texas Panhandle 'and adjacent areas (modified from

Handford, 1980).

Figure 2. Structure contour map on top of the crystalline basement, Texas Panhandle (from

Dutton and others, [982).

Figure 3. Structure contour map of the top of Mississippian System, Palo Duro Basin (from

Dutton and others, 1982).

Figure 4. Isopach map of Pennsylvanian System, Texas Panhandle. Sediment thins onto uplifts

that were exposed during Pennsylvanian Period (Dutton and others, 1982).

Figure 5. Isolith map of Pennsylvanian and Wolfcampian granite wash in the Texas Panhandle

(Dutton and others, 1982).

Figure 6. Net-sandstone map of upper part of the Pennsylvanian System, including both

granite wash and nonarkosic sandstone (Dutton and others, 1982).

Figure 7. Net-carbonate map of lower part of Pennsylvanian System (Dutton and others,

1982).

Figure 8. Net-carbonate map of upper part of Pennsylvanian System. Position of older shelf

margin is shown by dark hachured lines, and younger (Ttreated) position is shown by lighter
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Figure 9. Isopach map of porous carbonate strata in upper|part of the Pennsylvanian System.

Map is made on the basis of qualitative sample log descriptions, so actual porosity values are

unknown (Dutton and others, 1982).

Figure 10. East-west cross section A-A'. Datum is the top of Wolfcampian Series; depths are

in feet. See figure | for location (Dutton and others, 1982).
Figure ll. Isopach map of Wolfcampian Series, Palo Duro Basin (Handford, unpublished data).
Figure 12. Sandstone isolith map of Lower Permian strata, Palo Duro Basin (Handford, 1980).

Figure 13. Percent-carbonate map of Lower Permian strata in the Palo Duro Basin (Handford,

1980).

Figure 14. Isopach map of porous carbonate strata in Wolfcampian Series. Map is made on the
basis of qualitative sample by descriptions, so actual porosity values ‘are unknown (Handford

and Dutton, 1980).

Figure 15. Structure contour map of top of Wolfcampian Series, Texas Panhandle. See

figure 14 for county locations.

Figure 16. Structure contour map on top of Alibates, Texas Panhandle. (D. Johns, personal

communication, 1983.) See figure 14 for county locations.

Figure 17. Simplified topographic map of the Palo Duro Basin region.

Figure 18. Swisher County core test well DOE-Gruy Federal, Grabbe No. 1: percent lithologic

type per stratigraphic unit (McGowen, 1981).
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Figure 19. Regional east-west section illustrating conceptual flow patterns based on hydraulic

conditions and relative average permeabilities of major hydrogeologic units (Bassett and

Bentley, 1983).

Figure 20. Weighted-average porosity of the Wolfcamp strata estimated from neutron-density

log data (R. Conti, personal communication, 1983).

Figure 21. Head map (1979-1980) of the unconfined upper aquifer that overlies the Evaporite

Aquitard in the Palo Duro Basin (Bassett and others, 1981).

Figure 22. Average head map of the whole deep-brine aquifer constructed from class H data.

Figure 23. Location of wells for class A head data of the whole deep-brine aquifer. See

figure 22 for county locations.

Figure 24. Average head map of the whole deep-brine aquifer constructed from class A data.

See figure 22 for county locations.

Figure 25. Locations of selected class A and class H head data. See figure 22 for county

locations.

Figure 26. Representative variogram of the 118 selected class A and 42 class H average head

data for the whole deep-brine aquifer.

Figure 27. Potentiometric head map of the whole deep-brine aquifer of the Palo Duro Basin,
constructed from kriged estimates of head for regular blocks of 20,000 m2. See figure 22 for

county locations.
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Figufe 28. Standard error of estimate of the kriged deep-brine head in figure 27. See figure 22

for county locations.

Figure 29. Potentiometric head map of the Wolicamp aquifer of the Palo Duro Basin,
constructed from kriged estimates of head for regular blocks of 20,000 m2 (Smith, 1983). See

figure 22 for county locations.

Figure 30. Standard error of estimate of the kriged Wolfcamp-head shown in figure 29. See

figure 22 for county locations.

Figure 31. Isopach map of the Wolfcamp brown dolomite, based on sample log information (M.

Herron, personal communication, 1983). Location of Amarillo Uplift from figure 5.
Figure 32. Discretized flow region of the Palo Duro Basin. See figure 22 for county locations.

Figure 33. Contours of transmissivity for Wolfcamp aquifer Simulations A-1 and A-2. See

figure 22 for county locations.

Figure 34. Contours of computed head, Wolfcamp aquifer Simulation A-1. See figure 22 for

county locations.

Figure 35. Contours of computed head, Wolfcamp aquifer Simulation A-2. See figure 22 for

county locations.

|
Figure 36. Contours of transmissivity for Wolfcamp aquifer Simulations A-3, B, C, D-1, D-2.

See figure 22 for county locations.




Figure 37. Contours of computed head, Wolfcamp aquifer Slq%ulation A-3. See figure 22 for
county locations. /
Figure 33. Contours of computed head, Wolfcamp aquifer Simulation B. See figure 22 for

county locations.

Figure 39. Contours of computed head, Wolfcamp aquifer Simulation C. See figure 22 for

county locations.

Figure 40.. Streamlines and travel times, Wolfcamp aquifer Simulation C. See figure 22 for

county locations.

Figure 41. Contours of computed head, Wolfcamp‘aquifer Simulation D-1. See figure 22 for

county locations.

Figure 42. Streamlines and travel times, Wolfcamp aquifer Slmﬁlation D-1. See figure 22 for

county locations.

Figure 43. Streamlines and travel times, Wolfcamp aquifer Simulation D-2. See figure 22 for

county locations. -

-

Figure 44. Contours of transmissivity for Wolfcamp aquifer Simulation E. See figure 22 for

county locations.

Figure 45. Contours of computed head, Wolfcamp aquif%r Simulation E. See figure 22 for

county locations.




Figure 46. Streamlines and travel times, Wolficamp aquifer| Simulation E. See figure 22 for_

county locations.

Figure 47. Contours of head difference between the Upper Ogallala-Dockum Agquifer and the
Wolfcampian aquifer, computed from figure 21 and the computed head of Simulation E. See

figure 22 for county locations.

Figure 48. Contours of the evaporite strata's thickness. See figure 22 for county locations.

Figure 49. Contours of leakage gradient through the evaporite strata. The leakage gradient is-

obtained from dividing the head difference (fig. 47) by the evaporite's thickness (fig. 48). See

_ figure 22 for county locations.

Figure 50. Contours of transmissivity for the Deep—Basivn Brine Aquifer Simulation A. See

figure 22 for county locations.

Figure 51. Contours of computed head, Deep-Basin Brine Aquifer Simulation A. See figure 22

for county locations.

Figure 52. Streamlines and travel times, Deep-Basin Brine Aquifer Simulation A. See figure

22 for county locations.

Figure 53. Deep-Basin Brine Aquifer Simulations B and C; zone of granite-wash coarsening in
Pennsylvanian strata is assumed as indicated by the shaded area. See figure 22 for county
locations.

Figure 54. Contours of transmissivity for the Deep-Basin Erine Aquifer Simulation B. See

figure 22 for county locations.
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Figure 55. Contours of computed head, Deep-Basin Brine Aquifer Simulation B. See figure 22

for county locations.

Figure 56. Streamlines and travel fimes, Deep-Basin Brine Aquifer Simulation B. See figure 22

for county locations.

Figure 57. Contours of transmissivity for the Deep-Basin Brine Aquifer Sirmulation C. See

figure 22 for county locations.

Figure 58. Contours of computed head, Deep-Basin Brine Aquifer Simulation C. See figure 22

for county locations.

Figure 59. Streamlines and travel times, Deep-Basin Brine Aquifer Simulation C. See

figure 22 for county locations.
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:rmeability of hydrogeologic units of the Palo D Basin.
Geometric Number and source Typical
Hydrogeologic unit = In(k) mean of Kk of data value
(ey) md md
Average : 2 ?
value,y Variance, s
L .00028
Evaporite strata (vertical
permeability)
. 25 - DST data
Wolfcampian 70 - TWDB
- core daty
carbonate 2.19 5.08 8.90 6 - Sawyer #]
pumping test data x
16
‘Pennsylvanian 07— 300
Deep carbonate 2.88 5.61 17.90 25 - DST data :
brine 118 - TWDB core data
aquifey :
-.00071 *
shale .00001——. 08
10-DST data %
granite wash 1.27 7.13 3.55 10-Sawyer #1 pumping 01
S ' wp o test -01——360 oo
(215 without (8.60 withoul | 415 oheet e field s
Mobee hie data) Mobee He data) core data L2
11- TWDB core data
Pre-Pennsylvan{ 1.56 5.70 4.76
ian rock 11- DST data _—
14- Sawyer #1 pump-
ing test data
» from PDavis and DeWiest (19b6) | Pavis (1980 ), Freeze (M7¢t)
Note (1) .. 1 wnd =0.00115 w/day for saline water having -aalt cor\ccrdfa.‘hov\
ot 127,000 wg/f ot ns°F
(2) DST = dril-stem fest | TwoB = Texas Watrer D:\Je\opmcﬂt Bodrd

¢l



Porosity from neutron-density log analysis

Typical value**

“interval

Hydrogeologic unit Mean Standard lumber of \
deviation data
Evaporite strata — — — less than .01
: Wolfcampian .08
carbonate (.05 )* . 055 D
004 53 data points of 50 fti .063 a2
Pennsylvanian interval at Sawyer #1
Deep |[carbonate .08 .055 and Mansfield #1 wells
brine ‘
aquifer
Shale
o L .05 —15 25
Granite wash 14
.23 A2 18 data points of 50 ft A1 ——— .27

Pre-Pennsyl-
vagian
rock

X Average volue for Wol{campfan Aot Lo R, Conbh (puunma) Co«’nmuV\iﬁa‘HaY\) 1983 ),

)
—+

X * From Davis and Dewiest (1966), Davis (1980).




" Summary of numerical simulations of Holfzamp

30

tively for the highly porous carbondte
zone (fig. )§) .

. Table 4 aquifer.
Simulation Permeability and pordsi'ty values Boundaryv ccnditions‘
A-t - Best estimated values (from Table 2): Figures 30-and 35
Kearp,™ 8:3 ™ 9y = .08,
kg‘ = 8.6 md, ¢y = 14, _
ksh.’ .0901 md, ¢sh., = .OS.,.
ksalt = ,00028 md.
A-2 The same as A-1 Figuras 3ﬁ and >&
CA-3 Best estimated values except, : ' I
Kew = 200 md (typical value for frable Fiqures '30"@&"38’
sandstores)
B Best estimated values except, Figures 3& and 3:?
gy * 260 md :
‘ksalt = 0 (no Teakage).
c Best estimated values excnpt Figures 30 and 4-0
kG 260 md
| Keape = -00008 md.
D-1 = -
The same as € | Figures 36 and 42
Tne same as D-1 with average PO‘PO5I“'\1 :
D-2 distributonm o-( Hre WO‘{Campqan shrata |Flgures 39 ana 44
o F\gure 24- :
‘: The same as-n-{ mi«‘r}, permeability and Fiqures 36 and 44
£ parosity of 50 md and 0.10,respec-




‘\;ab\e _5. © Amount of \e_a\(og& 4
e Har ~eandts o—f— Simudation €.

ELEMENT Na.

AMOUNT OF LEAKAGE,
6169.9
6584.4
6197.8
6186.46
6192,
J467.2
4792.2
3916.9
3110.9
2231.0
6230.3
6336.7
S85%.2
5707.4
5021.5
47135.46
4384, 1
3743.9
2930.1
2109.1
6890, 9
6632.3
5727.0
5391.4
4342.1
4243.0
4148, 9
3374.1¢
2592.5
2010.%
6687.3
6127.1
S411.9
3580, 9
3904.4%
3740.1
3790.8
30469. 4
2676.3
23381.8
5144.3

© 44661.5
44693. 4
4873.35
3777.4
3123.8
2289.8
2905.4
2689.9
263T.4
4707.7
4437.3
4107.1
3267.7
3441.0
28746.7
2237.1
2961.5
2921.5
2624.6

CU.M/YEAR

the evaporile

ELEMENT  No.
b1
&2
&3
b4
435
&6
&7
68
69
70
71
72
73
74
75

t78
77
78
79
80
81
82
83
84
83
3&
87
8.
89
0 .
®1 .
92 .
93
.94 "
. 95 .
B -7
97
98 | -
99
100
101
102
103
104
105
1046
107
108
109
110
111
112
113
114
115
1156
117
118
119
120

[P

AMOUNT OF LEAKAGE, CU.M /YEAR

3780.6
3726.9
2%590.7
2482.7
1807.2
17%8.0
24%5.3
" 2428.0
27%5. 1
2%48.8
2252, 4
3286. 1
2942.3
2189.1
129%5.4
966.0
1515.0
1405. 4
1802.7
1945.2
2147.4
270S.0
2872.8
2233.0
1255.3
808. 4
993.5
998.4
1120.4
1448.3
2978.7
2590.9
228%.2
2084.56
1216.7
692.6
764.8
523.6
685.9
1019.9
2262.5
2101.4
2026.8
157%.7
1010.4
26.3
592. 1
298.8
282.4
504.3
1902.7
1619.6
1517.7
1062.5
598.3
342.4
4324.4
156.4
175.9
21.4

Total amount of 1eak43e = £59,000 cUu.m /gear
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Table 6. Summary of vumerical simulations
of the whole deep-brine aquifer

44

Simulation| Permeability and porosity values [ Boundary conditions

A Wolfcampian aquifer: ] Figures éé~andf§é‘
kcarb. = 8.9 md, ¢carb. = .08,
ka = 260 md, doy = .14,
kSh = .0001 md,¢sh= .05.

Pennsylvanian aquifer:

Kearp, = 179 s 90qpp = 08,
kSh = .0001 md,'¢sh = .05,

ka = &.b6 md (no fault zone),

¢Gw = .lla

Pre-Pennsylvanian rock:

k =4.8md, ¢ = .08

salt section: k__;, = .00008 md.

B The same as A with permeability in : o ond St
the coarsening zone of Pennsylvanian Fgé T8 omd TH
granite-wash of 260 md.

C The same as B with permeability and F{%rpmua gié amd 51

porosity of 50 md and .10, respectivelyl,
for the highly porous carbonate zones
(figs. 10 and 15).
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Table A-1. Vertically-overaged head data for th

APPEN DIX
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Table a-t (cont.)
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Table A-2 Data file (PALOFL) for ¥he deep-brine actw'\-f-—vt 9iving information at 405 finite-element nodal points.

Node Coordinates, m Elev. of Thickness, m Head “in Thickness, m NCODE
No. cryst. . upper

X Y basement,}] Pre- | Penn. | Penn. Penin. | Penn., | Wolf. } wolf. Wolf. | Wolf.,| Granite] Rock jaquifer,] Wolf. Penn.

n Penn | carbo- ) granite] shale} Total carbo- | granite} shale | Total |wash, salt m porous | porous

nate |[wash nate wash total carbo- | carbo-

nate
nate

1 137122, 235523, . ~2073. Q 46. 22, 437. 4] 293, 73%. 122, D74, 00
2 129477, 236844, —1646. Q 76. 122, 319, (o} 2&1. 579, 122, 103z, 00
3 121835. z28267. -792. (8] &L, 122, 293. [y 3. G, 122, 1032, o 0
4 1141722, 219725, -671. Q 61, 91 241, O 144, 3 “1. 1027, 0o
S 104548. 211242, -975. (0] o1. 122. 137. [} 320, 122, 1078. 00
& 28204. 202817, -10064. (o) 74, g1, 167, 0 220, 1. 1204. 00
7 1241, 194449, —-1006. 0o 76. 18&. 112, (4] =277. 18, 1250, (O]
8 83417. 186140, -1006, 0 7¢&. 44, 140, 0 210, 244, 1305, o0
9 75273. 177888. —-100¢. O 1. 21. 11&., v 174. 1. 1332, 00
10 80244. 166254, -10467. [0} 137. 21, 174. 0 114, ES 1343, 00
11 84511. 154751. -1280, 30. 152. vt. 207. Q a8y, 21 1389, Q0
12 8377S. 143380, -1524, S55. 182, 9a, 224. 0 6. 2 14466, o0
13 23034, 132140, -1494. 4¢4. 152, 77. 235. (4] 101. 72. 148¢€. o0
14 P7147. 121447. —1463. &1, 143. 61, 230, ) 99, 61, 1418. 00
15 101242, 110712, ~1443. 58. 128 20, 244, Q &1, 20, 154¢. O 0
16 105322, 99374, -1524. 53. 128. 21. 229, o} 76. 21. 1524; 00
17 1093245. egys8. —-1370. 77. 148. 2. 244, (@] &1, E 1&18. : O Q
18 113332. 77259. —14185, v3. 143, 0 293. b} 73, 0O 1503, 1115, 61. O o0
19 117284. &&873. 1474, 122, 171. 0 322. Q 82. a 1524, 1097, 1. 30000
20 121199, 55716, -1707. 122, 134, 0 32%. 0 L9, 0 1509, 1067, 122, (O
21 125078. 44472, -2236. 122, 107. 0 1237. S7¢6. (4] &q. o 1524, 10&1. 1832, a O
22 1446387. 243004. -x59t. [} 61, 366. 1034, 5&5. 0 146. 732, 36, 1037. 1036, &1, 0o
23 131838, 2353813, -7¢2, o 152. &1, 91. 352. o zEs, &40, &l. 1187, 1146, 71, 0. O
24 117290, 208767. —10467. 0 1. 244, 107. 258. O 211, 449, 244, 1235, 1177, &1, 00
25 102740. 1918485, -1280, o o1. 79. 378a. 201. O 201. 402 79. 1Z41. 1198, Q o0
26 838171. 175102, -1067. (o] 146, 183, 95. 1463, Y 168. 335. 183, 1357. 1219, Q 0o
27 97120, 152834. -1748. &7. 213. 122, 204, 245. 0 ¢1. 338, 22. 1457, 1189 (4] (e
28 106058. 131024, -1753. 79. 177. 76. 158&. 256. [ 110, 3&4. 7&. 143S. 1153. (¢] o0
29 113224, 110044, -1524. 73. 149. &L, 125, 245. Y Pt. 336, &1L 151, 1134, O o0
30 120264. 88732. -1&615. 91. 1&9. 1&. 73. 305. 0 7&. 381. 13. 1479. 1113, [ oo
31 127179. L7233, -17¢8. 22, 1&3. 3. w27, 389. 0 [ 457. 3. 1448, 183. 15. 0
oz 133967. .. 45399, -1827. 152, 179 0 284 S41. 0 135, &677. O 1479, 183. 00
33 155452, 240312. —-2591. 2] 1. &51. 1021. 293. 15, 180. 488, Jeé. 11589, O a0
34 148732, 231763, -1890. o 122, 107. 381. &83. 0 i171. &53. 107, 1189. [3) 00
35 141813, 223229, —-1igy. (o} 137. 30. 148. 351. (1] 351. 701. S0, 1187, O i5. 0
&6 134823, 214709, -975. D 193. 30, 15. 311. 0 207. 5183. 204, 1244. 0 0. 0
37 127973. 204204, —-1372. O 1352, 137. 198. G43. Q 114. 4&7. 137. 1280, 137. . 0
38" 121053, 197714, —1433. 0 152, 183. 148. 325. Q 103, 433. 133. 12964, 1z8. o 0
3% 114134, 189238. -1494. 0 122. 1164, 341, 28¢. 0 23z, 408, 114, 1372, 21. a o0
40 107214, 180776. -1524, [ 1483, 61, 331. 273. Q 117. 390, &t 134%. 61. O 0
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47 125101, 107405, —14&7¢&. 125, 213. 0. 122, 241. 0 124 3&&. 0. 14&3. . 00
48 128113, 29044, —144%. 137. 137, 30, 1140 777 3} 119 DL =N 1A32D . RN
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Table A-2 (corl.)

Node Coordinates, m Elev. of Thickness, m - Head in Thickness, m | NCODE
No. . cryst. - - upper

’ X Y basement,] Pre- | Penn. [Penn. | Penin. | Penn., | Wolf. | wolf. wWolf. ] Wolf.,| Granite] Rock” laquifer,| Wolf. Penn.

m Penn | carbo-] granite] shale} Total carbo-| granite] shala | Total }wash, salt m porous | porous

nate wash nate wash total carbo- cg[bo-

nate nate

49 131108, S2E23. 1874, 143. 244, 1&, 43, 305. O 18, 1097. &1 7.0
S0 1324070. 73140. -1753. 143. 223. 12, 40Q. 274. 0 12, 1077, = 20, 0
51 137004, &759¢. —-1899. - S2. 132, .. Sz. Z44. O s 1058, 244, 2.0
52 139215, S46991. —132%, 122. 20 I8 G 152, 244, (M) O 1034, 192, 1&, 0
53 142797, 44325, -18&29, 122. RN 0 a0 7o 0 O 1018, &1, 00
o4 1464917, 237445, -1931. 0 147, 148, 333, &10. 13. 153, 10&7., 30, a0
85 151758. 205185. ~-v14. [0} 1¢3. 30, 1468, Qt. Q 30. 1077, Q (W ¢]
56 1385¥9, 203855, —-1219. 0 153, 7¢&. 107. 3&6. 0 76, e 1134. 74, 15, o0
57 125440, 184567, —-1433. 0 182, 122, 233, &10, ¢ 122, 343 1188, 1a7. a0
538 112280, 1469550, —14676. 13. 274. 535. 280, &10. O 55. 1281, 115&. &1, o 0
o9 122054, 149057. -1737. &1, 287, 55. z2&2. &10. O S5, 1442. 1130, 122. Q0
&0 13119, 123593. —-1748. 122, 229. 85, 219. 503, 0 S5, 144:3. 1114, S0, [
é1 124€%1.  108789. -1829. 113, 213, 0. 152, 37¢. Y Z0. 1421. 1027, 305, 00
&2 141874. 85480, -17&48. 128, 274. 21. 54, 351. 0 B 21, 1413. 1032, 208, z4. 0O
&3 1446787, &7968, —-18%0.° 182, 213. 9. 93. 320. 0 o3 Y. 1457, 1042, 213, 20, 0
54 151570, 47232. -1859, 152. i [ 0 Q [}] 0 671, ) 1524, 1004, 30. a0
&s - 174182, 224405, -1981. (o] 122, 121, 477. 732. Z21. 4z:27. 152, 10&8Z, 10&2. &L, o 2
&6 147928, 228052, 1047, o 122. 104. 140, 344, 13. 457. 122, 1021. 1067, &L, 01
&7 1614674, 217470, -914, b} 101, 15, ¥3. 213. 15, S183. 0. 1082, 1022, Q [ ¢)
43 155421. 209259, -975. 0 v1. 15. 299. 366, [V} 472, 15, 1073. 1027, Q o 0
&P 149167, 200819, —-1004. 0 91. &5, 2192. 34, Q S549. &3, 1198, 1109, O 00
70 142913, 192350, -1219. (o} 122, 53, 247. 427. 5] 457. SE. 1276, 1123, &l 00
71 136459, 183852. -1341. O 183. 7¢. 289, 518, (o] 427. 7&. 1340, 1157, 128, [
72 130405, 175324, —1443. o} 173, 91. 320. &10, Q 411. Y1, 1373, 11432, 137. 0O 0
73 124151. 1646770, ~1&76. 20, 280. [3 W 2¢&8. 610, 0 S9&. 61. 1149, 12&. a0
74 129255. 156949, —-1707. &1, 230. 49, 220. 6510, Q B3R, 42, 1131, 127, O Q
75 1342582, 147123, —-1707. $1. 248, 46. 29&. T &10. Q 326, qé. 1123, 1€3. (O
7¢& 139453. 137503, -1737. 122, 274, 46. 2906. &10. Q 411. 4¢. 11092, 183, o 0
77 144557. 127873. —-17¢68. 122, 311. 4¢&., 192, 5493, O 374, 44. 1097, 122, 0 0
78 146586, 118088, -1798. 125, 311. 37. 140. 4&3, Q 427. 7. 1372, 10a3, 122, Qo0
7 148597. 108193, —-1829. 128, 243, 30. 1435, 442, O 472. =0, 13242, 1067, 274. o0
80 150590, , 982%4. ~1859. 140. I0S. 30 74. 411. 0 457. 20, 1372, 10&7. 427. 12. 0
81 152565. 88354. -1859, 143, 314, 24. 58. 396. [¢] 427. 24. 1413. 1041, . 30§, 30, O
2 154522, 78371. -1890. 143. 270, 18. 64, 372. (3} 44z, 130 143=3. 1052, 185, 30. 0
a3 154441, £8348. -1920. 213. z244. 12, 110. 3¢d. Q 488, 12, 147z, 1036, &1, 0. Q
84 158382. 53233, -—-192z0. 135, 193, 6. 131. 325. 0 S5&1. & 1509, 1012, O, 8. 0
&85 1£0285. 4817¢&€. —1920. 183, 152, 0 0 152. 0 &71% . O 1540. 1024, O OO
86 183447. 231191, —-2073. 0 2z, 142, 44z, 732. 21, 27. 18%=. 40, 1027, ?1. 0 2
37 1715462, 214495, -&10. Q 158, 0 7&. 15. 472. 30, 1006. 1041, 122, o0
33 159677. §1979946. -1047. (¢] 52. 192, 3&4. Q 549, Sz, 12049. 1023, 0 0 0
a9 147791. 1810%5. ~1311}. ¢ 56. 164, 457, ) 457, 53, 1302, 1119, &t 0 o0
90 1355064, 163991. ~-1524. 0 [ 305, &10. 0 411. 61, 1340, 1131. AL 00
21 14£4£585¢. 145345, —-1707. ?1. 37. 262. &10. Q GG, E7. 1341. 1106, o1, a O
92 157201. 124896, ~1753, 1354. 20. 219, &10. 0 427. 30, 1074, &1, 4z, O
73 1£0217. 107432, —-1&829, 145, 37. 433, Q 847, 37. 1049, 36, a0
94 183179, 88245, -1705. 152, 24, 411, ~ 0 433, 24, 10324, 122, L. O
¢S5 1££088., e8736. —1981. Z13. 12, 394, O 549, 12. 1006, O 15, ©
Pé 1689242, 49105. —-1920. 133, 0 R6A . N AR I 075, O a0
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Table 4-2 (el )

Node Coardinates, m Elev. of Thickness, m . Head in Thickness, m | NcODE
No. : cryst. - ) upper
X Y basement,}] Pre- | Penn. | Penn. Penn. | Penn., | Wolf. | woif. Wolf. | Wolf.,| Granite| Rock jaquifer,] Wolf. | Penn.
m Penn | carbo-| granite| shale| Total carbo-| granite| shale | Total }wash, salt m porous | porous |
nate wash nate wash . total carbo- ca[bo—
nate nate

97 192712. 227804, -1981. O 172, 78. s73. 7. 299, =4, 104, 4227, 122, 137. o =
98 1870464, Z19733. -1890. ' V] 77. 145, 0 Z44, 243, 13, 26, 457. 7. 137. 0 1
@ 181420, 211590. -&10. Q 46. 15. [¢] I3 a78. 15, 79. 47z, 0. 244. o0
100 175775, 203374, -&10., o 61, (4] 0 &1, 453, 0 43. 422, Q 1052, 22. 00
101 170129, 173084, —1158. (¢] 1. 4¢. SZ20 437. 422, 0 12&. 49, 4é. 1087, 0 [EaN
102 1464453, 136726, —-1311. (4] 183. 46. z274. 03, 354, [¢] 1¢S5, 547, q¢4. 10335, (6] 00
103 153527, 172293, —-1372. 0 244. a52. z07. S0, 327, 8] 17&. 503, Sz, 1097, O .00
104 153191. 1469733. —1402. ' Q 290, a&. Z01. S49. z274. 0 18%. 4357, S3. 1100. [§] 15, O
105 147345, 141211, —-1433. Q 351, &1, 198, &10. ZS6. 0 171. 427, &L, 1119, ’ O 1S5, O
104 153098. 15234¢4. —1443. Q 391. 30, 229, &10. 254, (] 171. 427. 30, 1103, &1, 15. 0O
107 158450. 143514, -14v94. Q 3el. 30. 198, &10., 245, Q 177. 442, 30. 1072, 0 15. 0O
108 144200. 134714. —-1524. (¢} 3%6. 30. 133. &10. 254, (0] 171. 427. 30. 1047, &1, (3
109 149750, 125943, ~1768. &1, - 3g1. 37. 192. 610, 25¢., O 171. 427. 7. 10835, 182, -3
110 1707583, 114530. —~1748. 137. 351. 4z, 171. " 5¢4q. 352, 0 151. 203, 43. 1036, 152, &1, O
111 171752, 1070%1. —-1829. 162. 35S, 37. 14¢&. Sig, 329. 0 219, 549, 37. 1030, 122, &1, O
112 172739, P7432., —-1370. 133, 314. 30. 123. 472. 234, o 23¢&. 472, 30. 1oz, 21. L1, Q
112 1737186. 88153, —-1920. 192, 20S. 24. 113. 442, 236, 0 236, 472. 29. 144, 100&. &1, 0. 0
114 174487. 78653. —-1931. 180. 274. 18. 134. 427. 236. Q 23&. 472. 13. 1479, 100, 0 15, 0
115 175¢447. 49133, -2012. 244. 244, 12. 171. 427. 292. O 193, 453, 2. 1482, 1004, O o0
116 1746599, 5Y9%¥2. -1981. 244, 235. 6. 125. 346, 375. 0 250, &25. &, 1434, w73, 0 00
117 177341, S0031. —1829. 91. 213. (4] 152. 3&L. 439. 0 293. 73z, O 1454, YN &1 o0
118 201977. 224242, —-1476. O 122. 28. &04. 323, 299, 24. 104, 427. 122, 384, P72, &1, (e
119 191250. 208354. ~-7&¢2. (o] 110. 12, ] 122. 389. 12. S&. 457, 29, 215, 1012, 91. 01
120 1860523, 192090, -12192. 0 183. 40. 2453, 453, 378. (o} 4, 472, 40, 12653, 1036, Q 00
121 149794, 175449, —1433. Q 229. - 44, 290. S64. 284. O 165, S4. 4¢&. 1229, 107¢&. ] 21. 0
122 159068. 153432, -1433. (8] 366. T4¢., 198. &10. 274. 0 183, 457. q4. 12465, 11035, &L 20. 0
123 170438. 141700, —-1494. 6. 381. 30. 193, &10. 213. 0 z13. 4z27. z0. 1244. 1041, 0 Z0. 0O
124 182205, . 125033, —-1737. 132, 305, 2. 253. &10. 274. 0 18z, 457. S2. 1338, 1024, (4] 16, O
125 183201. 1046575, ~1690, 201, 305, 34. 120, S18. 274. O z274. S49. z4q, 1354. 1006, (€] 37. 0O
126 184179.. 83077. —-1951. 213. 244, 2%, 1922, 487. 259, (0] 299, SlE. 21. 1439, 91, (i] 15. 0O
127 185140.. &9538. —2012. 183. 229. Q. 189. 427. 259. O 259. Sl1e. Q. 1413. 1024. O (W V)
128 1346082z, , 50958, —-1&82¢%. 152, 198. (] 168. 3&6. 335. 0 274. 610, 0 1433. 751, &1 0 Q
12% 211242, 220307, —1443. 0 1. ?4. &e8B. 853, 277. 27. o1. 76, 22, 8a34. 940, Q [
130 204614¢4. 212805, -1433. o] 152, 344. 479, ?75. 313. 21. =3, q1&. G- QL. PR [b] 0 2
131 201051. 2047863, —-7&2. [¢] 122, 4¢&. 76. 244. 324, 15. &3, 41%, &t 1082, 285, O a1l
132 195955, 17055, -762. Q Q1. Q a0, 122, 234. 0 &4, . 413, 0O 1157, 1012, 1. 00
133 l?OBS?. 189008, —1047. Q 122, 24. Z02. 457, 334. 0 84. 418. 4. 1220, 1021, (3] (el
134 185743. 180341. -—-1311. b} 148. 37. Z14, S1e, 303, [} 130, 433, 37. 1242, 1034, &1, 1S5, 0O
135 180s&¢8. 172841, —-1372. (o} ZYe. 40. 122, &4, 429, [ 110, 542, 40. 1210, 10&7. &L, HGl. O
136 175572. 1641449, —-1524. 21. 351, 43. 21¢6. A10., 411, Q 123. 8323. 4=, 11&72, 1073, [a] Lo O
137 17047¢. 155452, ~1524, 15. 344, G0, 235, &10., 293. Q 196, 43, 30. 1235, 1072, [ 25 I
133 176499, 147777. —1385. z7. 324. 30. =83, &10, Z51. Q 204, 457 . 30. 1233, 10535, 0 2. 0
139 182521. 137902, ~-14&7&. &1, 283, 49, 208, &10. 22%. O 229, 437. 40, 1250, 1036, O O 0
140 188543. 132027. —-1737. 122. 213. S52. 378. &40, 229, Q 227, 457, o2, 1299, 1015, 0 O 0
141 1945485, 124151, —~17¢8. 174. 213. &1, 3L &71. 244. (&) 244, 42z, &1, 1317. 1004, Q OO0
142 194545, 115118, —-1829. 178. 229, 595. 326. &10, 2¢&7. 0 267, 533, a5, 1241, 1000, Q O 0
143 19456S5. 104083, —-18959. 213. 229. 0. 259. S1e. 2a0, O 230. S&1 . 30. 154E. w3l Q O O
144 194565. 97051. —18%0. 219. 213, 24. 235. 47z. 277. a 277 55, 24.  13&3. 975, Q oo
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Table A-2 (co”l.)

(]

Hode Coordinates, m Elev. of Thickness, m Head in| Thickness, m | NCODE
No. : cryst. : — upper

X Y basement.! Pre- | Penn Penn. Penin. | Penn., | Wolf. | Wolf. Wolf. | Wolf.,] Granite} Rock |aquifer,] Wolf. Penn.

- m Penn | carbo-| granite} shale] Total carbo-| granite|{ shales | Total |wash, salt mn porous | porous

nate wash nate wash total carbo- ca{bo—

nate | "ate

145 194545, T 88018, -19571. 219, 213, 21. 207, 452, 7. ¢ 274. 545, 21, 1418, 275, [y O 0
146 1945645. 78985. —-2012. 21¢&. 198, 15. 212, 427. 274. 0 274. 549, 15. 1433, ®75. 0 o0
147 194545, 69951, -2042. 210. 183. Q. 204. 39¢&. 250, [¢] zZ70. 87%. 2. 1337, ¥75. 0 o 0
148 194545, - &0718, —-1829, 168. 152, 0 213. 3&k. 364, (&) L&, 722. [a} 276, *75. 0 00
149 194545. S518e4. -17¢&8. ?1. 148, Q 18 1&3. 293. (8] 195, 4z, a 1372, w48, &L, a @
150 218712, 216454. -1280. [a] 746, 71. &34, 553. 233, 30. 28, 376, 122, 334. 254, Q 0 2
151 209635, 201401. -853. o] 1583. 76. 107. 24, 317. 15, &4, 396, vi. 1113, o81. g O 1
152 200558. 186284, -1036. 0 122, 34. 241. 394, 217, (] 7%, 37&. 4. 113% 1006, 122, o0
153 191482, 1703505, —-1311. 24, 274. 30. 229. §33. 370. o @S, 458, 20. 1226, 1004, 122, 0 O
154 1682405. 154262, -1615. 49, 305. 30. 274. &10. 343. [} 15685, S1&. 30, 10492, 0 15, 0
155 193234. 138840, -1737. 122, 1322, 4¢. 411. 410, 244, Q Zq4., 423, 4&. 1004, 20, [
154 - 204042, 123456, —-1798. 137. 152. 61. 47z, &&4, 2579, 0 292, S513. &1, 973, 0. 00
157 204042, 105361, —1890. 219. 152, &l 335, 547, 282, O 282, S44, L1, 975, Q o0
158 2040462, 87265, —1951, 223. 152. 46. 305, 503, 290. 0 290, §879. 46, 35 L0, 0 00
159 204042, 9169, 2042, 213. 122, 37. 344. 503. 05, o 305, &10. 37. 134&. 951. O O 0
140 204062, 51073. —-15214. 91. 91. 0 30. 122, 21%. 0 14¢&. 3&4. 0 1226, 24, Y-S O 0o 0
161  226298. 2124632, —-1047. Q 46. 4. &40, 752, 219. 7&. 70. 364, 122, §3E. 745. o o 2
162 222273, 205547. -975. (¢} 113, 198. 482. 732, 2383, 46. gz, 264, 244. 215, 9673, Q 0z
163 218249. 198387. -914. [o} 152, 347. 2L2. 762, 2864. 18. &7. 372. J&&. 1034, 975. 30. 01
164 214224, 191091. ~-914. (6] 244, 76. 107. 427. 297. (o} 74. 372, 76, 1159, C9&3, 61, 00
145 210200. 183&772. —104&7. 0 29Q. 34. 43. 3¢é6. 297. Q 74. 372. 34. 11589, ?91. &1, (4]
1464 2046175, 1746151, —-1219. (o] 244, 30. 1832, 457. 317. (V] 79. 39&. 20. 11324, 275, b1. 00
1847 202151. 148507, —-1280. 76. 132. . 20. 335. Sle. 3¢6. ] g1. 457. 20, 11ay. Y14. 122, o0
148 178126. 160748. -1372. 116. 1952, 30. 344, 549. 439. 0 110. 49, 30. 1204, 245, 122, a0
169 194102, 152873, —-15&S5. 113. 152, 3Q. 411. S74. 264. 0 1485, S49. 30. 2z6. 1004, 1. 00
170 198946, 145345. -~-1646. 137. 183. 37. 370, &10. 283. (o] 1892, 472, 37. 12328, 1003, 21. g o
171 20383t. 137817, -1676. 148, 183, S2. 4085. 640, 240, [0} 212, 472. &2. 1241, IS, 1. 00
172 208495, 130270, -1737. 189. 183. a7. 451 . &71. 268, 0 219, 433, 7. 1250, &L . Y1, [V
173 -213859. 1227462, —-1768. 201. 183, 20. 303, 71&. 277. 0 224, 503. 30. 1302, ¥75. 1. 0 Q
174 213559%. 113728, —-1829. 213, 183, &1, 427. b71. 267. (o} 2&7. 33 &1, 1340, DED . q6. 00
175 213559%. 104493, -1890. 219. 163, &1, 20S. S4v. ze2. Q) 282. S&49. &1, 1364, “S7. O 00
176 213559. . 95662. -1920. 232. 183. 61. 305, S42, 270. 0 Z90. a72. &1, 1348, 945, O 00
177 213359, 8&AZ3, —1981. 232, 198. &1, 305, D&4. z297. 0 29 894 &1, 1&7¢. 245, O a0
178 213559, 775%3. -2134. 232. 1983, 49 317. 44, 308. 0 30 &10. 49, 136%. 45, 0 00
179 213559. &8541. —-2073. 213. 168. 37. 299, 503, 320. o a &40, a7. 1326, 9o, O a0
180 213559. 59523, -1829. 174, 122, D 244, &L, 343. o, 3 &34, 0 1311, 0. 0, 00
181 213559. S0494, —-1372. 4¢. 21. 0 30. 122, 437, (4] 2% 732. 0 1287, F02. &1, o ¢
182 234000. 209042, —-457. 0 Y. o 7&. 22, 216, 122, z 34L0. : SLT. 945, 0 0z
183 2248%2. 195347, -&10. 0 &2, 122, 162. 368, 270. &1, 29. 240 183, 945, 45, Q 03
134 219763. 1311389, -8353. 0 193, 7¢4. &1, 3&5. 280, 0 74, 1098, 0 1&. 0
i85 212675, 144547, ~-1219. 1. 366, 30, 1. 4c8, 293, 0 0. 1128, S0, 15. 0
18¢& 205547, 1514233, -1524. 143, 274. S0, 259, 544, 3z0, 0 30. 1204, 137. S0
187 214312, 124775, —147¢. 189. 351, 30. 29, &10. 247. 8] z0. 1280, 137, 70. 0
. 188 2230585, 122047, —176%. 213, 305, I0. 396, 732, 307. ] 20, 1320 137. 210 0O
189 2230835. 1040387, —-1av0. 22¢. 244, 0. JITE. &10. Gi47. Q 0. &7. o 0
190 223085. 846107, —-1951. 238. 2132, 30, 3LH. &10, SE0, 0 0. 30. 0 0
191 223085, &8127. -2134. 2140 152, 18. 247, s12, 320. O 1. (4] O QO
192 223055, 80147, —-1219. 0 v1. 0. 22, L6 0 ) &1. 0o
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Node Coordinates, m Elev. of Thickness, m . Head in | Thickness, m | NCODE
No. [ cryst. — upper
N X Y basement.l Pre- | Penn. |Penn. Penin. | Penn., | Wolf. | woif. Wolf. {-Wolf.,| Granite| Rock laquifer,| Wolf. | Penn.
Penn carbo-| granite| shale| Total carbo-| granite| shale | Total {wash, salt m porous | porous
nate wash - nate wash total carbo- ca{bo-
; nate nate
193 241817. 20848383, 0 0 18, Q 185, 30. 201. =2. ) gl G35, 122, =3 W) oz
194 233690. 199140, -152. [0} 30. 0 30. &t 213. 110, 8. 335, 110, o 0 a 2
195 2355¢3. 192480. -305. O S52. 0 70, 22, Z238. 4. &. 335. 24. Y6, [ [C2S]
196 23243¢. 185705, ~-396. (o} 70. 0 -8z, 122, 268. &1, &. 335, &1, 1006, Q o 0
197 229309, 178818. -&10. o 88. 15. 140; 244, 261. 1&. Sa. [2s. 30. 105z, &1, o0
1983 2246132, 171808. -914. 15. 213. 30. 122, 346. 268&. O &7. 335. 30. 1113, &1L 12, 0
192 2230S55. 144483, -1067. 4t 274. 20. 137. 442, 248. O 67. 335, 0. 1124, &1 I, O
200 219928. 157447. -1250. 101. 351. 30. 107. 4358. 293. (e} 73. 3¢&6. 20, 1174. 76. 4=, 0
201 214801. 150093, —1443. 134. 411, 30. 107. 549. 293. 0 73. 364, =0, 213, 22, (=3 B 4]
202 22073%. 142913, —-1534. 171. 411. jclv 122, 544. 297. 0 QY. IPE. 3. 1250, 121. &1, O
203 224477, 138733, -1&13. 198, 427. 30. 152, &10, 317. (@] 7. 32¢&. G 1 245, 137, 71, 0
"204 222614, 128552, ~-1676. 207, 427. 30. 193, &85, 308, o 76. 331, 20, 1296, 122, 107. O
205 232852, 121372, -1737. 21¢4. 427. &t 213. 701. 325, 0 71. 3964. &1, 13114. 122,
206 232852, 112454, -1829. 219. 33S. 4&. 351. 32, 330. 0 114, 499, 44, 132085, 122,
207 232882, 103537. —-18%0. 229, 198. 30. 411. 640, 373. o 145. Sle. Z0. 1320. 107.
208 232552, 94619, —-1920. 235, 148, 30. 442, &40, 330. O 249, S79. 30, 1274, 1.
209 232552. 85702. -1981. 244, 122. 30. 503. &£55. 3385. O 335. &71. 30. 1198, 7¢.
210 232552. 76784. -2134. 244. 152. 30. 457. 640, 364, 0 3&¢&. 732, 30. 1241, 41 00
211 232552, 678846, -2134, 229, 122, 21. 421, S564. 36¢4. o) S¢s. 732. 2t. 1280, ¢ 00
212 232552, 58949. —-16185., 201. 1. ?. 263. 3&L. 366. 0 3&4. 732. Y. 1230, 0 O Q
213 232552, S50031. -1524. 30. ?1. [0} 1. 183. 402, o] 268, &71. o 1271. =3 18 15. 0
214 249750. 2025856. 4} 0 15. - 15. 4] 0. 134. 143, 24, 335, 183, 215. 0 0z
215 2442¢43. 189788. -305. 0 49. 30. 42. 122 183. 132. (o) 335, 1353, 251. [¢] [
Z216 238777. 1765546, -610. 15. 85. 15. 143. 244, 244, 4. 15. 305. &1, 291, &1, Q0
217 233290. 162861, —10%7. &1, 213. 30. 122, 3&é. 253, [¢] 685, 323. 30. 1123. 76, o0
218 227303, 148703, —-1433. 146, 3¢L6. 0. 122, 318. 293. (o) 73, I66. 30. 1138%. 122, 0o 0
219 23492¢. 134490, —-1585. z0t. &6, 464, 198. &10. 32z2. o 44, 3&4. 4¢&. 1189, 122, 15. ©
220 242049, 120677, —-1737. 216, . Z81. &1, 229, &71. 311. 0 S5, b6, &l 1220, 131, 1. 0
=21 242049, 103045. —-18%90. 232. 244, &1. 366, 671. 363, Qo 1585, Ste. (3 P8 1250, " 122, 107. 0
222 242047. 85412. -20673. 244. 122, 61. 503. &86.  320. 0 320, 640, &1, 1z71. 872. 76, 00
223 24204¢%, &7780, —-228¢4. 244, v1. 30. 488. &10. 3¢&6. o eI 732, 20. 1248, 863, S0, 0 O
224 . 242049. . S50147. —-1931t. 152, 1. - 299, IFe. 351. o} 351. 701, 6. 1265, 833, S0, O 0
225 257799, 199461, o 0 15, 15. 30. &1, P&, 148. S4. 320, 1&3. erq. 70. [ [
224 2553v6. 193523. -3085. o 30. 15. &1, 107. 12&, tee. 24. 320. 183, 209, 334. (o] 0z
227 252993, 16872469, —457. (o} 46. 30. 148. 244. 1460, 152. 8. 320. 183. 930, 87&. 9] o 2
223 250590, 180899, -¥14. 61, &1, &49. 241. 364. 123, 113. 0 311, 177. 920, 3563. . o a1
229 24g188. 174414, -1097. ?1. T 82, o1. zee. 442, 213. &L, O 274. 152, 715. 8S3. 0 [
230 245783. 167312, —1219. 122, 152, 113. Z23. 483, 195, 15. 349. 244. 123. 10327, 792, 20, 00
231 243380. 141093, -1372. 174. 171. 8. 23S5. &503. 244, Q 23 I8 304, SIS, 1185, 7%2. &b a0
232 240977. 154262, —-1433. 183. 213. &7. 238. 518. 268, 0 &7. 335, &7, 1104, 792, 9], a0
232 238574. 147314, —-1443. 184, 274. 46. 229, S549. 293. [} 73. 34 464, 11852, 732, 101. 00
234 241617, 130431. —-14924. 193. 274. &1, 244, 79, 329, 0 37. 3&4&. &t 1113, &95. Q1. O Q
235 245040. 133448. —1524. . Z10, 235, &1, 213, &10. 229. 0 7. 364, &1, funz2, &71. S, a o
2346 248302, 126215, —-1¢418. z44, 335. 44. 244. &ZS. 311. (] S TN 44, 1131, &20, 22. 0 a
T 237 251545, 119922, —-1737. 244. 335. &1, 244, &40, 305, [} 7k, 3&1. -9 N 114%, 732, 2. (1. O
. 238 251545, 111296, ~1829, 213, 3P&. 74, 19&. &71. 333, 0 119. 437. 7&. 1174, 32 114, 152, O
239 251545, 102610, —-1890. 213. 305. 7&. 320. 701. 342. Q 17¢. Sie. 7&. 1159, 747. 107, 121, ©
133. &7. 482. T332, 290, (] 2¥0. S7?. L7, 1220, 7862, E2 W 1S. O

240 251545. 93924, —-1951. 219.




Taole A-2 (et )
Node Coordinates, m Elev. of Thickness, m Head in Thickness, m NCODE
No. | cryst. upper

X Y basement,l Pre- | Penn. | Penn. Penin. | Penn., | Wolf. | woif. Wolf. | Wolf.,] Granite| Rock jaquifer,| Wolf. Penn.

T m Penn | carbo-| granite}] shalej Total carbo-| granite| shale | Total |wash, salt m porous | porous

nate wash nate wash : total carbo- ca[bo-

nate nate

241 251545, 8S738. -~2073. 232. 152, 49,  S=TO., 73ZE. 326, o 3z8. 49, : 77z 7é&. 00
242 251545. 76552, -2225. 244, 122, &1, S4%. 732, 3&é.. ] Séb. &1, 2 &. &1, a o0
243 251545. &78¢8&. —2377. 244, 91. 20. 488, &10. 3&é. O =Y. 30. 22¢4 &l 0. 00
244 251545. 59180, 2234, 244. Z1. 21. 43¢4. 347. 346. (3] 344, 1. 125¢4. 2 O 00
245 251545. 50494. —-1920. 183. 137. 15. 335 43, 338, (o] 335, 15, 1250, & O o0
244 265944, 196797, =41, Q 15. 18, 61, v1. v1. 1é8. 44, 305. 133, c59. 378. Q 02
247 2617351, 184%24. -483. 3Q. 4¢. o} 198. - 244. 122, 132. 0. 305, 152, aue, 883, a a2
248 257538, 172387. —-975. 152. 82. 74, 207. 36&. 171. a6. 27. 244. 122, 915, &47. 0 01
249 283325. 159387. ~1047. 152. 152. 1. 244, 423, 195, [} 49, 244, 1. 1055, ¥ (8] o0
250 249113. 145924, -1230. zZ132. 193. &1, 290, S549. 280, (V] 29, 299, &1, 1053, &1, a0
251 255077. 132405, -1524. 213. 244. &1, 305. 610. 2y9., 0 340, &1, 1043, 107. o0
252 261042, 119287, —-1737. 213. 293, &, 274. &40, 317. o} 3L, 73. 1037, 107, 0. 0
253 261042, 102234. -1890. 213. 3é&¢é. 8. 247, 701. 283, (o] S18. gg. 1098&, v1. 137. 0
23549 261042, 85180, -2073. 229, 152. &4, 515. 732, 34, ] &40, &9, 1137, &7, Qo0
2535 261042, &8127. -2247, 244. 1&3. 27. S521. 722, 437, (4] 732, 27. 113&, S0, (2 V]
25¢ 261042, 51073. -1585. 152, 122. 9. 357. 433. 354. 0 540, Y. 1132, o o0
257 274244, 194545. -183. 0 b 15. 85. 107. 49, 148, 244, 183, 28, O 0z
253 272391. 188714. -é410. &1, 24, 30, 9&. 152, 22, 152, 274. 183, &394, [¢] 02
259 2703538. 182752, —~&7%. d1. 43. 7&. 123, 244. 114, 107. 290. 1232, gLy, O o2
2460 2684635. 176672, —-579. v1. &1, 0 1&3. 244, 130, é1. 25%. &1, a7a. o o 2
261 284832, 1704746, —&10. 122. 79. 46. 149, 274. 14¢. 135, 244, &Y. 202, QO oz
2462 264979, 164144, -914. 244. 113, 44. 177. 338. 192, o 274, 44, P24, 0 01
263 26312¢. 157737. -792. 107, 146. 30, 169. 36, 247. [ 274. =0, 7¢&. Q 00
244 261273, 151193. -914. 122, 145. 30. 293, 488. 232. (o} 290. 30, 1006, z0. 00
2465 259420, 144534. —-1128. 137. 183. 37. 299. S18. 281. 0 314. S 37. 1021, &l o0
266 262200, 138049. -1280. 152, 1o8. 43. 308. 549. 248. 0] 3385. 43, 101&, P3. 00
287 264979, 131543, -1341. 148. 244. [ 274. 577. 293. 0 3&4. &1, 1043, 22, 00
248 267757, 125078. -14¢43. 183. 274. 74, 259. 610. 305. 0 381. 7. 1044 2. a0
289 270533, 118592, -164¢. 198. 238. ?1. 19€. &25. 273. o} 3¢&4. 71, 1073. &1, 15. 0O
270 270538. 110254, —-1768. 213, 366. 91. 198, &55. 329. 0 J&6. 21. 1073, &1L 28, 0
271 270528. 1019135, -1890. 213. 39&. o1. 19&. &6, 390. QO fze. 1. 1131, 74. 122, 0
272 270538. $3577. —-1920. 213. 335. 74. 305. 716. 347. 0 5779, 76. 1146, 76&. 15. @
273 270538. §35238. -2042. 235. 183. &L, 488. 732. 4022, o &71. &1, 1171. &1, o0
274 27Q0538. 746900. —-2195. 241, 163. 30. 533. 732. 4z, O 732. 0. 1195, Z0, (]
275 2705z8. 663&1. -2134. 244, 158. 24. 549. S2. 439, (] 722, z9. 1204, O o0
276 270538. L0223, —167&. 244, 158. 18. 311. 483. 40z, 2} &71. 12. 1133, (] 15. 0
277 270538. 51884, -1219. 91. 183. 12, 171. CT-Y. 8 305. 0 &10., 12, 1159, (¢] 7. 0
278 283046, 194044. -305. (v} ’ (o} 15, 107. 122, 37. 143. z44. 1323, 802, o Q02
279 279803. 182217. -701. 1. 43. g1. 79.  213. 61. 21. 244, 1383. 848. O o2
230 276560. 149984, -1036. 122. 79. 152, 12, 244. ?2. 20. 244. 133, 273, O o2
281 273318. 157344. -945, 30. 116, 44, 1453. 305, 152. 15, 305. &1, 754, O 15. 1
282 270075, 143877, —-1128. 152, 152. 30. 133, 3&4. 245, V] 335, 0. v76. &7. 00
283 274937, 131129. -1341t. 183. 244. 20, 244, 5ta. 229, V] z08, 30. ot 122, o0
224 279503, 118592, —1476. 213. '351. &1, 2592, &671. 144, 0 183, &1, y &1 00
285 279&03. 102031. -18%0, 244, 384. 1. 256, 732. z97, o 427, 1. &AL 137. 0O
236 279303. 85470. -2012. 244. 233. &1. 423, 732. 373, 0 &S99, &t B35, 12. 0
287 279303, £8903. -1590. 232. 171, 15. 54¢. 732, 375. o 625, 15. S5, 12, O
288 279803, 52347, —1067. 0. 122, 0 0 122, Z567. 0 523, 0 1037 0. F1. 0




Taldle A-2 (conl- ) ’

Node Coordinates, m Elev. of Thickness, m tlead in Thickness, m | NCODE
No. cryst. upper

' X Y basement.] Pre- | Penn. | Penn. Penin. | Penn., | Wolf. | wolf. Wolf. | Wolf.,| Granite| Rock jaquifer,] Wolf. | Penn.

T m Penn | carbo-| granite| shale] Total carbo-| granite} shale { Total ]wash, salt m porous | porous

nate |wash nate | wash . total carbo- C'd[bo-
nate nate

289 221843, 123307, —-3é&. 0 Q 15. 107, 122, 24, 148, Se. 294, 757, SO, Q =
220 290458. 187544. ~-&640. 30. o} 30 2Z2. 152, 37. 152, 55. 244, 783, 79z, (&} 2
291 282048, 181574, -—¢&71. 1. 15, &7, 101, 183, 44, 114, &4, . 244, 7&84. 747. 0 2
292 2876783, 1755853, -8314. 152, 3Q. 13. 198, 44. 5. 107. 113. 274. A 732, 0 =4
293 284289, 1469434, —-1097. 183. 46, SS. 143, Z44. 1. 95. 11é. I03. P21, O 2
294 234399, 163224, —-1219. 152. 32, &t 101. 244, 12z, vi. *1. =05, D30, 0 2
295 283509, 156924, —1250. 274. 1464, 1. 67, 305, 143. Z0. 117. 294, FNG. 754, G0, =
296 232119, 1950542, —-1219. 213. 1583, &1L (@] 244. 198&. Q =25, 283, PEP. 701, &1, 2
297 280730. 143374, ~1047. 182. 152, 30. ?1. 274. 21%. [u} Sa. 274. 251 . 71, 7&. 1
293 282814, 137004, —-1250. 143, 207. 30. 8. 33S. 202, Q 57. 259, 930, &10., &1, 0
299 264899, 130752, —-1402. 183, 244, 30. 213. 43¢&. 1&85. O &Y. 244, 715, 594 . 1. O
300 286933, 124614, —-1554. 193, 290. 30. 290, &10, 130, Q &3, 244, P21, S7%. 1. o
S0¢ 289048, 118592, —-1&15. 244. 335. &1, 335, 732. z&3. o 102, JLL. Y3 579, &7. QO
302 23904€E. 110349, —-1829. 335, 296, 1. 25%. 747. 277. o 119. 374, 270, 577, 15. Q
302 289048, 102147. —-189%90. 335. 427. 21. 287, 777. 297, (o} 128. 8427. gy, S77. 30. O
304 289043, 93924, —-1920. 244, 394, 79. 317. 792, 327, (o} 219. 549. U S79. 15. (4]
305 . 289048. 85701, —-1981. 244, 3&s. 7Q, 387. 823. 366. o 244. &10. 70. SEE. 13. 0
306 282048, 77479. —-1%981. 244. 133, &1, &10. £53. 3&6. (8} 244. &10. &1, &10. &1, (2]
307 2820468, &9256. -1829. 1&2. 207. 24, &22. 833, 293. [0} 195, 48, 4. &10. 122. O
303 289063, &1033. -975. &1, 213. Q 21, 305, 274. 0 133, 457, ¢ 0 &34, 122. 0
309 289068, 52611. -914. 0 244, 0 o 2449, 320. (¢} 137. 457 . Q &E4. 122, 0
310 3004647, 1924655, -¢10. [o] 0 15. 107. 122, 24, 148, 32, 244, 133, 774. 0O [
311 298333, 120388685, -945. 152. 24. 4¢4. 174. 244, 52. 137. 70, 259, 1&3. 73z, Q oz
312 2946017, 148326, —-1128. 305. 49, 74. 119. 244, 82. 107. &5. 274. 133, 707. 2} a2
313 293701. 156478. -1280. 213. 14¢4. 122. 37. 305. 174. &1, 55. 290. 183, &71. O a2
314 291324, 142971. —-1311. 274. 152, 46. 229, 427. 2395, 15. 83. 335, &1, &40, 0. 15, 2
315 294359, 130434, -1402. 1863. 213. 1. 183. = 488. 2¢L7. O 114. 321, 21. S¢&4. &1L 21, 1
314 2983:33. 1168592, —-1737. 213. 303. 122, 305. 73Z. 341. (s} &5. 4=7. 122, G&1. 44, 0
317 298233, 102242, -18%0. 3&6. 427. 91. 274, 792. 283, Q 122, 411. 1. 549. O 22, 0
313 2938333, 85733. —1920. 244, 48%3. 61. 290, 838. 329. O 219, 547, &1, S49, 46. 107, O
319 298333, &PL03. ~-1829. 4] 305. &t 433. €53, 320. 0 127. 457. &1, &73. 4¢&. {5. 0
320 298333, ., 93274. -214. 0 335. Q -30. 305, 213. 0 o1. 305, Q &10. 122, &1, O
321 309451, 191784, -33S. 0 4] 7&. 229, 305. 27, 1463. 74. 2te, 244, 732, [¢] o 2
322 308525, 135946, -518. [¢) b] 15. ' 351. 36¢4. 41. 148, &6. 274. 133, 701 . 0 0z
323 307598. 180039, -97S5. 152, [a) 30. 351. 351, 5¢4. 152, 72. 280. 183, [ X2 (o] oz
324 30464672, 174154, —-10467. 143. 24. 61, 341. 427. 72, 22. ¥3. 237, 1&3. 671. s} 0 2
325 305745, 1481460, -1128. 183. 4. 76. 333. 457. 38, 107, S, 2%3. 1a3. &80, O o 2
324 304819. 162109, —-1219. 183. &1, 1. 305. 457. 136. 21. 73. 202, 183. &71. 0 02
327 303892, 154000, -1280Q. 183. 7%9. 122. 226. 27. 170. &1, av. 320. 183, &40, [y o2
328 3029466, 149333. -1311. 213. 143, 152. 70. 3¢s. Z05. 30, 104, 241, 183, &13. 0 0z
329 302039. 142681, —1433. Z213. 14¢&. 143. 235. S549. 252. 15. 120, 2E7. 1&83. SEe., O [
330 303429, 12311, —1476. 244. 147, 183, 3IP9. 732, 284. (8] 122, 4035, 133. S47. 0 Qo 2z
331 304819, 130173, -~1727, 244. 168. 152, 411, 732. 299, 0 123. 4z27. S2. 549, o o1
- 332 306208. 124267, —-1793. 274. 23S. 113. 334. 73z. 324, ] 132, 443, 113. X X 0O [
333 307598. 118592, -1829. 3095. 270, 91. 281, 732, 217. 0 171. 433, 91. S4¢. 15. 00
334 3075983, £10485, —1829. R30S,  427. 122,  30S. &53. 299, 0 §za. 427. 22, 549, &1. 37. 0
333 307598. 102378, -—-1829. 3045, 427, 7é&. 51, &853. z838, (u] 123, 411. 74, S4%. 20. 101, O
336 307598. 94271, ~1829. 305. 244, &1, 549, 853. 311. o zo7. 513, &, 530, &t 1s. o




Toable aA-2 (conl )

Node Coordinates, m tElev. of Thickness, m Head in Thickness, m NCODE
No. cryst. - : upper

X v basement,| Pre- | Penn. |Penn. penin. | Penn., | Wolf. | worr. | Wolf. | Wolf..| Granite| Rock |aquifer.| woif. | Penn.

) Penn | carbo-|granite] shale] Total carbo-| granitef shale | Total |wash, salt m porous | porous

nate |wash nate wash total carbo- ca[bo—

nate nate ;

3327 307578. B8&L1LS. —1829. 303, 457, 3 335, 53, 3. [ 219, &1, &30, G30. 7. 0
238 307393. 73053, -182%. 305. 3V4. &1L 427, s34, 373. 0 124. [ . 243, 15, 0
3% 3075%8. £&9951. —-1829. 308. z259. &1, S3&. S53. 233, O . &L, Sq4, o0
340 307593. 61844, -1341. 182, 193. [} 229, 427, 30S. 0 1. O S544. . Q
241 307598. S53737. -1219. (V] 290, Q 7&. &b, 33, 8] 130, Q : S72. <3
342 313253. 1920302, -437. 0O 0 1. 3¢b. 457. SS. 15z. &7. 244, 701. &71. 2 0o
343 314843, 17920&. =701, 152. . o 122, 427. S49. 87. 122, &1, 29 244. 701. &40, O o =z
344 315473. 167436. —-1128. 2449. 30. 1. 453. 610, 122, 1. 71, 208 : 733, &40, 0 02
345 314084. 155493, —-1280. 213. &1, 152, 2v¢. 610, 13&. 30. 155, 372, 747. &v7. &1 0 2
336 3124694. 142507, -1341. 213. 85, 1. 189, I 233. (4] 153, 426, 779, 879, &l [
347 314773. 129971. ~1&15. 244. 153, a1. 238, 488, 3z4. ¢ 137, q&3. G817, S33. Y] O 1
348 316843. 118592, —{gz9. 23. 290, 107. 3395, 732. 273. 0 195. 483, 327, 530, AL 29. 0
249 3148643, 102494, -1829. 213. 290, &4. S00, 53, 299. o 128. 427. 823 518. &1, 20, 0
350 314363, 846374, —-1827. 213, 335. 61. 457. S53. 415, 0 104, S1&. i 512, 44 O 0
38 3148463, 70293. -1327%. 1352, 122, &t 671, 853, 270, 0 ga. 458, 527, 30, O 0
35z 314863, 54200, -15885. 183, 213. 3. 424, &40, 428. O 121. 549, S36. &1. Q0
353 327085. 182701. ~-549. 0 (o] 122. 488. &10. &8. 122. 110, 290, &LO, o Oz
354 324591. 133983. -&71. 0 0 131. 479, &10, 74. 113, 109, 2964, &10, Y 0z
355 324128. 1782364, -792. 0 Q 143. 4L &10, 71. 101. 11%. 302, &10, (4] o2
356 325648. 172460. -&84. 0 (o} 152. 457. &10, 110. g1. 113. 314. LOO. [} 0 2
357 325202, 1464455, -1219. 259, (o} 299. 311. &10. 138. &7. 140, 344, 758, &10. S0, (s
353 324733. 1460321, —1402. 2&8. 0 254. 354. &10. 140. 49, 1463, 372. 729. [ RN &1 o 2
359 324275. 154958. -14332. 274. 30. 213. 3L&. &10. 186, 30. 180, 37&. 732. &£Q4. &1, o 2
340 323312. 1490466, —-1372. 293. 52. 244. 314. 610, 207. v} 207. 415, 732. 549. -3 W% 0 2
361 323349. 142449. -1341. 3385. 7¢&. 244, 290. f:b}0,v 299. O 128. 427. 725, 556, &1, O 2
32 324043. 135944. -134t. 213, 1. 1. &1. 0 244. 3092, (o] 133, 442. 777. G524, &, 0z
3¢&3 224738. 129826. —1433. 244. - 153. ?1. o 0. ..244, 241, o 146&. 4&8, €02, 512, 30. o1
364 325433. 124038, —-1476. 244. 232, 110, -~ 248. 610, 295, 0 195. 4%, 30z, S0&. [ I 21. 2
3435 324128, 118592, -1829. 232, 305, 122, . 427. £53. 227. O 160, 457. 72&. S51Z. &L 35. 0
366 326123. 110601, —-1329. 213, 335. 143. 375. 853. 277. (8} 149, 427. 723, S12. [ 3N o1, 0
347 328122, 102610, ~-1829. 207. . 290. 1. 472, 853. 303, 0 131, 424, 793. S12. 1. 12, O
343 326123. 94419, —-1329. 207, 244, v1. 579%. 214. 31&. 0 135. 451 723, 433. 30, [S I
349 3246128, 846L28. —-182%9. 201, 244, 8s. &1 6. *45. 220, 0 137. 4357. T7Y9. 438, [ IR O O
370 324123, 78437. —-1329. 139, 122, 76. 777. P75, 237. 0 144, 422 7932, 503. &1, Q0
371 324128. 70644, —-1829. 183. 122, &4. 787. ¥739. &6, [} 122, 4E8. 774. S0z, &1, (e
372 32&6128. L2635, —-1829. 183. 122, 27. 704, 253, 390. 0 3. 483, 7=3. 503. &1, 0 0
373 32&128. 544664, 1415, 183. 122, 13, o1, 732. 241. O 14¢4. 488. 1&8. 716, 142G, &1, 00
374 3358564. 188485. —-440. [0} Q 122, 438. 4610, S9. 122, 112, 293. 244. &472, 534, 2] (5 2
375 335393. 177179. -£84. (0] o 137, 472. &10, 94. 107. 113. 314. 244. &LAD, S99, &1, o 2
376 334930. 145315, ~1036. a (o]} 152, 457. 610, 13%. ?1. 135. 3&6. 244, 732, 44, &1L [ I
377 3344¢7. 154393. —-14&15. 335. 46, 244, 320. &10, 174. &1, 141, 37¢. 305. 747. 573. &1, Oz
378 334003. 142507, -1985. 308. 1. 193. 320, 610, 212. 15. 197, 424, 213. 793. 29. S5, Q2
379 334498, 129732, —1&7¢. 213, 152. 114, 98. oY 293. O 2273, 11&. VAZEN 435, &t 15, 1
380 33539 3. 118592, -1829. 244. 276. 183, 408, S34. Z293. (3] 195, 133, 777. 527. &1, 7&. 0
381 335393, 102724, —18Z27. 244, 290. 122. 544. 975, Z93. (] 195, 22. 777. 4749, S5, 18, 0
382 333393, 8468392, ~1829. 193. 183. 82. 771. 1034, 293, O 195, 2. 777. 423, &1 o0
383 ‘335393, 70993, —-1798. 18¢4. 122, &l €53, 10324, 273. 0 199, G1. &8, 494 . [ 00
334  335393. 85127. -16&76&. 133. 168. 15. &71. €53, 293. 0 195, 15. &34, 472. 61, 00
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Node Coordinates, m Elev. of Thickness, m liead in Thickness, m NCODE
No. cryst. - upper

B X Y basgment. Pre- | Penn. | Penn. Penin. | Penn., | Wolf. | Wolf. Wolf. | Wolf.,| Granite] Rock |aquifer,| Wolf. Penn.
i Penn | carbo-|granite| shale} Total | carbo-{ granite| shale | Total |wash, salt | porous | porous

nate wash nate wash total carbo- | caybo-

. nate nate

335 Z44£58. 187153, -7&2. 0 (& 131. 7&3. 914. &O, 113. 12¢ 299. (B3] O O 2
386 344438. 181594. ~9214, (¥ 0 134. 730, v14. 7é. 110, 119, 305. &40 44 [y
287 344458. 17£035. -973. (e} Q 137. 777. v14. 101. 107. 128. 336, (Y- &1, 0 2
338 344¢58. 170474, ~1036. o o 140, 774. 914, 113. 104, 149, 3¢b. 72¢. &1, 0 2
38¥ 344458. 164917, —-1077. Q 0 143. 77 1. 214, 12¢&. 101. 155, 2&81. 726. &1, 0z
390 G44453. 159358, -1128. 0 15. 144, 753. 214, 139. o5, 160. 3é&. 2. &1 0z
391 344458, 183799, —-1707. (¢ 40. 210, 340. &10, 143. 4. 1£9, 411. 762 &1, 0 2z
392 394458. 148240, —-1737. 335, o1, 152, 384, &10, 142, 1. 173. 4z27. 248 Z0. 0o 2
373 344458. 142481, —1748. 3385. 8. 183. 327. &10. 17&. 44, 233. 457. 3&3. 20, 0z
374 344453. 135264, —-1798. 317. “3. 192, 314, &10. 215. 15, 253. 433. 823, 1 159, 2
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400 3444658. 94964, —-13829. 244, 137. &88. 841. 1047, 341. 0 14¢4. 4383, 741. 433 &1 00
401 344488, €§7091. -—-1829. 244, 122, 79. 89¢. 1097, 2463, o 219. 453, 741. 472, (=3 I8 o0
402 344458. 79214, —1829. 204, 122, 73. 202, 1097. 244. (3} 244. 428. 724, 433, b1, [ )
403 341453. 71341, -1768. 192. 122, 30, 245. 10%7. 248. O 21y. 458, &E2. 482, &1 a0
404 344658. 63445, —-1737. 183. 122, 21. 832, 973, 263. 0 219. 428, &04q, 472, &1 00
405 344453. SEEP0. —14&74. 183. 274. 12. 597. a4, 2¢48. o 219. 48, S73. 457, &1 00
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1.1
1.2

Section I: Program Identification

Program Title: Steady-State Flow Analysis

Program Code Name: TRAVEL

1.3 Program Writer: The original version of this program is George

1.4

1.5
1.6
1.7

Pinder's ISOQUAD. Randall J. Charbeneau of the Civil Engineering
Department,U;Tl atAustin, has modified and incorporated the capa-
bilities of computing stfeamlines, travel times, and the analytical
so]ution.for heads around a pumping well (July 1978). Hunder Yeh and
Prakob Wirojanaqud modified the program for the University of Texas
Cyber 750 computer and incorporated zeta plotting subroutines.

Program Documentation: Prakob Wirojanagqud

Organization: Bureau of Economic Geology

The University of Texas at Austin

Austin, Texas 78712-7508

Date: April 1983

Source Lanquage: Cyber 750 Computer Systems-FORTRAN IV Version 538.

Abstract:

Program TRAVEL is a general purpose program for two dimensicnal
steady-state groundwater flow analysis. It can be used to inves-
tigate two dimensional, profi]é or areal, flow and mass transport
problems. Two‘dimensiona1—profi1e problems with free surface can
be handled provided that the %ree surface is specified. Two-di- !
mensional-areal problems with leakage from an aquitard can also be
handled knowing heads in the aquitard. The flow region may have

any complex shape and it may consist of different materials arranged
in arbitrary patterns. External and internal boundary conditions S
that may be specified are: prescribed head; nodal source/sink dis-

charge; element source/sink discharge; and préscribed head in the

-



v

aquitard. Analytical solution for head around a pumping well fis

obtained if the well is specified as a source/sink element. Typi-

~cal  output consists of nodal point values of head and velocity,

plots of head contours, streamlines and travel times.

This program was written based on the Galerkin Finite-Element
technique and the use of quadratic-quadrilateral elements in
discretizing the flow region. Background material, as well as
some examples of application, are available in a report entitled
“Finite Element Modeling of Groundwater Injection-Extraction Sys-
tems" by R. J. Charbeneau and R. L. Street, Technical Report No.

231, Depf. of Civil Engineering, Stanford University, July 1978.
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2.1

2.2

2.3

2.4

2.5

Section II: Program Usage

Computer Equipment:

Program TRAVEL was written for a Cyber 750 computer. An input term-
inal, a line printer, a zeta-plotting Ilibrary, and a plotter are
necessary to run the program.

Source Program: The source listing of Program TRAVEL and its bi-

nary version, BTRAVEL, are stored in permanent file 1057 of The
University of Texas computer system. The source listing of the
program is also given in Section IV of this manual.

Control Commands:

As run on the Universify of Texas Cyber 750 through the interactive
job processor (TAURUS), the control commands are as follows:

MAXFL= 230000/ |

LDSET,LIB=ZETLIBF/

BTRAVEL, datafile

Storage Requirements:

The present version of Program TRAVEL reqﬁires 230000 (octal) words

of central memory to executg. This required memory is adequate for

problems of up to 740 nodes or 225 elements. The maximum half band-
width of the g]oba1'matrix is 50.

Construction of Finite Element Mesh:

The following gives the procedure for constructing the finite ele-
ment mesh and the numbering convention which is part of the proce-
dure for preparing an input data fiTe;. One should first construct
to scale a map or cross=-section of thé flow region and divide it
into subregions according to the geometry of the flow region and/or

the material properties.




— — —_— LN
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Each subregion is subdivided into a finite number of elemenfs and

then the node and element numbering conventions are specified.

The construction of mesh as well as the numbering of node and ele-
ment can be performed manually or by using an automatic mesh gen-

eration program. A general purpose program named "MESHG" is avail-
able for the job. Interested users can find detailed information

from the user's guide of the program.

Figure 1 shows a map of finite element mesh of 135 nodes and 36
elements. First, the flow region is divided into 3 subregions

as indicated by the thick-solid Tines according to, for this ex-
ample, its géometry. In each subregion, if further discretization
into elements is performed manually, the size bf each element can
vary arbitrarily although it is suggested that the dimensions of

neighboring elements within a given isotropic material should not

differ from each other by more a factor of 2 or 3. If Program

MESHG is used, the size of each element can be varied gradually

by a given ratio in each direction.

The node and element numbering in Figure 1 starts in sequential
order from left to right and from bottém to top. In this manner,
the half bandwidth (NHBW) of the resulting global matrix, which
is 20, is the minimum for this particular mesh system. Since the
half bandwidth is a function of the maximum difference between

nodal numberoccurringon the same’gléfientione should start num-

bering along the d1rect1on w1th sma]]er number of elements and,

L £
< A il ‘\ i*'-k:: ‘ P“a-w.-\“.: '«l.k

have the m1n1mum ha]f bandw1dth There gre three arrayed paraéﬁ_
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Figure Z
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need to be clarified: INC (I,J), IN (I,J), and INEL (K,J).

The integer value of INC (I,J) is the global node number of the local Ith
node'of the Jth element. As an example, INC (I,J) of the mesh system in
Figure 1 has the following integer value for J = 8 (see Figure 2a):

I = 1 2 3 4 5 & 7 8

INC (I1,8) 25 26 27 36 44 43 42 35

1]

The counter-clockwise numbering order of INC (I,J) for I =1 to 8 as shown
in Figure 2a is, however, only for convenience in numbering a mesh system
manually. .The program will convert the array INC (I,J) into array IN (I,J)

and use it in the finite element computations. As shown in Figure 2a, the

ﬁnteger value of IN (I,J) for the previous example is:

I = 1 2 3 4 5 6 7 8
IN (I,8) = 25 27 44 42 26 36 43 35
Array INEL (K,J) fs used to indicate neighboring elements of an element J
for use in streamline analysis. Figure 2b shows the counter-clockwise
numbering order of INEL (K,J) and its integer value for J = 8.

2.6 Preparation of Data Deck:

The data input has been arranged in groups. ©Data that do not apply
should be left blank, unless otherwise specified.

GROUP  COLUMNS  FORMAT VARIABLE DESCRIPTION

R EE A EN B SN BN NN EE e

A 1-80 20A4 TITLE Title of problem; information typed
on this card is reproduced exactly
as a heading on printout.

B 1-5 15 NN Number of nodes.
6-10 15 NE Number of elements.
11-15 I5 NDN Number of Dirichlet boundary nodes.
16-20 15 NHBW Number in half band width.
21-25 I5 NLE Number of leaky elements.
26-30 I5 NLN Number.of leaky nodes.
31-35 I5 NQE Number of source/sink discharge elements.
36-40 I5 NQN Number of source/sink discharge nodes.
41-45 15 NPLOT Number of plots of head contours.

46-50 I5 NTPLOT Number of plots of transmissivity contours.
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. GROUP COLUMNS FORMAT VARIABLE DESCRIPTION

C 1-10 F10.0 ATRANX Multiplier for x-transmissivity.
11-20 F10.0 ATRANY Multiplier for y-transmissivity.
21-30 F10.0 AFQE Multiplier for well discharge.
31-40 F10.0 FACTOR Multiplier for node coordinates.
41-50 F10.0 ALEAK Multiplier for leakage coefficient.

These multipliers are useful when the input values have to be converted
due to the inconsistency in units or other needs for transformation.
Assign a value of 1.0 if no conversion is needed.

D 1-5 I5 KOD1 Printout of element flow matrices.
6-10 I5 KOD2 Printout of global flow matrix.

11-15 15 KOD3 Printout of element nodal velocities.

16-20 I5 KOD4 Printout of right hand side vectors.

21-25 15 KOD5 Printout of continuous velocity field.

26-30 I5 KOD6 Plot of hydraulic head contours.

31-35 - I5 K0D7 Plot of transmissivity contours.

36-40 5 KOD8 Printout of time of travel along
Streamlines.

41-45 15 K0D9 To flag analytic specification of
boundary cond. within the program.

46-50 15 KOD10 Plot streamlines.

For these control codes, a value of 1 initiates action, a value of zero
suppresses action. For KODI1O to be equal 1, KOD5, KOD8, and either KOD6
or KOD7 must be equal 1.

E 1-5 5 J Node number.

6-15 F10.0 x(J) x-coordinate of node J.

16-25 F10.0 y(J) y-coordinate of node J.

26-35 F10.0 TRANSX(J) X-transmissivity at node J.

36-45 F10.0 TRANSY(J) y-transmissivity at node J.

46-55 F10.0 HZERO(J) Head in the leaking aquitard at node J.
There are NN cards in Group E.
F 1-5 15 J Element number. .

6-15 F10.0 ~ PORTH(J) Product of aquifer porosity and

its thickness at element J.

16-30 F15.0 COEF(J) Leakage coefficient, which is the
. aquitard hydraulic conductivity
divided by its th1ckness, at

element J.

There are NE cards in Group F.

G 1-5 I5 LL : Element number
6-10 15 INC(1) Integer value of INC(1) is the
11-15 15 INC(2) global node number of node 1 of
16-20 I5 INC(3) element LL, and so on . . )
21-25 15 INC(4) (see details in Section 2. 5)
26-30 15 INC(5)
31-35 I5 INC(6)
36-40 15 INC(7)
41-45 I5 INC(8)

There are NE cards in Group G.



©  GROUP COLUMNS FORMAT VARIABLE DESCRIPTION

H (If NQE > 0)
1-5 I5 I source/sink element number. :
6-15 F10.0 FQE(I) source/sink discharge at element I.
16-25 F10.0 RQE(I) Radius of element I. A source/sink
element must have a circular shape.
26-35 F10.0 B82(1I) Coefficient used in evaluating

Bessel functions for source/sink
element ( = square root of the
characteristic transmissivity
divided by the leakage coefficient.

36-45 F10.0 XQE(I) x - coordinate of Ith source/sink.
46-55 F10.0 YQE(I) y - coordinate of Ith source/sink.
56-65 F10.0 TRAN(I) Characteristic transmissivity of

source/sink element.

There are NQE cards in Group H.

I (If NQN > 0)
1-5 I5 J source/sink node number.
6-15 F10.0 FQ(J) source/sink discharge at node J.

There are NQN cards in Group I.

J 1-80 2014 LRT (ITT) Array used for input of Dirichlet
boundary node numbers. ITT is from
1 to NDN. There are 20 values 1in
one card.
Use as many cards as needed.
K 1-80 '10F8.0 PH11 (ITT) Array used for input of Dirichlet

boundary head values. There are
10 values in one card.

Use as many cards as needed.

Group LA-LE p?obides information for plots of transmissivity (If KOD7 = 1).

LA = 7 1-5 I5 " NCON Number of contours for plots.
6-10 I5 NPTS Number of search points for contour
plots (see example).
11-15 I5 NFE First element searched for contour plots.
16-20 I5 NLT Last element searched for contour plots.
21-25 5 NCIR 0 for rectangular domain,
1 for circular domain.
LB 1-10 F10.0 XMIN Minimum x-coordinates for plots.
11-20 F10.0 XMAX Maximum x-coordinates for plots.
21-30 F10.0 YMIN Minimum y-coordinates for plcts.
31-40 F10.0 YMAX Maximum y-coordinates for plots.
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GROUP COLUMNS FORMAT VARIABLE DESCRIPTION
LC . Information to specify size and position of a rectangular frame
of plots. '
1-10 F10.0 X0 Origin of frame in inches from the
paper edge in x-direction.
11-20 F10.0 Y0 Origin of frame in inches from the
paper edge in y-direction.
21-30 F10.0 XL Length of the frame in x-direction,
inches.
31-40 F10.0 YL Length of the frame in y-direction,
inches. :
LD 1-80 8F10.0 CON(1I) Contour levels for plots.
) I =1 to NCON.
Use as many cards as needed.
LE 1-80 8F10.0 PTS(I) Contour plotting searched points

Use as many cards as needed.

in local coordinates {see example).
I =1 to NPTS :

GroupsMA-ME provide information for plots of hydraulic'heads (If KOD6 = 1).

The input variables and formats are exactly the same as those in Group LA to LE.

Groups NA-ND provide information for streamline and travel time analysis
(If KODIO = 1, KOD5 = 1, KOD8 = 1, and either KOD6 = 1 or KOD7 = 1).

NA 1-5
6-10

11-15
16-25

26-35
NB 1-80

Use as many cards as needed.

NC 1-5
6-10
11-15
16-20
21-25

There are NE cards in Group NC.

I5
I5

I5
F10.0

F10.0
8F10.0

I5
I5
I5
I5
I5

NSL
NSTPRT

NTIME
STEP

TMAX
TT(I)

Number of streamlines.

Number of integration between each
printout of streamline travel.

Number of contours of travel time.
Stepping length for integration

Jong streamlines in local coordinates.
Maximum travel time along streamlines.

Travel-time level to be plotted
along streamlines. I = 1 to NTIME.

Element number.
Array of adjacent elements.
(see details in Section 2.5).
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DESCRIPTION

GROUP _ COLUMNS  FORMAT _ VARIABLE
ND 1-5 15 NEL
6-15 F10.0  XI1
16-25 F10.0  ETAL

Use as many cards as needed.

2.7 OQUTPUT:

Printed output are in file QUTPUT.

Plotted output are in file PLOT.

Element number in which starting
points of streamlines are specified.
£-n coordinates of a starting

point of streamline in the NELth
element.

Tape 1 contains, in each 1ine, node number, x and y coordinates of
node, nodal values of head and x-y seepage velocities with the format

(I5, 3F10.2, 2E15.6).
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SECTION III: SAMPLE PROBLEM

Table 1 is a listing of data input of the sample problem shown in
Figure 3. Figure 4 shows the node and element numbering convention.

Figures 5 and 6 are plotted output in file PLOT. Different examples

- of the program's application are available in the report by Carbeneau

and Street (1978).



Table 1 Data Tnpul of +he Sample Problem

TEZT FRORLEM FIR FROIGRAM TRAVEL
40 & 14 14 0 Q Q O 1 )
1.G0 1.00 1,00 1.00 1.00
1 1 0 1 1 0 1 ) 1
O L OO0 50,00 SO0, 00 Q0

—
!

S0, 00 L OO0 S0, 00 50,00 00
100, 00
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50,00 S0, 00 00
20,00 =0, O

b
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SN AR .

200,00 - LR S0, 00 S0.00 . Q0
& 250,00 L Q0 50,00 S0, Q0 L 00
7 200, 00 L Q0 S50, 00 S, 00 OO0
= L 00 50,00 50,00 S0, 00 L 00
= 100, QO S0, 00 S0, 00 Q.00 .00
10 200,00 0. 0, . S0, L 00
11 00, 10 a0, S0, L 00

0. 100, =50, S0 L 00

1z S0, 100, S0. 20, .00
14 1040, 100, =, 3. L0
15 1350, 100, 3. = .00
14 200, 100, S, 00
17 250. 100, S0, .00
= Z00. 100, =0, L GO
1% 0. 150, S0, . Q0
140, S0, . S L 00
Z 200, 150, S S. .00
=z 200, - 150, S0, S0, Naly]
] 0, 00, S0, W . 00
z =0, 200, =0, =0, 00
o 100, 200, S S L 0G
z 150, 200, S, T, .00
200, 200, . . L 00
50, 200, S0, S0, ) Q0
200, 200, 20, S0, S 00
Q. 250, =0, 0. OO
100, 250, S0, S0 OO0
200, =50, T4 =0, L 00
ol 200, S0, 50 . . OO0
=24 Q. =0, =0, . 00
] 0. 0, 0. Q0
S 100, 50, e OO
27 150, 50, S0, » D0
e =00, =0, C a0, L0
=T 250, S0, 0, . QO
30 200, =0, 0, 00
1 2. S0 . 00
z Z.30 L 00
= TLEO OO0
4 .30 L QO
= 200 el ]

. |



Table 1 (continue)
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DQOGRI“ TRAVEL (INPUT,QUTPUT,TAPES=INRUT, TAPE&L=GUTPUT ,TAPEL,
{ TADEZ,PLOT)
TR AV E L
STEADY ST ATE FLGQ A 4 NALY SIS

THE ORIGINAL VERSIQN OF THIS PROGRAM IS PINOER’S I1s0GQuaAQ,

RANDALL J, CHARBENEAY OF TWE CIVIL ENGIMEERING QEPARTMENT,U,T, AT
AUSTIN, HAS MQOCIFIED AND INCORPORATED THE CAPARILITIES. OF COMPUTING
STREAMLINES, TRAVEL TIMES, ANQ THE ANALYTICAL SOLUTION FQOR HEADS
ARQUNE A PUSINLG WELL (1978), RUNDER YEM AND PRAXKGHE =TRUJANAGUC
MONIFIED THE PROGRAM Fom U,T, CYRER 783 COMFUTER AND TNCOPCRATED
ZFTA PLOTTING SURROUTINES, THE PRCGRAM wiaS OCCUKENMTED FOR USE IN

THE WEST TEXAS wASTE ISOLATINN FROJECT BY PRAKOR wIRQJANAGUD (1983),

DEFINITION o F Yy 4R 1 A3 L ES

AFQEmemwawesa™/ TIPLIER FOQR wELL DISCHARGE

ALEAKwowew~enU [ TIPLIER FOR LEAKAGE CCEFFICIENT

ATRANYewaeeeMU| TIPLIFR FOR XaTNANSMISSIVITY

ATRANYemaawaHUL TIPLIF® FNR Y«TRANSMISSIVITY

RESQwevcaeearOPIFIED RESSEL FUNCTION CF THE FIRST XIMK OF ORCDER ZERO

BES]jmmnww=semQDIFIED SESSEL FUNCTICON of THE FIRST XINK OF NRDER OKE

BESRANeccenwauRTIFIED RESSEL FUNCTIUN F THE SELOND XIND OF GROFR ZERC

SESK jecnawnse INIFIED RESSEL FUNCTICN F THE SECOND XINDO NF QFDER ONE

BES1(1)emwwwiRRAY GF MODIFTED BESSEL FUNCTIONS 0OF ORDER ONE
EVALUATEN CN TWE SOURCE/STMNK Ef EMENT BOUNDARY

nﬂzfl‘------COEFFICTENT USED IN EVALUATING BESSEL FUNCTIONS FOR
SNNECE/SINK ELEMENTS= SQUARFE R00T QOF THE CHARACTERISTIC
THANSMTSSIVITY DIVIPED By THE LEAKAGE COEFFICIENT,,,. L

COEF (1) awmaw EAXAGE COEFFICIEMT (ARUITARD PERMEABILITY DIVIDED
RY ITS THICKNESS) tonvevesnel/T

CON(1)wwae=eCONTOUR (EVELS FOR FLOTS

DETI(])mwwawvi UE OF THE JACOBIAN CETERMINANT AT EACH INTEGRATION
POINT

DXfI.J)-----VAEUE 0F THE YX«DERIVATIVE OF THE ITH BASIS FUNCTION AT
THE JTH INTEGRATIGN POINT

DY(I,J])emaeeVAa UE OF TWE YSNERIVATIVE OF THE ITH BASIS FUNCTION AT.
THE JTH INTEGRATION PCINT

.ETAI.-------<TARTING LocaL ETa COOPchAYE FOR INTEGRATICN ALONG
STREAH|LINES

Fll,11®eae=eVA UE OF THE ITH RASIS FUNCTION AT THE JTHW INTEGRATION
POIMT

FA(lYemwwa==ahONDAL SQURCE/SINK DISCHARGE

FQE(I).""-‘ELEHENT SOURCE/SINK OISCHARGEQ;Q;Qco"co'.L"B/T

FP(I\----QCCSTORAGE VECTOQ

FACTORwmwwe=MUL TTPLIER FOR NOOE COORDINATES

Hilr ) meaweaGLNBAL FL OW MATARTY

HRk ([lmewwe=weSliid OF THE HEAD TN ADJACENT AGUIFER AT THE ITH
INTEGRATION POINT

INC],|)me==se INCINENCE RFLATIONS= ITHm NQCE OF ELEMENT L

INC( ] mwawauMjMuyY ARRAY FgQR INVPUT QF INCIODENCE RELATIONS

INEL(I,L)mw=eaARBAY OF ANJACENT ELEMENTS FOR STREAPLIME ANALYSIS )

JACOGR(I)ameal FOR PARALLELOGRA™ SHAREQ ELEYENTS, 2 FUR NON=CONSTANT
JACOBIAN ELEMENTS (NONaPARAULE|LQOGRaAM TYPED

KOD| awmwaeee] FOR PRINTOUT OF ELEMEMT FUOW MATRICES, @ OTHERWISE

KD 2 wwavawwael FOR PRINTOUT OF GLORAL FLMAm MATFIX, & OTHERWISE

X0Dlawomewwa| FOR PRINTAOUT NF ELEMENMT NQDAL VELGCITIES, 8 OTHERWISE

KNQUwaemwaw=w| FOR PRKINTQULT NF FIGHT KaNn SI0FE VECTORS, ¥ OTHERWISE

KONS we=www=wl FOR PRINTCOUT OF CONTIMUGUS VELACTTY FIELD, 4 OTHERWISE



52 X0DOweswsmaat FOR PLOT OF ~YCRAULIC WEeD CONTOURS, @ OTHERWISE

122 ¥XV(])amwaaesaMODIFIED FE xaVELOCITY FOR SOURCE/SINK ELFMENTS
123 Y(I)--.-""V'CDcRDINATE QF NOOE I!cto.'-'\toic‘-lL

¢
63 € KD 7 awmwmeawt FOR PLOT QF TRANSMISSIVITY CONTUURS, 9 QTHERwISE
64 ¢ KODbeewwwweel FOR PRINTCUT OF TIME OF TRAYVEL ALONG STREAMLINES,
as ¢ : . ¢ QTHERWISE ,
ed € KONGewawmeesl TG FLAG AKALYTIC SPECIFICATINN OF 8QUNOARY. CONCITIONS
67 € WITHIN THE PROGRAN
68 ¢ KONl AeawmesaP 0T STREAM_INES, (X0DS=z{,K0D8=1,FOR X0D1g=1)
&9 KR(T)mmesww=saNODE HUMSER (F THE ITH OIRIDMLET BOUANCARY NODE
79 € LR{I)emwmaaea INDEX wHICH EGUALS ! FGR pIRICHLET BOQUNQARY NOOES AND
71 ¢C d OTHERWISE
72 € LC (VY mwemesRIINNTING SUM OF DIRICHLET ROUNDARY NODES
73 ¢ LRT(IVYmwawaafUMHY ARRAY FOR INPUT CF nIRICHLET B8OUNDARY NQODES
74 C NoweeeweeeseaNUMBER OF ACTIVE NIDES (NNayDN)
78 ¢ NC[Rwwmwawenyld FOR RECTAMGULAR DO0MAIN, 1 FOR CIACULAR QQOMAIN
76 ¢ NCONee®eew=aNIIMBER OF CONTOURS FOR PLATS
77 ¢ NOMewesemwseaNUMBER OF DISICHLET BOUNDARY NODES
78 ¢ NEwowaseeesaapNUMRER OF ELEMENTS
7% ¢ NE  wwwosaesea5TARTING ELEMENT FUOR IHTEGRATION ALONG STREAMUINES
ga ¢ NFEewammcs=wF IRST ELEMENT SEARCHED FOR ¢o~70uﬁ PLOTS
81 ¢ NHBRooewewaaNUMBER T HaA(F BANOWIDTH
82 C ~LE'--------NUH8FR [s] 3 LFAKV ELEN‘.\TS
83 ¢ HLEvaemwew=a{ AST ELENENT SEARCHMED FOR CONTOUR PLOTS
848 ¢ NLNememeaceaNUMBER OF |EAKY NQOES
4s ¢ NNomeemawesaNUMBER OF NQNES
86 € NPLO0TevwewseNUMBER OF PLOTS OF HYORAULIC HEAD CONTCURS IN QUTPUT
a7 C NPTSwemeaesaNUMAER OF SEARCH POINTS FOR COMTQOUR PLOTS
88 ¢ NiEmawreewaaNUMRER OF SOURCE/SINX OISCHARGE ELEMENTS
8% ¢ MlNe owswaesaNL/MRER CF SOURCE/SIMK OISCHA?FF NODES
sd ¢ NSLeeemwuea=NUMBER QF STREAMLINES
91 € NSTPRTmanwmaNUMRER OF INTEGRATIGNS sa7uE$N PRINTOUT OF STREAMLINE
) RAV
o% E NTINE-------QUSRE OF CONTQURS OF TRAVEL TIME
84 ¢ NTPLATeee==eNUMBER QF RLCTS OF TRANS~ISSIVITY CONTOURS IN QUTPUT
85 ¢ PHI{ [Yenam=alALCULATED HYQRAULIC HEaDS |
96 PHIT(])wamw==PIRICHLET AOUNDARY NQCE WEAD
9?7 ¢ PRIlKI]YeweefUMMY ARRAY FQOR IMNPUT OF DIRICHLET BNUNDARY NAQDE HEADS
98 ¢ PORTH( I Vma=aPRNNUCT 0F ELFMENT PCRCOSITY ANC AQUIFER THICKNESS,,.,L
99 ¢ PTS{IVomeweswCONTUUR PLOTTING SEARCH PQINTS
148 ¢ ({1 eammeeeesYELTNR QF KINETIC EMERGY YO RE LOADED 1IN ELEMENT
{4 C FLOW HMATRIX
1€ c HAE(IlewmweaRADILS OF SQURCE/SINK ELEMENT , vveesensssegh
183 ¢ RY{JVemewmaafFORCING FUNCTION (RIGHT HAND SI1DE)
tea ¢ SE(], 1) em=ewELEMENT FLOW MATRIX ‘
16S ¢ SRClLaemecaaaINKNOWN PARY OF LEAKAGE FOR ELEMENT (LOADEQ INTO
186 ¢ ELEMFNT FLOw MATRTX)
te? ¢ SRCLT 1) wwwaiNKNONN PART OF LFAKAGE 4T INTEGRATION PQINT I
128 ¢ SACR(T)www=wakKNOWN PART af _EAXAGE FOR NOOE I
189 ¢ SRCAT (1) wmm=kKNOWN PART OF |LEAKAGE FQR INTEGRATION POINT [
t18 ¢ STEPwevwwmew§TEPPING LENGTH FOR INTEGRATION ALONG STREAMUINES
111 € THAXmemeaweoeMAXIMUM TRAVEL TIME ALONG STREAM{INES
112 ¢ TRAN(])wee=wCHARACTERISTIC TRANSHMISSIVITY NF SQURCE/SINK ELEMENT,,
113 ¢ cool¥®2/7T
114 ¢ ?RANSX(I\‘-‘X'TRANSHISSIVITY oF NODE Ioooo..onoﬁovL"2/1
118 e TRANSY (] lema Yo TRANSMTSSIVITY af NOQE Toaloo'ooo!l’Lt*z/T
116 C X(I)----""X‘CDGQDIN‘TE OF MQDF Io.o.lo..-coooootL
117 ¢ X1lewaneee=aSTARTING LNCAL XI CCORDINATE FOR INTEGRATIGN ALONG
118 ¢ STREAMLINES .
119 ¢ YIMA  pewenwneMAYTHUM YalCoROINATE FOR pLOTS\
12¢ ¢ YMINewrowwaed [NTMUM xewCOQRDINATE FOR PLOTS!
121 C XQE(I\----‘-X'CDORDINATE QF ITH SOUFCE/SINK.......L
o
c

|



124
125
126
127
128
129
13¢
131
132
133
134
135
136
137
138
139
144
141
14é
143
a4
145

146

147

148

1u9
188
151
182

153

154
155
156
157

158

189

162
to1l

162
163
164
165
166
187
108
169
17¢
171
172
173
174
17%
176
177
178
179
180
1814
182
183
{8d
185

OO OO0 OO0 o

0

(2] OO0

(m]

YMAXmamwwemaMAXTHIIK Y«COCRDINATE FOR pLOTS

YHINamaweceal JUTUM YaCnOROINATE FOR PLOTS
YGE(]1mawaasnyaCIORNINATE OF ITH SOURCE/SINK, 00000k
YV(])""weanw=HODTFIEQ FE YuVELQCITY FOR SOURCE/SINK ELEMEMTS

REAL AG(d4Y Y, M t,.H2

COMMAON /SCALARY

| N“' NE, N“e" SQCL' Xxpos, KOClJ’ I0E

COMMON /VECTCOR/

i X(748€), Y(78QYy, Fu(7ug), FHIC(74@), PHII(T4®)Y, XV{749),

2 RT(78¥)Y, TRANSX(748), TRAMSY(7808), COEFt22%), PQRTH(225),

3 FRE(23Y, XCEC(24), YNE(2¢), RGE(2¢), RBBR2(2¥), BESi{(2a),

a SRCAT(16), SACLT(16), AQA(l&)s SRCR(R)Y, DGX(B), DGY(&), YV(74d),
5 FarSe

COMMON /HMATRIX/ .

1 H(706,5¢Y, IN(B,225Y, Sg(8,3)

DIMENSICN

{  MZERN(74CY, LR(780Y, LRC(Tav), XR(740), TRANS(TU4d),

? TITLE(2v)Y, INC{R), LRTC(19¢Y, PHIIH(lad), wK(1&), F(8,18),
3 DeTJcis), O%(8,16), OY(8,16), TRaN(28), FF(8)

DATA AG/e,86113a3115qu253, .

1 *,339981Cu358u896, ,3399810¢4358485s, ,6561136311594@53/
DATA xKRr1Y/9/

L LEPRY DT AT A PR Y PRI TP P L PEALL LYy PP Y Pl P L AL LD DL LA AL L L

READ A ND WP TITTE O ATAA
READ (¢5,84¢) TITLE

WRITE (&,854d)

wRITE (5,8060Y TITLE

PEAD ¢5,918) NY,NE,NDIR,NHRW,RLE,NLN,NQE,NGN,NPLOT,NTPLOT
WRITE (6,921
WRITE (n,93¥) 'iN,NE,NDN,NQE,NREw,NLE,NLN,NPLOT,NTPLOT

READ ¢S,1a843) ATRANYX,ATOANY,AFGE,FACTOR,ALEAK
WRITE (£,14S¢8) ATRANY,ATRANY,AFQE,FACTOR,ALEAK

LREAD (5,91d)

o XK0Nn2,Xx0D3,K004,X00S,X006,X007,X0D8,K0D9,

Slw

XNo1
XNt
WwRITE QUT CODE INTERPRETATIUN
ARITE (&,2%) .

IF (X0D1,EQ,2) =~RITE (b,1)

TF (KOD1,NEL2) WRITE (6,29

IF (X002 ,EQ,8) »~RITE (8,3)

IF (X002 NE,?) wWRITE (b,u)

1F (KOD3,EG,2) WRITE (6,5)

IF (KND3 ,NE,d) ARITE (s5,8)

IF (XNDU,EQR,A) wRITE (s,7)

IF (X003, NEL2) WRITE (5,3

1F (XO0S,EGQ,2) WRITE (a,!1)
1F (X005, NE,2) WRITE (4,120 |
IF (X008 ,EG,2) WRITE (56,13

I (XN0&a NE,2Y wRITF (4,14} ‘
IF (KOD7,EQ,2) wWRITE (6,15) '
I1F (XQD07 NE.23) HRITE (sn,i1s)



NN ENE IS TN N W OGN AN Ey . -
N UM ESE UES U NN N - N ‘

186

187
188
189
$93
191
192

194

9%
}qb
197
198
199
269
291
282
2a3
2@d
2¢s
ovs
2e7
2vi
U9
218@
211
212
213
214
218
216
217
218
219
229
221!
222
223
224
228
22b
227
228
229
2I9
231
232
233
234

23S
2316

237
238
239
244¢
24t
24e
243
244
248

246
247

o0 0 OO0 OO0 OO0 OO0

OO OO0 00N

[ XaINe]

ONn OO0

4

50

17e

15 (X003,E0,0) WRITE (6,17
IF (x0oD&a,NE,d) WRITE (a,18)
IFIXOND{U,EG,3Y WRITE (a,19
1F(XOD13,NEL3) WRITE (4,22).

FILL DUMMY ARRAYS FGR NODE ANO ELEMENT NUMBERS

READ GENERAL INPYT DaTa FOR C00DE

T L LY R-LEY T L LR T 1 1 P Y POy FRRroupupsy X Y% X )

READ NOOE COCRDINATES ANC PARAMETERS=

TRANSMISSIVITY AND ~EAC IN ADJACENT AQUIFEP

READ (5,988) (J,X{(J),Y(JY,TRANSX(J),TRANSY(J) ,HZERO(J),Xs1,NN)
DO 4 J={,NN

x¢JI=Y(JINFACTOR

vy(J1sy(Jy«FaCTOR

CONTINVE

READ ELEMENT PARAMETERS= POROSITY AND LEAKAGE COEFFICIENT
READ (5,985) (J,PCRTH(JY,COEF(J),X31,NE)

OEAD ELEMENT INCIDENCES

00 S@ L=1,NE

READ (5,1110) LL,lINCIXY,x=21,8)
po Se l1=24,4

Jel+d

INCT,L)SINC(22Tel)
INCI,,LISING(Z2D)

CONTINUE

WRITE GENERAL INPUT nATA FOR CODE

WRITE NODE COCROINATES
wRITE (6,99¢)
wRITE (8,1992)

WRITE (6,10128) (J,x(JY,Y(JY,J=2]l,NN)

~RITg ELEMENT INCIDENCES
WRITE (6,114
WRITE (6,115e)

00 t1e® L=t1,NE
WRITE (&,1168) L, (IN(I,L),T5(,8)

WRITE NOCAL TRANSMISSIVITIES AND MEAD IN ADJACENT AGUIFER

“RITE (6,117¢) : :
"RITE (bzing) (JsTRANSX (1Y, TRANSY(J) ,HZERN(J),J=1,NN)

wSI1TE BELEMENT POROSITY TIMES AQUIFELR THICKXNESS AND LEAKAGE
COEFFICIENT

WRITE (6,1180) i
WRITE (6,1208) (J,POBTH(J),COEF (J),JE1,NE)

pa 128 Jst,NE |
COEF ¢ J)SCOEF (JY*ALEAK

READ AND WRITE DATA FOR SOURCE/SINK EL EMENTS,



2u8 ¢ SOURCES ARE POSITIVE, FOR THIS CODE THE SOURCE/SINK

249 € IS AL WAYS LOCATED 4T THE ELEMENTS ORIGIN

258 ¢ :

251 TITISNES]

252 o 1sa I=1,1I11

253 RRE(I)=Y,

254 FR2(r1Y=9,

255 YGE(1Y=¢

256 YRE(IY=Se,

257 TRAN(1) =9,

258 gesli(r)=9,

259~ 1s5a fFrel1)y=g,

269 1F (NOE, EQ 8)y GO0 To 2¢t

261 wRITE (e 1a2?1

262 D0 2fg JJ 1 ,NGE

263 READ (5,7@) ]QE,FAE(IREY,RQE(IVE),8B2¢1QE),XRE(IQE),YGE(IRE),
264 ! TRAN(IQE) _

265 ¢

266 € EVALUATE MQDIFIED BESSEL FUMCTIONS OF THE FIRST ANO SECQOND XKINOS
267 ¢ NF ORDERS 8 AND 1= 189, Ii, K@, AND Xy

268 €

269 IF (COFF(IGE)Y,EG,Q,Y GO TO 17@

270 YXX2RQE(IGE) /RR2(INEN

271 BESI(IAEIIBESX I (XXX)+»BESKA(XXYI*BESI1I(XXX)/BESTIA(XXKX)
272 179 COMTINUE

273 ¢

274 WRITE (&8,1940) 1Q0E£,FnE(IQE)RGE(IQE)Y,xRECIRE),YQRE(IWEY,BB2CIGE),
275 . TRAN(IQE)

276 TRANCIGE)STRAN(CIGE)#ATRANYX

277 294 FRE(IREISFQE(IAE)I*AFQE

278 2981 CONTINUE

279 ¢

’8e ¢ READ NODAL DISCHARGE

281 ¢

282 DO 218 I1=1,NN

283 PHIIC(I)=@,

284 2108 Fa(I=6,

285 IF(NQNL,EG,Y) GO TO 2139

o286 0o 22@_I!=1,NGN

287 222 READ (5,1463) J,F0(J)

288 2343 cOMTINUE

289 ¢ | ’
294 ¢ INDENTIFY ODIRICHLET BauUnDARY NQODES FOR FLOw (INDICATED By LR3})
29Y ¢ »

292 ARITE (6,1232)

293 DO 278 I=1,NN

294 273 LR(1y=®

295 IF (NNNLEGLBY GO TO 310

296 NST=a

297 2R¢ READ (9,1242) (LRT(ITTY,ITT=(,2Q)

298 7429

299 00 292 I=1,22

329 17 (LRT(1).EQ,.?) GO TO 31d¢ |

30t Tazl

332 JSLRT(I) |

363 NSTENST+

3J4d IF (J.LEJNNY GN TY 247 i

185 WRITE (&,125¢) J

3196 ‘G0 To 1&@9

97 292 LR(Jy=!

198 3IA¢ WRAITE (66,1260 (LRT(1ITY,I1T=1,14A)

329 15 (NST,GE,NONY GO To 310




319
It
312
313
344
315
316
317
318
319
32¢@
321
322
323
324
3129
326
327
328
329
31349
331
332

333
3134
339
3138

337
3138
339
34¢
141
342
143
Jad
348
34ab6
347
148
149
3s@
351
352
:353
354
55
15¢
357
158
359
3680
361
82
383
64
365
166
387
1468

369
33

O NOa o

O OO0 0O

" 1F (I14,EQ,29) GO TO 284

319

315

318

324

328

324
326
327
328
330

a3

370

CIF (NST NELNDNY. #RITF (6,1278) NST,NON

CONTINUE

READ NIRICHLET NODE HEADS

IF (xnCS,EQ,1) GO TO 32§

1A=3

1A131

142310

READ a

3 (rfgfgg.NnésHég
1A131a241
1423142+ 10

60 To 34S

N0 32¢ ls{,NN

1F (LR(I)I,NE, L) GO TQ 329
JASI A4t

PHII(1)=PHIIH(TA)

G0 To 4@

] T

(ITT),I7T=1A1,14
To 318 142D

2R AL AR RS 222 S 22T RR SR TR RS L R 2 2 R Y

ANALYTIC SPECIFICATINN OF BOUNDARY CONOITIONS,

SPECIFY FOR PARTICULAR PRORLEM,
CONTINUE '

00 332 Js1,NRE

npn 328 x=1,NE

IF(FaF(x) ,LE,¢,) GO TO 327
D0 326 I=3f,NN

IF (LR(IY,NE,!Y GO To 324
xNZX(1)eX0E(K)

XXNSXNRXN

YNSY (1) eYQE(K)

YYNSYNTYN

xD=X (1) exQE(K)

XXO=YD»X0

YyD=Y(1)aYQE(K)

YYDZYDRYD
SUMH=Z11d,6*FGE(XY=ALAG((XXN+YYNI/(XXD+YYDY)/TRANSX ()

PHIT(I)Y=PHII(I)+SUMH

CONTINUE
coONTINUE
cONT IMUE
CONTINUE
CONTINVE
TZIETR RS AR RS FEER DPRELEEERELSLLE R &

CONTINUE

SUm DIRICHLET BOUNDARY NQADES
LRC{gy=LR(L)

na 3772 Js2,NN

LRCCIVELRC (Jal)4LR (1Y

NRILRC (NN) '

MENNenR

WRITE (6,1310) NN,NR,N

CONSTAMT BOUNDARY MATRIYX ROW INOICES
L&1%
PO 39@ Js1,NN




3172
173
374
317S
378
177
178
379
18¢
181

3182
31873
3184
388
186
387
388
3189
399
391

3192
3193
194
39S
39¢&
X197
198
199
a+e
an

aee
4qa3
qeéu
aPs
406
aid?
ace
U9
a1{e
411
a12
4l
414
a1s
atée
at7
418
119
a2y
az2i

422
a2l
-1

a2s

- a2o

-
a2R
a29
43¢
43t
al2
a3y

(gl Nel

OOOONO O

(2 Ne s

ADIOYOO0

o0

O OOOan

390

104

196
aa2

4eés

418

417
a19

422

IF (LRCII,LT,1Y GO To 39¢@
KEXK+1

“XR({KYysd

COMTINUE

PLOT CONTQURS OF TRANSMISSTIVITY
IF (xeD7,NEL1) GD TO unp2

no 394 Is1,NN

FM(IY=2TRANSX(I)

N0 396 T=1,NTPLQT

CALL 2PLoT

CONTINMUE

N0 4as J=t,NN
TRANSXY (JISTRANSY(JY®RATQANY
TRANSY (. 1)=TRANSY(JY®2ATRANY

CONSTANTS

CLEAR GLUBAL FLOw MATRIYX
pn d1a-7=2,N

FM(1y=0,

DN 414 J=1,NmEW
H(I,J13e,

CLEAR GLOBAL FORCING FUNCTION (RIGHT WAND SIDE VECTOR)

11=2
D0 415 1=1,MN

IF (LP(1),6T,4) GU Ta uis
I11=I7+1!

RT(11v=9,
CONTINUE

GENERATE CUEFFICIENT MATRTY FOR FLOwW

CHANGE FORCING FUNCTION FOR NODAL LOCATION OF WELLS

IF (NON,EQ.®) GO T ut9

DO 417 I=1,NN

IF (FR(IY,EQ,%,Y GO TO 417
JOJ=1-LRC(])
RT(JIDJY=RT(JDI)=FBR(I)

CNNT INUE

COMTINUE

START ELEMENT LOOP FOR GENERATING FLOw MATRICES AND VECTQRS

L=a
L=+t

GENERATE AND EVALUATE RASI3 FUNCTIOMS,
THE JACOBIAN NETERMINAMT AT EACH INTEGR

INTEGRATION RY GAUSSTAN QUADRATURE -

4x4 RULE FOR AL ELEMENTS
g0 4ud I=1,4
nd dag2 J=1,4

THEIR OERIVATIVES AND
ATION POINT



a3y
43%
iR Y.]
437
438
al3e
44d
44l
ade
gdy
gad
g4s
gds
4d?

aa8’

449
5@
ast

ase
us3
454
48%
456
487
0S8
459
46e
461
a8
4nl
ubd

ass

.due

46’
YY)
abs
uva
a7t
u72
473
a74
a?%
476
477
a78
a?9
3889
E B
482
nAa3
néd
48s
aés
Y-2)
4én
u89
4%e
a91
492
493
ney
499

OO0 00

[alaNe]

[a Nl

c
c

c

a2s

aze

43s

dan

4aa
448

daé

aam

gsa

as2

454

u4sAa

usa

4en

K:(I-()ia&J

¥T=4G(4)

yI=aG(ID)

CONTINUE

S22 22 2 F2222 223222 2 X R-20 2% 2
CALL SHAPE (L,XI,YI,FF,0ETY
T2 FER KRR ERELES RS PR ELEE TN R
po 438 JJ=l,8

FeJJ,Xx)2FF(JJ)
0X(¢JJ,KISDEX (I

DY I, KI=NGY (1)

DETJ(X)=0ET

CONTINUE

SUM HEAD IN ADJACENT AQUIFESR FOR EACH NODE POINT AT EACH
INTEGRATION POINT

IF (CnEF(L),ES,8,) o TO 4us
DO 44s XK=s1,18

HK (X)=¢

Do 4d¢u J=1,3

JOJ=INGJ,L)
HK(K)zﬁK(K)#F(J.K)-HZEPO(JnJ)
CONTINUE

CONTINUE

CHANGE FIRCINLG FUNCTION FOR MOOIFIEC SOURCE/SINK ELEMENTS

IF (FRE(LY,EG.P,) GO TO 4S4
FREE=FCE (L) )
IF (CNEF(L).EG,A,) GO TN 4a8

FGE§=FCE(L1'QO€(L)*BESI(L)/EBE(L)
CONTINUE

po dsg 1=1%,

JoJ=IM(I,t)

IR=JDI=LRC (IO
RTLIRIZIRT(IRY=¢ ,29Q84SeFCEE
D0 us2 125,83

Jod=1x (1,0

IRsJndelRC(INDI
RT(IRIERT(IRY=I, |S91SS#FLEE
CONTINUE

GENERATE UPPER HALF OF FLOW COEFFICIENT MATRIX

N ded 1=1,8

N0 d4Q J=I1,8

NO 459 x=i,!

TRaANY=0,

TRAMYZQ,

pn 4syg JJ=1,8

JOJ=INC(II, L)
TRANYSTRANX$TRANSX (JDJYwF (JJ,K)
TRANYZTRANYSTRANSY (INJ)wF (¢ Jd,X)
SRCLT(XISICOEF(LY=F (] , XV 2aF (J, K"OETJ(K)
O(XY=¢TRANX®OX (T ,KINDX(J,KI+TRANY*DY (T ,K)*0Y(J,K)I*DETJI(X)
CONTINUE

222X ALER AR AR S & X

CALL MATGEN (I1,d)

FEEEOTEAREREAZR R R XY

SEC(I,J)=SE(],J)+SRCL



ueé
as7?
ucA
499
sSpd

se
5¢2
503
504
sQs
s¢o
567
568
5as

519
sit
512
513
sid
515
LN
517
518
S19
524
521
522
523
s24d
525
526
527
528
s29
53y
531
s3e
g33
LRL
535S
536
537
s38
539
s44

a1
gue
S43
su4d
548
Sus
cu7
S48
549
5549
551
552
552
sS4
5SS
sS4
557

CrOT ST N b ] ) ) | NN . T ] ] . | - ] ] | ] ]

YOO

OO0 ONn

o0

FILL LOWER HALF QOF 3g ARRAY
DN Ueg 1=2,3

d6d

466

as7

4es
469

Ra
132
146G
47e

a7y

473

]

IRE IR
DO ds2 U=1,1
SE(I, )=s8E(J

{
1)

EVALUATE CONTRIBUTIONS TO FURCING FUNCTION FRGOM mEAD IN
ADJACENT AQUIFER

IF (CHEF(LY,.EG,?,) GO TO 4s?
DD dee 1=1,8

no &6y yot]lb

SACRT(KISCUEF (LY2HK (x)2F (], K)vDETJ(F)
IS X222 2E&L 2R ]

CALL MATGENA (I,1)

X2 A TR EZER A LS ]

GO To 4e9

NO 468 1=1,8

SRCR(r1)=3,

CONTINUE

CONTINUE

PRINT ELEMENT MATRICES FOR FLNW

JF (X001 ,NE,1) GU TO U74

1F (L.GT,1) GO T0 473

“RITE (8,498)

walTe (s,130) L

o0 8o 1=21,8

WRITE (s, 1u21 1,(8€(1,J),J=1,8)

FORMAT (////,10%, 7HELENEKT Ia SX,16HSTIFFNESS MATRIX/)

FORMAT (15,8E15,8//)
CONTINUE

LOAD GLOBAL COEFFICIENT MATRIX AND FOPCING FUNCTION

---------------------.-----.-.----.-.-k--.-.-------

no 478 1=t,8

JNI=IN(I,L)

1F (Lr(JDI),GT,3) GO Tn ava
ROW NUMBER IN GLOBAL MATRIY
IR=JDTI=LRC(JDID

SURTRACT INFLUENCE OF HWEAD IN ADJACENT AGUIFER F=OM FORCING
FUNCTION |

RT(IRIYSAT(IR)I=SACR(I

pn 472 J=1,48

JoJd=INn(J,L)

1F (Lr{JCJ).GT,2) GO Tn 472

COLUMN _NUMBER IN GLOBRAL MATRIX (NUMBER FROM MAIN CIAGANAL)
JC=JDI=LRC(JDJ)=TR+

IF (JCL,LE NHAW) GO Tg 47y

WRITE (6,56@) L,JC,NHBN

Gn Tn “72,

IF (JCeLT,1) GO TO 472

LOAD ELEMENT FinNw ATRIY INTO GLOBAL F
ROIR,JCI=H(IR,JCI+SECL, )

CONTINUE

GO0 To 478
CONTINUE

NC 474 J=1,8

LOW MATRIX




558
559
114
581
562
563
Sé&4d
585
566
867
568

569 -

570
g§71
57¢
573
574
575
576&
577
578
579
583
S&1
552
583
584
585
586

587
588
589
590
5§91
592
593
594
595
596

597

598
599
ae
i1
622
53
634U
695
X2
hd7
L2 8
YA
618
611
612
613
614
615
blb
617
618
619

o O

aon

OO0 0

OO 00O OO0 0

[a1g]

[a N slaNel

OO0

476

478
480Q
4885

484

UE L)

679

659

760
77¢@

JDJI=sINCT, L)

IF (LR(JDJIIGT,8) GO Tg z7s
KOw NUMBER COF FORCIMG FuUNCTION
JCRJINJ=LRC(JEID

MOVE INFLUENCE OF DIRICHLET BQUNCARY MODE HEAD TQ FORCING FUNCTION

RT(JCISRT(IC)+SE(J,I1»pPK )
CONTINUE ! treJjor

CONTINUE
COMTINUE
IF (L,LT,NEY G0 TO 42é¢

END ELEMENT LOOP FOR GENERATING FLOw MATRICES AND VYECTORS

IF (x002,NE.1) GO TG das

wRITE (&,532)

wWRITE (&6,548)

DD 486 I=1,N

WRITECE,579) 1,(h(1,J), 31, NEN)
wWRITE (6,590

WRITE (8,699) (RT(I),Izt,M)
CONTINUE

DECOMPOSE

'S E2ETRZEAZAZEERE B
cALL DBAND (N,I1EX)

'EXXETEAERZS RS2 A

IF UBAND FAILS, GO To THE EMND
1F (IEX,EQ.!) GC TO 1S@e

COMPUTE YECTOR OF XNO®WN_ VALUES

CHANGE SIGN QF FQORCING FUNCTICAN
DO &7@ I=t,N

FM(I)1=egT (1)

1 (xolu,NEL 1Y GC TO B30

WwRITE (8,135

WRITE (5,102R80)

WRITE (5,109¢) (I,FMeIY,I=21,9)

RACK SUBSTITUTE

2223 22222028
CALL SBAND (N)

222 SRS RN & 2 & ¢

ADJUST FAR CQRRECT NrDAL SEQUENCE = usﬁ,FH FOR TEPORARY STORAGE

1P

DO 778 I=1,NN |
IF (LR(1),GT7,8) GO To 7&2 |
1P=IP41

FMEIyzPHICIPY

go To 77¢

FM(Iy=PRII(I)

COMTINUE

END CALCULATIONS FOR HEAC



62¢
621

853
624
625
bt
b7
L28
629
830
631
632
633
&34
&35
8lé
637
638
439
6a¢
44
432
CY 'R
s34
849
bldo
847
449
ads
45¢@
651
A5
653
654
4SS
hSh
687
6548
559
862
Y-}
LT
603
IX-X
665
boo
hé&7
ab8
Y-
573
671
472
673
874

a7%
578

877
.
679
I X-14
681

O 000 O

gur

wRITE
wRITE
“RITE
WEITE

'ﬂ';ITE
1F (Xg

[a X al [g N p]

wR1TE
IF (xe

PHIICY
798 RT(I

CALL v
802 CONTIN

c BLNT cONTOURS OF MYDRAU
IF (xn0&NEL1) GO TO 82¢

DO 812

pTeSSgegSeawevy

P UT

VALUES OF HWYDPAULIC HEAD
(6,1372)
(6,128¢"
(641893) (I,FMI1Y,I21,NN)

ELEwENT MOCAL VELOCITIES
C3,EG, 1) CALL vCag

CONTINGOUS GLORAL VELOCITY FI
0s,EQ,¢ GO TC &ag t ELo

I)=2,
zq,
GLOo8e
UE

LIC MEAQ
I={,NBLOT

812 CALL ZPLOT
£2¢ CONTIVUE

(aNeTa g

wRITE TIME OF TRAVEL ALQONG STREAMLINES

IF (X0D8,NE,1) GO TO 828
CALL S5TRM2
828 CONTINUE

h}

1522 CONTINUE

1622 cINTINUE

OO0

F O R
FORMAT
FORMaAT
FOR™AT
FORMaT
FORMAT
FoQMar
FNR™AT
FORMAT
FOP™MAT
FORMAT
FORMATY
FORMaT
FNRMLT
FORMAT
FORMAT
f
18 FORMAT
19 FORMAT
20 FORMAT
P28 FORMaATY

NP U BN =D N U O W

END QUTRUT

M A TS

(11X, 2SUPPRESS PRINTOUT QF ELEMENT FLOwW MATRICESH)
(11x, #PRINT ELEMENT FLOw MATRICES®)

(11X, 2SUPPRESS PRINTOUT OF GLORBAL FLOW MATRIX=%)
(11X, 2PRINT GLOHAL FLOW MATRIXa)

(11X,a8UPPRESS PRINTOUT OF NQDaL VELCGCITIESK)
(11X, *PRINT NNDAL VFLOCITIES™)

(11X, *SUCPRESS PRINTGUT NF RIGWT HAND SIDE YECTORS®)

(11X, *PRINT RIGWT HaND SIDE VEFTQORSe)

(11X, «SUUPPRESS PRINTOUT OF CONTINUOUS YELOCITY FIELD»)
(11X,aPRINT COMTINUQUS VELOCTTY FIELDw)

(11X, 2#SURPRESS PLOT OF HYDRAULIC mEAD CONTOUKSs)
11X, #PLOT HYDRALLIC HEAD CONTQUPS*)

1X,*SUPPRESS PI.NT OF TRANSKISSIVITY CONTOURS)
1X,#PL0T TRANSMISSIVITY COMTQURSH)

¢
1
(1
(11X,«SUPPRESY PRINTOUT OF TIME NF TRAVEL ALONG STREAMLINES
%)

11X, *SUPPRESS 2LNT O0F STREAMLINES®)
(11X, 22L0T STREAMUINES®)

(11X,2PRINT TIME gF TRAVEL ALO#G STREAMUINESH]
K
(//77711%,2CONE OPTIONS*®/11X,123(1H=)//)



a82
583
e84
88%
686
587

488
689
89y
adi
K92
893
94
495
896
697
498
6§99
749
741
782
7823
784
7858
736
747
748
749
719

711
712

713
714
715

716
717

718
719
724
721
722
723
724

722§
726

727

728"

729
739
731
732
733
734
738
738
737
738
739
749
741

742
743

79 FORMAT (15,6F19,3)
SAA _FORMAT (1@F8,¥)
499 FORMAT (1rMl,////11%X,2SHEL EMENT MATRICES FOR FLOW/11X,25(1He))

S30 FORMAT ({1wm1,108X,36HGLOBAL CUEFFICIENT MATRICES FOR FLOW/L11X,3&(ir=
DR
S4@ FORMAT (1M@,2@X,37HA COEFFICIENT MATRIX - UPPER HALFBAND/IIX'37f1H

twl/ /)

560 FORMAT (1HWY,1AX,7HELEMENT, 4, SX-BSHINsUFFICIENT HALFwBAND wlDTH e
JREQUIRE, IS,2%,1OHINSTEAR 0OF,1S)

5792 FORHAT(ISnIGEIE 4/(8%,12€12,4Y)

592 FORMaT (/////.11x,2@HF COEFFICIENT HATRIX/tlx.Za(!H-)//)

&AZ FORMAT (11X,10E12,3)

846 FORMAT (2UA4M

asa FORMAT (1H1,36X,12HT R a2 VvV E L //36x%,3SHGROUNDOWATER FLOw

//2S%,d1HWITR ISQOPARALMETRIC QUADRILATERAL ELEMENTS//3S

:x 22HSTEADY STATE PRNGRAM/ /)

860 FORMAT (11X,7A(1H*)//1{X,28A48//11X,T70(1H") /)

1 FORMAT (1SI)

929 FORMAT (///11X,19HFINITE ELEMENT DATZ/1{X,19(1He)/)

$38 FORMAT (1M ,1UX,11HNUMBES OF =s2X,5HNQOES I24/21!,xn ,ax.aheLEMENr
185,121/21%X,1Ha,2%,24HpIRTICHLET BOUNDARY NODES,IS/21X, 2x,23HS0UR
2CE 0Or SINK CLE“EnTSarﬁlalx. h-rax'aﬂHELE”EuTé IN HAL ﬁD 19/

321Xy 1H=, 2%, L4HLEAKY ELEMENTS,T15/21X,He,2X,
419HLEAKY ELEMENT NCDES,113/21%,1ke,2X,20HHYORAULIC HEAD PLOTS, 15/
5211,1H-,ax,29HT9AN5"ISSIVITY PLETS,19)

987 FORMAT (IS,5F1¢,?)

9AS FORMAT (15,F18,0,F15,0)

99@ FORMAT (////11X,16HNADE CONROINATES/11X,15(1H=)/)

130@ FORMAT (1M ,2(311X,d4HNGDE, 12%, 11X, 1Sx,(HY,2Y))

1019 FORMAT (1M ,2(19%,18 2F16,2)/¢11X,18,2F168,2,13%,14,2F16
1920 FORMAT (////711%,03H80URCESSTINA ELEMENTSZ  “SOURCES aRE 5cs171v5111

1X,43¢14=)/ /11X, 9THELEMENT  DISCHARGE (CU,M/DAY)  ELEMENT RADIUS
2 -COOROINATE j,Y-CnORDINATE BaCOEFFICIENT (M), 16K TRANSMISSIV

IITY) )
Jeue FORMAT (13X,! 3 QX'F7 1,11%,F6,1,9%X,F8.2,7%,F8,2,19X,F7,1,F208,1}
1R FORMAT (/11%,0(dHNODE,5x%,ShvAlUE,5X))

1099 FORMAT (/(11X,6(¢14,F108,3,5¥)))

1180 FORMAT (/////lxx,?ELE"ENT POROSITY TIMES THICKNESS (M) AND LEAXAG
1E COEFFICIENT (1/DAYY»/11X,T76(1Ha)/ /11X, 2ELEFENT PQROSITY TIME
28 THICXNESS LEAKAGE CNEFFICIENT2/ /)

1119 FORMAT (915}

1149 FORMAT (/////lXXpISHELE“ENT INCIDENCES/11X,16(1Ha)/)

115@ FORMAT (1MW ,1¥X, 7HELEHEN’.sx {H/,3(tHe),9R CURNERS ,d(1He),LH/,TX,
{1K/,0¢1lka),7H SIDES ,S(iked; iH/)

1160 FURLAT (1H'.4X.Ilu 5%, ars,sﬁ als)

117G FORMAT (////7/711X, 6 HTRANGHISSIVITIES (5Q,M/70AY) AND CONSTANT HEAD

. 1(M) FQR LEAXAGE/11X,61f1H=)//11X,53H NODE XaTRANSMISSIVITY VY=T

2RANSMISSIVITY HEAD /)

1190 FORMAT (13X, 13,7%,F10,2,8%X,F18,2,86X%X,F7,2)

120G FORMAT (13X,13,17X,@PF5,2,18%,F15,12) .

1230 FORMAT (////7/11%,33RNIRTICHLET BGUNDARY NODES FOR FLOW/11X,33(1He))

teug FORMAT (2¥14)

1250 FApMaT (11X,30(1mx),334 DIRICHLET BOUNDARY NGDE FOR FLOwW,]d,38HDCE
15 NOT EXIST « EXECUTTION TEPMINATED ,tleliHe))

1260 FORMAT (11X,2019)

1270 FORMAT (1HS,i8(1H*),u49H NUMBER CF DIRICHLET BOUNDARY NQDES FOR FLO
tw REANII1Q,35H DISAGREES w]TH NUMBERF ANTICIPATED ,I1d,10C18x))
1310 FORMAT (///11X,19RFINITE ELEMENT DATA/11X,19(1He)/11X,21HTOTAL NU™M

IRER OF NODES,I19/11x,3360IRICHLET BOUNDARY NOCES FOKR FLOW,17/11X,2
P?7THDEGREES UF FRFEDNM fFoR FLOUw,I13///)
13S@  FQRMAT (///7/7/711X%X,31HVECTOR OF XKNOWN VALUES FOR HEAD/11X,3]1(iHe))
137@ FORMAT (//111,14HHYDDAULIC HEAD/llX,lu(IH-)\.

- - P T e e e = e e



-

v . .

'y
74%
746
147
748
749
vSd
751
AT
753
754
753
756

757
758
759
769
761
768
763
764
765

766
7&7
7608
769
774
77

77

773
774
775
778

777

778°

779
784
781
782
7863
284
788
786
787
7848
789
792
791
792
793
794
795
796
297
798
799
age
ad1
aa2
and

Ag4 .

8es

OO0

144¢ FORMAT (SF1¢,2)
14SP FORMAT(IMOB,///11X,21HPARAMNETEDR MULTIF
16HATRANX,F19,9/11X,6HATGANY,F19,9/11X

26HFACTOR,FL19,9/11X,SmALEAK,F22,9)
1860 FORMAT (IS,F14,2)
END

SURRQUTINE VYCAL
PURPOSE = CALCULATE VELOCITIES AT THE

COMMON /SCALAR/

1 NN, NE, NMBW, SRCL, 008, x0C19, I
cOoMMQON /YECTOR/ :
1 X (7483, Y(74@), Fu(7ueg), PHI(T74D),
2 :7(7ug), TﬂAhSX(?Ad), TRANSY(T4E),
I SRERTHIL)IORLET T KSE qxéafgp(éﬁc
5 Faesa)
COMMaN /MATRIX/
1 H(766,54d), IN(8,225), SE(A8,8)
DIMENSIOA VYXI8Y, 4(51 INDX(R), FF(8
--O...------.-‘.---------.-----------
WRITECL,21¢)
L=@

22 L=l+y
FRUS A
VX (Ivad,

19 VY (I)=d,
pa 13e I=1,
JNJsIN(T, LS

xCOMDETRANSX(JIDJII/BORTHIL)
YCDND;TPANSV(JD1)/9097H(L3

1F (1,57 J4) GO TO o
XI=1t,
YI:!.‘
IF (1.50,1.0P,1,EQ,4Y X1z=mi,
1F (1.EQ, 1 0R,I. EQ.Z’ Yiz=1i,
GO TO 7@
43 x1=¢,
Yi= J
IF (t EG,8) xI=t,
IF t[ £3,8) Xl==t,
I: (I EQ S) YI:-!.
1F (1.EG,7) vI=t,
72 CONTINUE

12222 AEEEREREALELER LT ER 2R 2
CaLL SHAPE (L,XI,YI,FF,0FT)
'i':'t’ti***t'*itia*’ﬁt*tiftg
Exsh,

Fysg¢,

Do Qq K=1,38

JisIN(X,U)

COMPTE PRESSURE OFRIVATIVES
EX2Ex+0GX(KIwFYM(T1)Y
FY=Ev4+DGY (X)aFH(J1)

CONT INUE

INOX(?)=J0d

VY({1)==YCONOREY

°a

LIERS /1i1X,21(1lha) /11X,
JURAFQE ,F21,9/711X,

NODES OF EACH ELEMENT

RE

PHII(74@), XV (748),
COEF(225), PCRIM(22%),

882(24) $1(20)
8), Ocx(&}, 56755),'YV(7AZ)o

)



. gda VX({I)==XCOND#EX
L 807 137 CONTINUE
II 298 wRITE (6,224) (INOX(I),vX(1),VY(I),1=1,8)
ane . JIF LT NEY GO TO 2¢
a1d RETHRN
i aty €
Il Ri2 212 FORMAT(///11x,16HPOINT VELOCITIES/1iX,1&( H=))
' 813 297 FORMAT( /11X, 7HELE“ENT 18/11X, 3{4HNOOF,ZX,1lH!-COHPONENT 2X, 1IHY=C
aie 1OMPONENT,6X) )
ALS 22¢ FORMAT((11X,3(14,2F13,3,7%X)))
. als END
217 €
ath ¢
' 819 ¢C
. aze SUBRQUTINE VGLORZ
a2t €
a2z ¢ PURPOSE = CALCULATE A CONTINUOUS QUADRATIC VELOCITY FlELD
Il 823 € (CALCULATED RY AVERAGING ELEMENT NQOAL VELOCITIES
gas ¢ AND SINGULAR SOLUTION FOR §OURCE/SINK ELEMENTS)
g2s ¢ 4
8ab C LAl L AR A L L AL I IELZI I IY IR Y LY L. LAY P P et T Y L L LY LY DL L LAY 2 2
l 827 COM""ON /SCALAR/ . _
JIPPY NN, NE, NHBW, SRCL, x0D8&, xCDi12, 1IQF
R29 CO“"ON JNECTDRY
Ale 1 X(74@), Y(740), Fu(74@), PHI(T74R), PHII(74@), XxXVv(7a8),
l aty ? RTr7u4u), TRANSX(748), TRANSY(74@), COEFr22S5), PCRIRN(22%9),
a3e 3 FRe(22), xGE(29), YRE(2a), RAE(2¢), BB2(29), BESi1(2¢),
8313 4 SRCRT(16), SRCLT(16), Atind, SRCR(A), DGX(8), DGY(S8), Yv(74),
l ald S Faesed
. &3S COMMON /MATRIX/
3%? 1QIMENs?gng;(BIN(B'ZZS)' SE(8,8).
l‘ ala [ PET I TY LT T T TN LY T T P puy iy T T T T T T T TSR ey Y L L P )
839 ¢ | '
4@ WRITE (&,39¢)
8dt N0 2082 L=i,NE
. 812 co0 is¢e 1=(,8
, a3 JOIEINCI, LS
Ad4 XCONNSTRANSX(JDJY/PORTHELD
‘ aas YCOND=TRANSY (JDJ)I/PORTH (L)
. LYY IF (1,67,4) GG TO 4@
’ 847 X131,
A48 vizsy,
. 249 IF (1.E0,1,0R,1,EG,4) XIzel,
| asc IF (1.EG,! CR,I,ER,2Y Y1==t,
851 GO To 82
852 43 X136,
l as53 YI:
Yy 116G,S) YIzel,
2S5 IF (1,6G,6) xl=t,
asSe IF (1, EG 7) vI=sy,
' 857 1F (1.£G.8) xl=zw=y,
ass 83 CONTINUE
889 ¢ P P T Y PR N R R R R R I S
863 CALL SHAPE (L,XI,YI,FF,rET)
. asl [of A AR F AR R A PN A AR TP R T AP RATRE
ag2 EXSH,
A6l gysa,
o AR
266 EX=EX+0GX (K)Y=FH(J1)
l, R&7 102 FYSEYSOGY(¥IxFM(J1)Y
|
II j



ALd
ag9
874
2714
a72
a73
a74
R7S
876
a7
A7R
a79
g8y¢
A&
ag2
883
R84

a8s
ade

A87
A88
A89
A99J
891
RQZ
R93
AU
AQS
A96&
a9’
ASS
AG9
Qde
adt
a2
9¢3
99d
949%
936
QA7
9a8
aps
91¢
911
312
913
9td
915
916
917
918
919
Q29
921
922
923
924
Q2%
925
927
s28
929

[g1g]

OO0 0n

PHI(JCJISPHI(JDIY=XCONDREY

PHIT(JDJI=PHII(JIDI ey CONDEY
RT(JDNI=RT(ICIVI+ 1,

CIF (FRE(L),.,EG.S,) 6N Tn 125
1F (cnEF(L),ER,B,) GO Tn 1t%
PHI(J?J)'PHI(JDJ)#FQF(L’tBESl(L)*(X(JDJ]-XQE(L))/(6.2831853*
1882 (LYXRQECLY*PORTH (|
pHII(J0I)= F“II(IDJ1¢¢CE(L3'8551(L)*(Y(JDJ).YCE(L))/(b 2831853

12BR2(L)*PQE (LI 2PCRTH (L)

GO To 12s

110 PHI(IDJYZPHI DIV +FOE (LI * (X (JDJI=XGE(L))/(6,2831853#RQE(L) #n2>
1PORTRIL))
PHIT(IDJ)SPHILI(IDIISFGE (LI (Y (JCI)mYQE(L))/(6,2831853=RGE(L)
{aed*PARTH(L)Y

125 CONTIMUE

15@ CONTIMNUE

299 COMTINUE

pn 2se J=i,
pHI(rw-snl(J1/R7(J\

PRII(IISPRIT(IV/RT (I
259 CONTINUE

IF (xn08 ,EG.?Y GO TO 29¢
00 288 I31,MN
xv(Ilyze,
268 YV({ly=@,
D0 28€ L=1,NE
I¥ (FREfL), ,EQ,¢,) GG To 289
pn 27¢ I=s1.8
JoJgsIN(I,L)
YVEINIIaPRI(IDIVFQE (L) w(X(JDJ)=XGEILY)/(5,28318S3#RQE(L)»*2x
1PORTH (LY
YVEIRIISPHII(JINI)FOE (LY w Y (JRJYeYRE(L))Y/(5,28318532RQE(L)*x2
1xPORTH (L))
1F (cnEFfL),EG,0, ) Ga To 27¢
xvedngys PHI(JOJ\-FGE(L)waESI(L3'(X(JDJ)-XOE(L))/(6.2831553t
{RBR2(LI*AQE (LY*PORTH (L))
YVEJDI)=PRIT(JDJ)=FORF (LY 2BREST (LYY (JDJY=YQRE(L))/(6,2831853
128B2 (L Y+RAE (L) #PODRTH (L))
27¢ CcoNTINUE
289 cONTInUE
20C CONTINUE ‘
WRITE¢1,36SY(J,XCIY, Y (Y ,FHEJY,PHI(J) ,RHIT(J), =1 ,NN)
WRITE (6,393) (JyxXCJ),Y (Y, PHILJIY,PHIT(JIY,XVI),YV(I),J=1,NN)

RETURM
389 FORMAT (/////711%X,81HCONTINYUOUS VELOCITY DISTRIBUTIUN (M/DAY)/14X,
141 (1Ha)//11X,«NODE x=CNJR, Y=COOR, X=VELOCITY

{ YeVELOCITY»)
185 FORMaT (I1S.,3F12,2,2€15,%)
350 FORMAT (11X,14,2F15,2,4E15,4)

FEND
SURROUTINE MATGEN (1,09

"PURPQSE o PERFORM [AUSSIAN QUADRATURE OVER EACH ELEMENT

REAL =1, 2
CcOMMAN /SCALARY

1 NN, NE, NHBW, SRCL, xcns, x0D1@, lgf




s3@
931
932
933
934
$3%5
935
937
938
939
944
s4ul
942
9413
sad
948
QU4
eu?
QUA
949
958
951
952
5513
esy
CLL
956
957
Q58
989
Qa8

Qe l.

962
263
g64
965
9sé
Q87
9¢8
969
a7¢
971
972
073
97U
975
Q76
Chrivd

978
e7%

S8

981
982
9873
Q84
Q88
9846
LY %4
588
Qa9
99¢@
991t

YO

o0

COMMON /VECTOR/
X(T43), Y(TaRd), F»({74Qy, PHI(T740Y, PHIT(T43), XV(74d),
RT(7u@), TRANSX(74d), TRANSY(742), COEF(22S), PQRTH(22S),
FRE(29), XxGE(23Y, YGE(2@), RRE(2g), [BR2(29), BESi(2@),
SRCRT(1a), SPCLT(1&), Q(l6), SRCR(B), DOGX(8), DGY(8), YV(743),
FR(SY)

cOMmgN /mATRIX/

1 M(742,58), IN(8,225), SE(B,8)

DATA W1/, 34785¢845137458/,H2/,652145158862546/

(V) R~ JRPS RLAN N

H11SH|wH
M1 2SH*M2
M22WgeH2

X3 =E(I,J)‘H11*(0(1)#G(aﬂ¢ﬂ(!3)+n(lc))+H12*(0(27+Qf3)+G(SJ¢G(b)*O(9)*
1RC12Y+G (142G (1S 4H22x(C(B)+Q(TI+G(IRI+C(11))

40 SACL=mi1*(SRCLT IV +SRCLT(UN+SRCLT{I3)aSRCLT(16))+HI2w(SRCLT(Z)+5%C
ILT(3Y+SRECLT(SISKRCLT(BYSSRELT (D) +SRCLTC(12)Y+SRCLTCIS)I+SRCLT(18))+H2
22 tSRALT (L) +SRCLT(7)eSRCLT(IBYSSRELT(11)Y)

5¢ CONTINUE

PETURN

ENTRY MATGENA
LEREL R 13
H1Z22WirR2
H22SH2 M2

6P SSCF(1)= H11¢(s=cp7(1\+sncnffu1+sRCRTt13)+SPCRT(15))+h12¢(SRcRT(2J+
1SRCRT(3)+SRCPT(S)I+SRCRTIRISSRCRT(FI+SRCRT(12Y+83RCRT(ISI+SRCRT(14Y)
PeMH222(SRCRT () +SRCRTTI+SRCRT(IBI+SRCAT(1I 1))

"7 COMTTINUE

PETURN
END
SUBRQUTINE CRAND (N, T1EX)

PURPOSE « DECUMPQSE GLOBAL FLOwW MATKIYX

Py X K pepey PR R R PR TP RCY Py pey PRpSpRREEET I T AL L L LD TN P L R Y Y L E T R LA L L L L L Ak R

COMMON /SCALARY
1 NN, NE, NWBwW, SKCL, %008, x001@, IgQE
cNmMMaN /MATRIX/
| He79l,58), 1IM(8,225), SE(8,8)
IEX=0
§B-Rs 510"
I (NHBN LTLIP)Y IP=NHBA
po 5S¢ J=1,IP
'{Q P\HQﬂ.J
IF ((lel), LT, 1) 1G=1e}
SUMsmrl,d)
1F (la.LT.,1l) GO TO 20
n0 te Xs3i,I0
112Tax
122J+x
1@ SIMESUMaH(IT,Xe1)eH(T1,J2)
2¢ IF (J.MEL1) GO TO ¢
1F (SUK,LE,?,) GO TO 3¢
TEMP=1,/ SQRT(SuUM)
HET,JISTEMP
G0 70 Sy
3¢ WRITE (6,868) 1



a9l

Qa3}
Q94
999
-X-1.]
997
99R
ea9
194y¥
1291
1ade
1003
{ani
{pRS
1Yo
18¢7
1408
1009
1e13
1411
1012
1nyl
ta1d
{15
14a16
1617
{218
1919
1al0
18214
1922
1ne3
1824
1a2s
1926
1027
1928
1329
1032
1834

1432

GRS
1934
123%
1e3e
1937
1038
1aleq
{aad
{edt
1842
1043
1Rdd
184S
12ds

1@a7
1eu8

{Qde
1aS2

1251
{es2

1053

OO

OO0

OO0 00 VO OO0

4a
59

A
1A

SRITE (6,78) N,NHBW,IP,1Q,1,J,SU™~

1EX=1

RETURN

NI, JrssUNaTENP
coNTINUE

RETUQN

FORMAT (lHl;l@X'quOQANﬂ FAILS AT Ro

§ f 49
;oguAT (1HY,615,E2¢,8) "ol
EN

SURRQUTINE SRAND (N)

PURFOSE « BACKX SURSTITUTE FOR GLOBAL SOLYUTION

COMMON JSCALRR/ | oTTTTTmememsemmam et
lcovzgﬁ jSéc:;g:' SRCi., xQDa, x0Q0Di19, IgE

I AN P PR R S TR T T

é gggéz‘)ﬁ};af"%ééﬁ%z1Z?f‘S?Is;‘f“%éééig;“géi?és,B.ESHS?Z'YWW.
COMMON /MATRIX/

T #r7¢¢,59), I1N(¢8,22%), SE(s,3)

12

29
3n

ag

52
Y%

JaImnHBwe

IF ((1+1) LE NHRW) J=1
SUMSFM(T)

Kizlat

IF (J,67,x1) GO TO 23
00 1@ X=J,xt

11=]lex+

stMa g Hear (K, TI)2PRT (KX)
PHI(TIISUMAH(I, 1)
CONTINUE

nn 6@ I131,N
TshN=11+1

Jol+4tmBue]

IF (J.GT NY J=N
SUMSPH]I(I)

K2=let

1IF (x2,G6G7,JY GO TQ Sa
00 49 Kax2,J

KKSKal+!

SUMESUMer (], KXIwPHT(K)

PHI(TIY=SuMaH (T, 1)
CONT INUE

ngTURN
END

SURROUTINE SHAPE (L, XI, YIs Fs CET)

PURPOSE = EVALUATION OF BASls FUNCTIONS, THEIF DERIVATIVES,
AND THE JACOBTANS AND INVERSE JACOBIANS

R NODE GUADRALATER ELEMENT,1,2,3,4,ARE CORNER NQDES

---.‘-,--?.--------.----.--.----------—--._-o-------.----.---'--.--



OO0

OO

COMMON /SCALAR/ _
1 NN, NE, NMBw, SRCL, xCC8, x0D1{9, IgE
cCOMMON /YECTOR/

X(76@), Y(788), FM(780Y, PHI(763), PHII¢78R), XV(Tag),

1

2 RT(743), TRANSX(740), TRANSY(74@), |[COEF(225), FORTM(22S).,

3 FGE(273), X0E(2¥), YRE(22), RQE(2w), BB2(2@), 8ESI(2¢),

a SRCRT(16Y, SACLT(16Y, ntlsY, SRCR(A), DGX(BY, VGY(8), YV(T740),
c FResSO

COMMON sMATRIX/
1 H(7Q¢,S52), IN(8,225), s€!(8,8)
DIMENSION F(8),DFX(8Y,0FY(8)

.-O----'-----------.--"-----..----.-‘--'-----‘--.----.------.---‘

X713y, =x]
x12=y,+x:
Xx13=y,=xl+xXI]
vyilt=1,=vt
vyIlg=y,*vl
YIZE| oY (Y]

F(IVYySHAPE FUNCTIONS

F(l3:;2501111YI1*(-XI-Y!-1.)
F(2)=,25«x12xYTix{X]luYlel,)
F(3)=,25%x12xY122(XxleYIwt,)
Fru)z, 2SexIlaYT20(aXToYlw], )
FrSYe Saxlinvyly
F(b)=;s-x12tv13
F(7)=2.5#x132Y12
F(8)=,S»xI1xyl3

oFx.OFYi DERIVATIYES OF SMAPE FUNCTIONS

XY{S2 #xT+¥1
XY282,*xI=Y]
vyxie2 *yl+exl
YX2=2,8YTex]

DFX(1Y2 2SaYT1axY!

DFX(29=,25*YT1wxY2

NFX ()=, 25»YT2xXY!

DFX(aY=,2SaYI2=XY2

DEX(S1=SexIxY]}

PFX (IS, S2Y1

PEX(7YSax]2Y]I2

DFXlgi=eDFX(8)

pEYl1ys, 25eXT1aYX]

DFY(2y=,25#X12*YX2

NFY(31=,25*X12+YX!

DFY (Y=, Z254XT1xyYX2

NFY(5)1Sa,54X]13

DFY(6Y¥=mY12XT2

NFY(7TY==JFY(S) ‘

DFY(gYzeYIxXT} \
\

JACCRT AN

sumizg. |
sum2zea, |
suMlize, ) |
suMd=g, i
na 282 131,8

x1=Inel, W)



DOOD OO0

266

27¢

12

SUMI=SUMI+0FX (T)aX(XT)

SUMZ22S5UM240F X (TIRY (KT
SUMI2SUMISOFY (II*X(XT)

"SUMUSSUMLSOFY IV Y (XT)

CONTINUE
DETESUM | e SUMHUSUMI22SUMT
DETi=t./0€T
C112DET1=5UMa
Cl1Z2T=«lET1aSUMD
C213«DET125UMY
C22=SCET1asuUMy

SHAPE FUNCTICN DERIVATIVES < GLGRAL
ne 27e J=1,8
AGX(JYISCLI*OFX(JY+Cl122nFY (J)

DGY (JISCR21*x0FX(J)+C22«NFY ()
conTINUE

RETURN

END

SUBROUTINE STRMZ

PURPASE « CALCULATE THE TIME OF TRAVEL ALONG STREAMLINES= QUADRATIC

TT(JY TRAVEL TIME (DAYS)Y ALONG STREAM|_IMNES

COMMON /SCALARY/
Ny, NE, NWBwW, SRCL, xoC8, x0C14, IrE

-

1
coMkoN SVECTCR/

AN B W -

1

X(78¢Y, Y(7ae), FMm(7ug), vx{(Tud), yY(740), xXV(748),
RT(7a2y, TRANSX(74®), TRAMSY(749), CNFF(22S), PORTH(22S),
FRE(221, xGE(2v), YRE(2®), RGE(2W), BB2r28), BES1(22),
SRCRY(18), SRCLT(16), QCleY, SRCR(R)Y, DGX(8), DGY(8), YV(74Q),
FQ¢sSe)
CNMMnN /“ATRIX/
H(¢T%,5¢), IN(8,225), SE(8,8)
COMMAN/ XY /X0, Y0, XL, YL, XMAX,Y®AX,X®IN,yMIN,SCALE,NCIR
COMMON/TIME/INEL(4,225),TT(18)

READ ¢S,31¢) NSL, NSTPRT, NTINE,STEFR, TMaX

REAC (S,32¢), (TT{(1),I={,NTINME) '

no 1a L=1,NE

READ (¢S,3a¢) LL, (IMFL(¥,LY,x=l,4)

CONTINUE

wR1TE (6,339

Al = 8l = g,

IF(Xople ,NE,1) GO TD 15

CALL PLOTS(SS,8,4LPLOTY

CALL PLAY(XQ,YN,=3)

TF(MCIRLEG,2) GO Tn g2

RrLsxy /2
cELL CIRCLE(RL,8,,90,,278,/RL/s2)
G0 Tn 1S ‘
CONTINUE

CALL PLOT (XMIN,YMIN,3)

pQ 1a IP=1{,2

CALL PLOT(XMaAX,YFIN,2)

CALL PLCT(xM™aXx,¥YMAy,2)

call. pLOT(XMIN,y™ax,2)

call pLOTeXMIN, YMIN, 2D

18 CONTINUE



1178 15 cNNTINUE
1179 ¢
11482 .N=9
1181 2¢ NEN+|
1182 ¢€
1183 IFIN,LENSLY GO TO 21
1184 C
{185 XEMD=8,S-x0
115: IF(X0D1¢,EG,1) CALL PLCT(XEND,=Y0,999)
1187 ¢
1188 GO To 39a
1189, 21 COMTINUE
1194 READ (S,33¢) MEL, X111, FTAl
1191 JCNS=2
1192 ¢
1193 1F (X0C1d,NE, 1Y GO Tn 23
1194 J =1 '
1195 23 CONTINUE
1196 DT=20,
1197 ¢
1]98 TIHE=0'
1199 NSTEP=R
{2@¢ 30 X1sIN(L,NEL)
{201 . x2sINr2,NEL)
1262 x3I=IN¢(3,NEL)
123 xazINr4d,NELD
{224 xS=InN(S,NEL)
13¢5 x6aIn(b,NEL)
12€8 x7=IN(7,KEL)
127 KA=TINIB, NEL)
a8 =N
igcq o LenEL
}31? E EVALUATE TERMS IN FUMNCTION EXPANSION FOR X, Y, VX AND VY
1218 TIXT(@X K1) wX (K2V@X (kI X KUV , AP (X IXS)$X(XEI$XIRTISX(XBY)Y/ 4, ¢
1213 TIY2(aY(X]1)@Y (K2 @Y (K3 myY (KU) 2 2 L{Y{xS)+Y(XL)$YIXTI4Y(XE)))Y/4,0
1214 : TIVXS =y X (K1Y@ VX (K3)aVX (X3 )mvX(KLE) 42, Br(VX(KS)sYX(XKEIVX(XT)+
1215 1 VXIX8))IY/d, e
{216 TIVY2 =y Y (K1 VY (K2 wVY(XKI)eyvY{(KUY+2 Ppe(YY(KS)IaVY(KO)SVY (KT
1217 T vY(X3))ysu @
1218 Tax=c¢x(xkary=x(xaly a2,
1219 T2YS(Y(Ke)eY (XBYY /2,0
1227 T2VXZ(VX(KE)aVX(KB)) /2, ¢
1221 T2VY=(VY(XbImVYIKE)) 2, 8
1722 TIXSfeX (KS)+X(KTY)) /2,0
1223 TIV2(taY (KS)+Y(KTY) 2 ¢
1224 TIVXZ (=YX (KSYsyX(KT)Y/2.¢
1225 TIVYS =y Y (XS)evyY(XT7)Iy/2,2
1226 TAXYT(X(XII»X(K2)eX(XKSVaX (Xg)) /8,2
1227 TAaYE(Y(K]ImY (K2Y4Y (KIlmyYXu)) /4,
1228 TAVX=(VX(X1)aVX(XK2YPVX(XTYaVX(RU)) /L,
1229 TUVYZ(YY (X1 aVY(X2Y2VvY (K3)aVY(KL4)) /0,0
1239 TEXM(X(KIVPXFXK2ISX (XTI pY (KU)=2,Be (X (XSI+X(XTI))/4,Q
1231 TEY= Y (X1)PY(K2IeY (XTI Iay (KUY, B2 (Y (KSI4Y(KT)II)/4,Q
1232 TEVXZ VX (KL e VX (K)o X(KIYI4VX(RU)=d Bl VXIKSISVX(XT)]I)/0L,0
1233 TEVYZ (VY (KIVYaVY(K2YeyY (XT)aVY(Kd)m2 Ba(YY(XSI+VY(XKT7)))/uL,¢
1234 TEXS(X (XTI PX(K2I4X (K3 aX(KE)w2,8% (X (Xa)eX(KX8)))/4,¢C
1235 TOYS(Y(RII*Y(K2V+Y(RTVaY(XU)w2,Bx(Y(KKEI+Y(KB))) /4,
1236 TOVXS(YX(KLI)4VX(K2ISVXIKII4VX(KUI=2 2elVX(KE)+VXR(RE)D)/U,HU
1237 TOVYZ(YY(KIVY4VY(K2V1aVY (KI)4VYIKU) =2, e (VY (KB)+VY(KS)))/U,?
1238 T7XS (X (X1)aX(K2)eX (xI)aX(KU)42,0* (X (KS)mX(KT7))) /4,9
1239 TIYS (Y (K1) (K2IIY(KI) 2y (KU)I$2, B (Y (KS)mY (XT)Y) /4,0



~

OO0

(g et

OO0

TIVXZ (=YX (K1) WVX(K2)aVX KISV (KUY +2 ph(yYX(KS) =YX (KT))) /4,4

TTIVY (=YY (K1 =YY (K2VaVY (XKIIIVY(NKU)a2 ax(YY(XS)layY(KT7)))/4,0
TEXR (@aX(X1)eX(R2)+X(XIVax(KL)el, 9!(-X(Ka)+x(K8)))/u,E

TEYS (@Y (K1)eYIK2)+Y (KI)aY(KU)42,Pr(ay (Ko)+Y(XKB8)Y)/d, U

Tﬂvx-(-vxrxl1¢VX(K2)+ver3)—vx(xa)+a ¢r(=aVX(XKE)sYX(REY)) /4,2

32

38

1

1

TBVYz (oYY (KIYPVY(K2IPVY(KIImVY(KUI+2 aw(wVY(KE)eVY(XKEY)) /U,

USE MCOIFIED VELOUCITY PISTRIBUTION FOR| SOURCE/SINK ELEMENTS

IF (FRE(L),ER,3,8) GO TC 3% )

TIVIS(@XVIKIYaXV(K2)aXV(KI)wxVv (X442 Bo(XV(XSIeXVIKE) XV (RT)+
XV(K&)))Y/4,0

TIVY: (-YV(K1)-vv(raa.vvrxsv-vvtra)+a gr(YV(K§)+Vv(Kb)¢YV(K7)#
YyY(KB8)))/4,¢4

Tzvx:cxvcxe)-xvrxaj)/a,g

T2VY=(YV (X0 aYV(KRBY) /2,5

T1vx-(-xV(KSﬁ¢XV(K7)1/2 ¢

Tivys= (~YV(KS)¢YV(K77\/2 ¢
Tuvx=<xvtx13-XV(K2)¢xvcx3)-xvtK01)/o ¢

TUVYSIYVIRIImYVIR2V+YV(KIYaYV(KE)) /U, 0
TSVX={XV(K11+XV(x2)+xV(K37¢Xv{Ku)-E;B*(XVfKS)¢XV(K7)))/0.8
TSVYS(YVIKIVYSYVIKZISYV(KIVNYV(KUI@Z CulYVIKS)SYVIXT)I))/4, 8
TOVXZ(XV(KI)oXVIXK2IaXVIKIV4XV(KA)®2 ExlXV(KE)+XV(XKE))) /4,0
TOVYSIYVIXLIaYVIK2I+YV(KIV$YVIKLIm2 Pul(YVIKE)+YV(REIII/G,L
TIVIZ(=XV(X1)eXV(K2)eXVIKIVISXVIRL) 92 P (XV(KS)aXV({KT7))) /0,0
TIVYS (=YY (XK1YeYV{K2)eYV(KIV+YVIKUI42 e YV(XKS)mYV(XT)))/4,0
TAVXS =XV (XK1)4XV(K2IaXVIKI)mXV(KU)42 PrleXV (KO +XV(KEY)})/u,d

TAVY= (oYY (K1Y #YV(K2VaYV (K aYy (KLY +2, pu(aYy(KE)+YV(KBY)) /4,
COMT INUE

EVALUATE THE EXPANSIQNS FOR X, Y, VX AND Vv

XX1ST X T2XaX ] T AXNETA @ TaX I *ETAL 4TS 12X 1 #TOXRETAIET AL

T7XeXxI1oXItxETALleTAX2aXT 2ETAI®ET A

YY ST Y +T2Y e XTI e T3V *ETAL+TUY 2X 1 #ETAT4TSY Xl 2XT1+TOYETALRETALY

TTY#*X lth1*ETA1¢Tav-x11tF{Aé*ETA1

!
WRITE (&,340@) MEL, XX1, YYi,

IF(Xgple NEL!) GU TO 37
YxXASxyl/SCALE

YYASYYL/SCALE

1F (TI™M€,GT,.,8,.3€080Q21) GG TO 32
CALL PLOT (XXA,YYA,3)

G0 To 3¢

cALL PLCT(XXA,YYA,2)

IF (J,GT NTIMEY GO To 36
IF(TIME ,LT,TTCIY) GO TO 36

CALL SYMACL(XXA,YYA,2,47,J,8,,=1)
JeJe+y

CONTINUE

CONTINUE

XI=X11
ETASFTAL
XXXSYXX]
yyvysvyl

LOOP FOR SECOND NORDER RUNGE=KUTTE INTFGRATION
XK=1

COMTINUE
VVXX2TIVX T2V XTI *T3VvanwE TASTUVX#XIRETA»TSYXRXTI2XT?




1382 ! TEV YR ETAETACT IV X aXTaXI*ETA+TBY YwyIwETA®ETA

13193 VY YT VYR T VY e X I+ T3V Y P TASTUVY X I #E T4 TSYYRXInX]®
1384 1 TaVY*ETARETASTIVY » Y TaX[*ETASTOY Y vy IaETA%ETA
13105 ¢ .
1368 ' IF (FRE(LY.EQ,N,9) Ga TO 4sS
1397 AR=SART (XXX« XQE(L) Vw24 (YYY=YGE (L) )ww2)
1308 VYXSFAE (L) *(XXX=XQEC({))/(6,2831853%F0RTH(L)*RRx*2)
1309 yvys FGE(L)'(YYY-YQE(L))/(b 2AII8534P0RTH(L)*RRxx2)
2 F (COQEF R,9,0 Y
1311 fncicgﬂ/éézls ) 80 Te 4
1312 ARGZ=RAE(L)/88B2(L)
1313 VVXEFAE (L) 2 (XXXmXQE(L )) 2 (RESK] (ARG1)+RESKDB (ARG I*BEST I (ARGL)/
1314 1 RESTA(AR62) I/ (6,2831353*PORTH(L)*RR2882(L))
1215 VVYSFQE(LY*(YYYeYQE (L)) 2 (BESKk | (ARGl )+BESKE(ARG2)*BESII (ARG)/
1316 1 BESTQ(ARG2YI/(6,2831853#PARTH(L)=pR*BB2 (L))
1317 42 YVXXsVVXIX$VVY
131A VVYY=yVYYsVVY
1219 45 CONTINUE
1323 ¢
1321 ¢ CALCULATE X AMD Y DERIVATIVES
1322 ¢
1323 DXXI=T2X+TAXwETA+S  UuTSXRX]+Z2 CoTTXaXI*xETASTEXNETANET A
1324 v DXETA=TIX$TUXxYT+2, B'TQXrETA+T7XtETAtETL+2 AaTaX2XT*XETA
1325 DYXIST2Y+TUYRETASZ BuTSY2XT42, utT7YtXI*ETA+T8Y-ETAtETA
1326 NDYETA=TIYsTUdYnxlse, 61T6YQETA¢T7YtETAtETA+2 CxTBYXXI*ETA
1327 ¢
1328 C CALCULATE A ANC B
1329 ¢
1333 AsVVYYRQIX]eVyXX*0DYXT
1331 RIVVXXI*OYETAaVYYYXDXFETaA
1332 ¢
1333 1¥ (K. EG,1) GO TO a8
1334 A22,5204+2 1)
1335 Rar,S*(ReAL)
1338 PXISSTEP/SQRTL!,0+(A/8)222)
1337 IF (B,LT,d,8) NX13aD0¥] '
1338 DETASSTEP/SQRAT (] , ¥+ R/ aVa22)
1338 IF (A, LT,¢,8) DETAz=nNETA
1344 GO To Sd¢
1341 ¢
1342 88 DXISSTEP/SGRT(1,8+(A/B)ws2)
1343 IF (B,LT7,2,2) DX1=«0xI
1344 DETASSTERP/SORT (! 2+ (R/1)xn2)
1345 I1F (A,LT,d442) DETAz=DETA .
1345 FFi2d41738era
1348 IF (ABS(XI).GT,!1,4,0R,ABS(ETA),GT,1,2) GO TO &¢
1349 89 CONTINUE
1354 A=A
1351 g1=8
1152 vX1svyXx
1353 VYi{SVyYY
1354 xxx=11x¢TZthI+T3X:ETA¢rax*xr.ETA+T5X*XI:xxoTbXtETltETA+
1355 1 T7XaXTaXT#ETA+TBY YT #ETARETA
1356 yYYYs 71Y*TszxI+TBY*ETA+ruv.x1*ETA¢TSYTXI'XI+T6Y*ETA*tTA+
1357 1 TTY XTI 2XI*ETA+TBYaxIwETACETA
1358 K=2 L
1359 G0 To 38
1363 ¢
1361 S0 CNNTINUE
132 ¢
1363 xI=x11+0x1



a0 O

OO0 0

OO0

CHECX TC SEE IF STEP LEAVES THE ELEMENT

1

1

1

1

1

1

ETASETAL+0ETA

IF (ABS(XI).GE,1,2,0R,ARS(ETAY,.GE,!,0) GO TO &0

FIND X, Y, YX AND VY AT TWE END QF THg STEP

XX2E T X4 T2 XX Ia T I X wET A TUX # X T wETAS TS X wXIaXI+TEXRETARET A

TI7X*XT*XI¥ETA+TEX»XI2ETARETA

YY2=TlY+TZY’XI*T}V*ETA+TQYtXI’ETA#TSY*XI’XI#TQY*ETA'E+A+

T7YeX]#XI*xETA+TBYNXIxETAETA
JeoS=1C0S+!

VY2 T IV #TAV XX I+ T3V Y WFTASTUVY X I #ETALTSYVX XTI aX]l+ToOVX2ETARETAS

TIVaaXIaXI*ETAGTAVYaXTwETA*XETA

VY2ST VY ST 2VYRX T+ TIVYRETASTAYY* X [ HETAGTSVY XTI *XI+TAVYRETARETAS

TIVY#XIaXIRETALTAVY R XTI xETA*ETA

IF (FRE(L)EQ.0,8) Go TO S3
RE=SART ( (XX aXQF (L)) w3+ (YY2wvYBE(L))»n2)
VYXSFRE (L) = (XX2eXHE(L))/(6,2831853#PO0RTH(L)*RR»%2)

VVYSFRE(LI*IYY2eYGE(L Y)Y/ (6 ,2B31BSI#PORTH(L)*RR*»2)

TF (COEF(L),EQ,#,d) GO Tn 52
ARGl=RR/BB2 (L)
ARG2=RAE(LI/BR2 (L)

VVXSFRE(LI*(XX2eaXUE (L)Y (RESK|I (ARG )+RESKQ(ARGR2I*BESI{(ARGL)/

BESIJ(ARGE))/(6,2831AS53I+PNRTH(L)xpR*BH2(L))

VVYZFQE(L)#(YY2aYUECL) ) # (BESK] (ARGL) +BESKY(ARG2) *BESI| (ARG)) /

BESTU(ARG2YIY/(6,2R31853#PNRTH(L)I=gR=BB2(L))

2 vVX23VYX2+vVX

53

54

S5

VY23IVY2eVVY
CONTINUE

CALCULATE THE TIME OF TRAVEL

DXSXX2=XX}

DY=YyY2=yYl

DELTA=ZSGRT(Cx*NX+DY=NY)

CGSIN=CX/DELTA

1F (JC0S,EG,1) FCOSINSCNSIN

VRARE ,Sx(SARTIVXI*yX1+VY{aVY I +SGRT (VX2 +4VX2+VY22VY2))
PT=0ELTA/VBAR

TIME=TIMESDT

1F (FGE(LY,GE,.?,®) GO TO S4

I1F (ABS(XI),GE,STERP,NR ABS(ETA),GE,STEP)Y GO TO S4
wRITE (&,378) N, L, TIME, xX2, YY2 :
Ga To 24

CONTINUE

1F (TIMe LE.TMAX) GO TO S35

~RITE (&£,380) TIME, T™MAX, N, XX2, YY2

g0 Tg 2¢ _

MSTEP=NSTEP+

IF(X0018.,NEL1) GO TO ISe
XYASYX2/SCALE

YYASYY2/SCALE

caLL ?LCTCXXAtYYAva’

1F (J.GT ,NTIMEY GO Tp 15¢

IF(TIME LT,TT(IY) GO To |85

call SYMBOL(xXxa,YYi,@,87,J,9,,"1)
JsJ+

155 cONTINUE



OO0 OO0

OO0

iSe

- wARITE (8,3508) XX2, YY2, TImE

56

79

aa

g

190

120

1304

CONTINUE

IF (NSTER,NE,NSTPRTY GO T0 Se

NSTEP=d
CONTINUE
xIisxt!
ETAL=SETA
XXi1=xx2
YyYyi=vy?
XXX2YY?
YYYSyy2
K=1

G0 Ta 38

ADJUST TWE STEP SO TWAT TT GMLY GOES TO THE AQUNDARY

STEP oNLY CROSSES ONE BAOUNNL

ETASETA{+(A/3) 2 (1 ,dm=X]I)
18L=2

G0 To 179

Ylawy @
ETASETAI+(A/8)w(m=] BaX]t}
I18L=4

GO0 To 174

IF (ETA,LE.=!1,8) GO 10 92
ETasy @
XISXT1+¢(B/7A)2 (] ,0=ETAL)
IRL=3

GO0 To 17¢

ETA="1 ,8
XIzX11+(R/AVx (=) JaETALY
IBL=1

60 Tog 174

STEP CROSSES CORNER FUR TwO

IF (XT.LE,=!,7) GO T3 13¢
ETAT=ETAL+(A/B) (1, 3aX]t)
IF (AgS(ETAT)Y,GT,1,3Y GO TC
x1=1,4

ETAEETAT

IRL=2

GO To 1w

1F (gTAT,LT,=t,?) GO To (22
ETA=t,¢
YISXT1+¢B/A)a (1 PwfET Al
19L=3

GO Tn lew

ETASey,2
XT=X11+(B/4) 2 (=t ,AafTAL)
18L=1
E?A;QE}EY+(A/B)t(-I.H-XII)
IF (ABS(ETAT),GT,1,4) GO TO
X1==y U

gtasgtay

RY

TAD

WGE,1,a) 6a TO

BOUNCARIES

110

148



-

1usé
1489
1499
1091
1492
1493
{494
14995
1096
1a97
1u98
1499
1529
1581
1892
1523
{scd
1695
1598
1507
15a8

- 15e9

151¢C
1St
1512
1513
1514

1517
1518
1519
1529
1521
1522
1523
15246
1525
1526
1527
1528
1529
1530
1531
1532
1533
1534
1839
1536
1537
1538

{639
fgae

1541
1542
1543
15an
1545
1548
1547
1548
1549

OO0

[nlaNel

[a Ne e

14¢

CETa=zy,@

15¢@

162
173

18L=4

GO TO ey
IF (ETAT,LT,=»1,0) GO To iS@¢

XI=XT{+(R/A)a(1,0=gTal
1BL=3

GO To len

ETAZay , ¢
A1sXT1+(B/A)Yx(a] ,BeETALD
I18L=

1F (ABS(XI),EQ,ABS(ETA)) ETA=ETA=SIGN(N,d0l,ETA)
CONTINUE

1F (X, ,EG,1) GO TO u9
NETERHMINE TRAVEL TiMg

XX2ST X T 2P X T T I aETASTUYX XTI 2ETACTSXw X IwXT+TOXRETASETAS

1 TTIXaX I aXI*ETA+TAY eI xETAET A

17?2

174

165

YY RS T Y T2 X e T I 2 ETASTLY X T 2ET e TS Y X InX+TOY*ETAXETAS

1 TIYe XX 2ETA+TRAYRXT2ETARET A

VX2S T VX 4TV X4 TIVYNET A4 TUVY XTI #ETALTSYV XX axIsTOYXRETARETAS
{ T7VXaX[aX [ wETAGTAYXaXI«ETARETA

VY 2B T Y YTV A X TaTIVYRET A TUVYRY T 2ETALTSVY X 12Xl +ToVY2ETAXET A
1 TIYYRXI2XI»ETAGTAVYaX1+ETA2ETA .

1F (FOE(L).EG,?,R) GO TO 174

2389¢ (XX 2w ( -?GE ¢
G008 X Een e th2 133y Fy T 8RYTRESE23N (LyarRun)
VVYZFQE(L)*(YY2=YQE(L))/(6,2831353#PO0RPTH(L) *RR*22)
IF (COEF(L),ED,8,4¥) GO Tn {72
ARGl=AR/BB2 (L)
ARGZ2=RGE (L) /RB2(L)
VVXZFQE(L)* (XX2X0E (L)) »(RESK 1 (AFG])+RESKB(ARG2I#BESIY (ARG1)/
t RESTIO(ARG2))/(5,28312533PnG TR (LI *RREBB2(L))
Vvv:FoE(L)-(vvz-vQ;(Lﬁvi(ggsv1(1931)+p53xa(A962\t8E5¢1(ARGI)/

1 RESIC(ARG2))/(6,2R31853#PORTH(LIWRR*BB2(L))

VX23VYX2+VVX
VY2SVY2+VVY

COMTINUE

CALCULATE THE TIME OF TRAVEL

DXZXYX2="XX1

DYSYY2=YY)

CELTA=SERT (DX *»Dx+0YwnY)

VBARE ,S» (SGRTIVXIavX{evY{ayY ) +SQRT(VY2xVX2+VvY2aVY2))
DT=DELTA/VBAR

TIME=TINE+DT

IF(XOD1a NE.1) GO TO 145
xXA=YY2/SCALE

yYAzyy2/SCALE

CALL PLOT(XXA,YYA,2)

1F (J.GT NTIMEY GO To &S
IFCTIME,LTTT(IY) GO TC 165

cALL sSYMBCL(XXA,YYA,@,37,J,3,,"1)
J=J*y

CONTINUE

CETERMINE THE ADJACENT ELEMENT AND THE CHANGE IN COORDINATES



. - - o - T T - - - - -ﬂ - - ' ‘

1550
1551
1552
1653
{854
1555
1556
1887
1558
1559
1568
1561
1562
1563
1564
1565
{See
1567
1568
1569
1574
1571
1572
1573
{S74
157%
1570
1577
{578
1879
1589
1581
1582
1583
1584

1585
{586
1587
1588
1SA9
{e9e
1591
1592
1593
1594
159%
1596

18597
1598

1599

16400

101

1642
1603
{404
1689
1626
1627
148
1629
16519
B8

OO0 OV OO

TISNEL
NELSINEL(IBL,ID)

CIF (NEL,NELYY GO TQ 175
wRITE (&,304) N, I1, TIM X
WEITE (2',363\ Ti“EI I~€, X2, YY2
wRITE (&,301) FCOSIN
wRITEI6,362) COSIN
G0 To 2¢

178 cONTIMUE
IF glNELflp*ELW oEQ,I1) 1IBE=l
1F INEL(2,MEL)Y ,EQ 1 =
IF (INELC(3,NELDY, EG II }§§=§
IF (INEL(4,NEL)Y EQ, 11) 18FE=sd
113IRL=18E
IF (11.60,-2,0R,11,EQ,2,0R,I1,EG,2) GO TO 19@
1I1=18L*I8¢E
I (IT.NE,SY GO YO 3¢
XI1SETA
£Tat=xl
G0 To 3@

18¢ X11==ETA
ETAlzaX].
G0 Tn 32

19a 11=IBL+IRE
1F (11,6QG,2.0R,11,6Q,0) GO To 2@2
xI1=x1?
ETAl==ETA
Ga Tn 32

2v? xlisexl
ETA{=2FTa
G0 TO 32

Se FORMAT (SID

‘318 FORMAT (JIS5,2F10,d)

32 FORMAT (BFLIO, )

I FORMAT (IS,2F1a,1)

339 FORMAT(////)

348 FARMAT (/11X, 2gLEMENTE»,15,10X,2X=C00R,=»,F11,3,19X,

{ *yYoCOCR, 2%, F11 3,10X,xTIMESe,F1n,2)
352 FORMAT (34X,»X«lNOR =» JF1YL, 3, 12X, *YaCQ0R,3%,F11,3,
tdx,»TIHES -,Fll 2)
369 "FORMAT(/7X,*STREAML INE NU“BER.,.*;I3,6X *_LEAVES THE DQMAIN =,
LaTHRQUGH ELEMENT NUMRER®,IS,3%x,»37 TIME=x,F19,2/34x,
' aXwCOQ0R,.Z4,F11,3,10X,*Y=CO0R, 2%,F11,3///)

Th] FORMATCLIX,*C0S VALUE AT THE INFLOW BOUNDARY =x,F1i,3)

362 FORMAT(L1Xx,*COS VALUE AT THE QUTFLOw ROUNDARY aw,Fil,3///)

363 FOPMAT(FIZ2,. ) '

372 FORMAT (///13X,#STREAMLINE NUMBERX,I5,3%x,«REACHES THE VICINITY OF
{THE STNK IN ELEMENTH,IS,3¥,%a7 TIME=¥,F19,2/2C0%,2X=C00R,=>,F1¢,2,
219X, ayY=COCR =2 ,F13 20

3AG FORMAT (//11X,»TIME2e,F12,2,5x,*EXCEEDS THAXS®,F14,2,9%,*F0R ST
1REAM_TNE NU“EEP‘:,IS/aexax-conk,-t,F1@,2,-Y-CO0R =x,Fi10,2/7/7)

390 CONTINUE

RETUoN

| |
END |
| |

FUMCTION SUSROUTINES OF SERIES EXPANSIONS FOR MODIFIED BESSEL
FUNCTIONS



1612
1613

1414

1615
16108

1617

1618
1el9
16t
1621
1622
1623
1624
1625
1626
1627
1628
1629
1639
1631
1632
1633
1638
1639
1630

1637

1638
1639
lguﬂ

641
1682
16482
1644
1645
1646
1847

{pa8°

1689
165¢
1651
1652
1653
1654
1655
1656
1657
1658
1659
1h68
I N-T-B
1662
1403
16640
1665
166é
1667
1608
166°
1470
1671
1672
1672

a’

O OO0 0 00

2@

1298

1ensé

FUNCTION BESI®(X)

BESIG=l U+ (Xee2) /4 +tXnsd) /ol ,+(X2rp), 3304

RETURM '
CEND

FUNCTION BES 1 (x)
RESI1aX/2,+(x*»3)/16 +(Xxx5)/384,

RETURN
END

FUMCTION BESKE(X)

62¢,5772156¢5
BESKOz=(ALAG(YX/2,) 4G %BESTIE (X I+ (X222) /b, +3 2 (Xwat)/128,+
{ P, x (X461 /13824,

RETURN

END

FUNCTION BESK{(X)

G=0,5772)15665

PESKl-i JRPALUGIN/2 Y *BESI1(X 1= (eG/2,4) ,/8,)¥X=(=G/lb +5,/864,)r
1 €¥'t3)-<-61384 $18,/2328,) % (Xers5)

2ETURN

END

SURROUTINE 2PLOT

PURPASE = PLGT CONTOURS OF HYDRAULIC HEAD AND TRANSMISSIVITY

1syMa ¢ FIVE sSyMBolLsg CHOSEN FOR HMYCAULIC COMOUCTIVITIES,
SEE ZETA MANNUAL P,A=S

COMMON /SCALAR/ '
1 NN, NE, NHBwW, SRCL, xoD8, x001¢, IQE
cOMMON /VECTNR/

1 Xh(Ta@), YR (743y, FueTae), PHRICTLRY, PHIL(T743Y, XV(74@),
2 RT(740), THANSX(7u®), TRANSY(742), COEF(225), PORTH(22%),

3 Fae(2GY, XGE(29Y, YnE(22), RQE(20), BB2(28), BESL(2¢),

o ggc27§1b), SRCLT(186Y, Q(leY, SRCK(H), DGX(8), DGY(8), YV(74Q),
5 r5¢

coMMON /MATRIX/

{ H(7@¥,54), IN(B8,225), sg(8,8)

COH”ON/XY/XO YC, XL, YL, XMAX, YHAX,XHIN yMIN,SCALE,NCIR
DIMENSION CONC2Q),FTS€29), TITLE(8),ISYMBL(29)
DIMENSION X(74G),Y (7409

DATA ISYMBL /12,76,143,77,8/

WRITE (6,29)

FORMAT(////+ 11X, 2PLOTTING INFORMATIOP5'/11X:2@(1H-)//)
PEAD(S, 1888) NCON, NPTS, NFE, NLE, NCIR
HEAD(S,1622) X"IN:X”AX,YNIN,YHAX
REAND(S,1@24) (CONCJ),J=1,NCONM)

READ(S,1329@) (PTS(J),J=1,N2TS)

WRITE (b,12YS) NCUL.NPTS NFE, NLE,NCIR
EORMAT (llprZHNCON MPTS ,NFE,NLE,NCIR,1015)
WRITE (6,1326) XMIM,xMaY, Yuxr YMAX

FORMAT (11x.19HXHIN,rHAx,YHIN.YHAx,bFi6.1)
WRITE (6,18€7) xX0,vy0,XxL,YL




In

{&7d
1675
1786
1677
1678
1679
1689

1653

1683

1684
1685
1686

1587
{488

1489
1690
1691
1692
1693
1694
14695
1696
1697
1698
1499
{79@
1701
1722
1793
{764
1705
1796

747

708
1799
1714
17141
1712
1713
1714
1715
1716
17%7
1718
1719
172@
1721
1722

1723
1724

1725

1726
1727
1728
1729
1738
1731
1732
1733
1734
1735

‘oo o0

0

187
1gea

1979

5A6

1S5

179

18¢

270

FORMAT (11X,11HX0,Y0,xL,YL,bF1¢, 1)
~RITE (68,1938 (CONCSY,J=1,NCON)
FORMAT ({11X,34CON,8F12,1)

wRITE (&,10€9) (PTS(J)Y,J=1,NPTS)
FORMAT (11X,3%PT3,eFt10,1//)

SET (P AND SCALE PLOT

XTOT=YMAXaXMIN
YTOT=YMAXwYMIN
SCALE=XTQT/XL
SCALE{2YTOT/YL
IF(SCALE,LT,SCALEL) SCALE = SCALE!

YTIT = XTOT/SCALE
¥YTOT = YTGT/SCALE

YMAXeYMAax/SCALE
xMIN=YMIN/SCALE
yMAXz=yMHAX/SCALE
YMINzYMIN/SCALE

NnO S@k =3 ,NN
X{II=sXN(CIY/SCALE
Y(IdeYN{I)Y/SCALE
CONTINUF

cAaLL PLOTS(5S,a,4LPLNT)
CALL PLOT(XG,Y0,e3)
IF(NCIR,EQ,BY GU TO (55
RL=xL/2,

cALL CIRCLE (RL,®2,,=9¢,,274,,RL,2)
GO TQo 1685

CONTINUE

CALL PLOT (XHIN,YMIN,3)
DO 16 IP=i,2

CALL PLOT(XMax,YMIN,2)
CALL PLOT(XMAX,YMAX, )
CALL PLAT(xMIM,Y™AYX,2)
CALL PLOTIXMIN,YHMIN,2)

} fONTINUE

CNNT INUE

START ELEMENT LOOP

00 Seg L =NFE,NLE
HMAX=w! ,BE+5

WMIN={ BE+S5C .

PLOT NODE CNQRNINATES

oo 290 J=1,8
K=IN(JI,L)
IF (FM(K) LT HMINY HMINSFM(K)

1F (FM(X) GT HMAX) HMAXZFMIK)

IF (X (K) (GT XMAX,UR, X (XY LT, xMIN)

GO

Ta {7a

IF (Y(X),GT,YMAX,0R,v(X) LT,YIN) GO TO {84

g0 Tn 282

CONTINUE
WRITE(b,881) K,X(X)
QETHAN

CONTINUE
wRITE(6,632) X,Y(X)
RETURN

-CONTINUE
SET 1P AND SQLVE QUANRATIC EQUATIONS FOR X1 4ND ETA



Y R B O B NN EEE B O O =

1736 00 45@ NC=3i,NCON
1737 HCONSCON(NG)
1738 - IF (HCON GT HMAX OR,HCON,LT,HMINY GO |TQ uSa
1739 Ky=IneL,()
1743 K= IN(Z.L)
1781 x3=Inr3,L)
1782 x“ Ined, )
tS,L)
174d M
174S K?-IN(7,L)
1746 x83INCE, L)
1747 C
1748 € EVALUATE TERMS IN FUNCTICN EXPANSION FOR MEAD, X, ANC Y
{709 TIHS (wF M (K] aFH(K2IeF> (XT) .Frr Y42 Bl FF (XS)4FM(KEI+FM(XT)
1768@ {1 +FM(XB)))/0,@
1751 TIXS(@X(X1)oX (K2 @YX (K3 lax(XU)42,22(X(XxS)IX(XKE)eX(XT)eX(KX8)))/E,Q
1752 TIYS (@Y (K1) (K2 )myY (K3 aY (KU)+2 , AR (Y (KS)4Y(KE)SY(KTI+Y(X8)))I/U,B
1753 T2HS(FM(Rp)ImFM(KEY)Y /2,1
1754 T2XxB(X(X&)eX(KBY)/2,Q
17S5 T2YS(Y(XK8IYwY(X8))/2,@
1756 TIMR(aFM(KS)4FM(KTIY /2,0
1787 TIXSfaX(XS)+X(X7)) /2,0
1758 T3v= r-Y(KS)+Y(K7))/2 3
1759 ruuafr”rx1)-F~(x2)+Fvcx3).FM(xa)J/u;e
176@ TUXS(X(K1)®X(K2V+ 2 (K3 mX (KUY} /4,0
1761 TAYR(Y(X])aY(K2V+ Y (K3Vay(Ku))/4, @
1762 TSHE(FHIKL)SPM(K2)IFHIKIYeFM (KL @2 BR(FH(XT)$FM(XT7Y)) 4,8
17¢3 TEXSOX(KLIIFX(K2I+X (RT)pX (KU)m2,dx (X (XS)eX(KTI))/4,0
1764 TSYS(Y(XINVPY(X2VaY (K3 aY (KU @2, BxlY(XKEIeY(KT)))/U,D
1765 TOMS(FMIK{I#FMIK2IWFMIKII@FM(XKU)w2 PatFM(Xp)sFM(XKBY)) /4,0
1768 TOXYS(X(KIIPX(M2I+XIKIISXIKUIm2 DX (X (Kp)+X(KBI)Y /4,0
1767 TOYSIY(XR{I+Y(R2VISY KTV aV (KUYm2, , He(Y(Ke I +Y(KEY)) /4,0
1768 TTHS (F MUK I YuFMIK2Y4FM (I VSFMIKUIS2 B (FH(XKS)aFM(KT))IV/4,€
1769 TTXS (X (K1)mX K2V eX (K3)oX(xU)$2 B0 (X(KDH)aX(KT)))/U,D
1779 TIYE (@Y (K1) oY (K2V+Y(KI)ay (KUY, B ¥ Y (KSIaY(XT))) /4,0
1771 TAHS (P M (KIVSFMIK2IFFM(KIVmFM(KU)+2 Ax(aFH(KE)4FM(KAYY)/ /4, ¢
ty72 ' TEXS (X (K1) K2V X (KIVax(XH)22,3%(mX(KEH)SX(KBY)I)/U,Y
1773 TAYS (@Y (K1)+Y(K2I+Y(KIYay(KdIe2, atc-v<xew¢v(x8)a)/u 4
17748 nQ d438@ NPz ,NPTS
1779 xli=a ¢
1776 X123, ‘e
1777 FTatlzd,d
1778 gYa2=0,2
1779 ¢
178¢ ¢ PICK A YALUE OF F£TA AND SOLVYE FGR XI
1781 C OETASPTIS(NP)
{782 ASTSH4TTHAET A
17873 ReToMaTURRETASTARSET A #ET A
{784 CETiheTIRSETA+TAHRETA®ETAaNCON
1785 1F (A,EG,B,d,AND,B _NE,J.7Y GO TO 230
1786 " DISCR=B2Red,lxdwl
1787 1F (ancR,GE,H,ﬁ) GO To 21¢
17AR8 Go T 272
1789 1@ IF (RISCR,NE,Q,9) GO Tn 220
1799 IF (5,NE, 2,25 &0 T 222
1791 1IF (A NE,R,8) GO Th 254
1792 1F (c;NE,E,Q) GO Ty 272
1793 ~RITE (6,198@Y L, HCON, ETa
1794 6o To 27¢
179% 22¢ X113« ((B+SIGN(Y,,3)*8QRT(DISCRII/(2,Ap4))
1796 xI2s¢/Carx1l)

1797 GO Tn 2dd



|

[ . - . A

t

{798
1799
jae¢
1801
1882
1883
18084
1805
1836
1807
1AA8
1809
1819
1811
14812
1813
1814
1815
1816
1217
1818
1819
1829
1821
{R22
1823
1824
1R2S
1826
{tR27
1R28
1829
{1330
1831
1832
1R33
1834
1835
1836
1837
1838
1R39
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ABSTRACT

Azﬁfit:;ial recharge éf groundwa.ter_re-sojfurces through v&ells: leads
taia need for coinputer simu]?étiom of the: hydrg.ulics. and transportof
connmiﬁanti in groundwater flowfields. The Palo Alto Baylands injec-
tion-extraction project m'oti.\}ai;e d the present work. A nu;ne:féal zérxodél-’

was deve-loéeci for simula.ting steady-state groundwater flow in a con-

. fined,. leaky aquifer system.. The basic numerical technique used is the

Galerkin-~finite~element method. Greatly improved accuracy of the sim-
ulatior near wells is achieved by removing the singulir‘ behavior of the:

flow with an analytic solution for the near-well zone, solving the remain-

ing non-singular problen, é.nd.combining, thre- results.. The: resulting

solutions compare favorably with known analytic solutions for confined

- leaky aquifers (both isotropic and anisotropic). No additional computation

time-is required for this method compared to standard FE p::é g.r.a.ms;
Velocity fields wére. derived through differentiation of the head solution:
smoothing and averaging are themr u:'sed. £of generating systerhé of stream-~
lines  and determining times of travel to points of interest (including
breakthrough curves). Specific applications of the model include investi-
gation of the gross hydraulic characteristics of a nonhomogeneous:
groundwater aquifer containing inj ec.tion-extra;::.tion well combinations,

the times of travel and b::eaktiirough curves being appropriate only for
"nondispérsive" contaminants. In an appendix the recent geologic history,
stratigraphy and geomorphology of Wisconsin age alluvial deposits be-
neath the Palo Alto baylands are reviewed; then a comprehensive picture

of the hydrogeologic environment is drawn and|its impact on the modeling

effort is. noted. .
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1. INTRODUCTION

An increased interest in the use of groundwater resources has

been seen in recent years. Ambroggi (1977) discussed regulation of

underground reservoirs, including overexploitation and artificial re-

.~ charge, as a2 means of long-term control of the water cycle. He noted

the various functions of these reservoirs: supply, storage, mixing and

conveying water. Except in California and Israel, where the storage

function is partially exploited, the primary use of underground reser-

voirs has been that of supply. In certain coastal areas extensive use of

underground reservoirs for supply has led to a reversal in the normal

direction of water movement. In some of these areas artificial recharge

programs are currently underway with their principal purpose being

prevention of saltwater intrusion into potable water sﬁpplies. Such pro-

grams are found in Orange County (Los Angeles area) and Santa Clara
County (San Francisco area), where systems of injection and extraction

wells are used to prevent the intrusion of saltwater into near-shore

aquifers. In both programs the water being injected is reclaimed waste-

water. Injection of this water raises a number of interesting questions

concerned with the fate of certain contaminants, the answers to which

can only be obtained through use of mathematical models,
Mathematical modeling of contaminants in groundwater éystems
requires a description of the hydraulics and transport of contaminants

as well as a description of ¢chemical reactions within the environment of

the porous media. In trying to achieve a realistic model of the fate of

injected reacting contaminants one must first adequately account for the

hydraulic properties, i.e., the convection and dispersion of the contami-
nants. Unless the hydraulics are modeled correctly throughout the flow-
~ field, anticipated reactions can only serve to compound the error and

make quantitative interpretation of field results|impossible. Now,

according to the work of de Jong (1958), Bear (1961) and Scheidegger -
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the: aquif’ea_:'.

( 1,9 &l), s wel]’. as many others,. the ma.gmtude: dﬁ the- co efﬁclent of dls- _
pezszom iss p:opa:t:ona;]. to-the flrst power of the: veloczty. Beca.u.se the'
velocity is: greatestin the immediate: vicinity- of a. well (and in fact be~
comes szngular at the welL in-a two-dimensional source-sink model of’
wells),. am a.dequate model of convectior and chspersmn: must be: espec:.- v
a:lly- accurate near wells. This need for a.ccuracy— near wells ha.s been; .
a. major problem in the simulation of well fields. Neither the finite dif—
ferencer norfinite- elementtechniques: are able: to model point singulari—
tiesi orevemn very rapidly varying quantltles - Analytzca]. methods canc

ea;su.ly' provxde accurate: solutions: near wells. but the.y* are generally appli-

. cable: only ta idealized: homo geneous: groundwater systems,. am exceptional

caseewhemnclarge-scaler fzeld. systemsrare-considered.

Complexities: inherent within actual field sites may be classiffed. _»
under two general heé;dings: am‘;sot::cpic fields: and: nonhomo geneous: flelds..
Anisotropy refers-to preferred dzrectmna.]. cha;:a.cte.zxstxc& of a propezty-
of the: med:a ata Ea.ztxcula.r pomi:, W'lthz hyd:au.hc: c:ond.uct:vztr being the=

media: property: of most interest i 1n groundwa.ter' flow, an anisotropic
mediumis: one- mwhlch. the: flows has an eas 1er time go1ng in-one-direction:
tharr in a.nother A.. nonhomogeneous fleld. is one in.wh:.ch the: property of

1nterest:vane s fromr onte- point to a.nothe r. Irananisotropic and non—

homo geneous: aquifer the- magnitude of hydraullc: conductivity, as well as’
the direction. of the: principal axes. of the corrductvnty tensor, may vary
fromr one: point to-another.

In.the: case of a confined grouridwa;tér aquifer, where the aquifer
is- usuaily‘characterizéd. as a two-dimensional surface, the ability 6f- the.
"surface! " fo: transmit flow is measured by the product of the hyd::a.ulic
conductivity of the media and the thickness of theiaquifer. | This product
is called the coefficient of transmissivity. Ina onhomogeneous field it

may vary due to changes in either hydraulic conductivity or thickness of



Because large-scale groundwater systems are characterized

by their nonhomogeneous nature, analytical Limulation methods have

found much less use than numerical methods. Of the many methods of

numerical analysis available, the finite element method has been shown
to be particularly effective for problems in groundwater flow and con-

taminant transport (Pinder and Frind, 1972; Pinder, 1973).
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“m . SCOPE COF WORK | | |
nb The presentwork h;ét two: relatively stin;':t foci. We are omone
) hand interested i the:hydrd geology of post~ iédénsiﬁ.;alluviaL depo siﬁsz : | »
] beneatis the: Pala Alto baylands-and, on the other,. concerned: mth: devevlqg—.{i o
"l mentof a two-dzmens:onal model for groundwa.te:: h.ydra.ullcs a.round; - L
- wells. located. i a confined,. leaky,. \ ggp’l‘zomo geneous aquzfe:r. s Both'. top:c.s:,ﬁ s
Imwﬁ#\h’uffgn;*a_gzgée‘r E;:o;g:gc;gr;c:e;ned: m;:h gro undwa.ter recha.rge: and
extrzctiom. The projecti is being: ca.rned out by the: Santa: Clarz V‘a.lley |
I Water District (SCVWD), with the: 1ntent of estab hshzng' a hydraulic
- ba.rne::'ta salt-wa.te:: intrusiom fronr South San Francisco B’ay—” Ags
shown-.b elows,. conclusmnss drawm front the- hydrogeolo g1c: mvest:.ga.tmn;
(sees Appendix I) limit applicatiorn: of the numernca]. model ta only- part of_ | ,
thex 1nJectzon-extractlozr field. ;

IreSectior IIL the SCVW D Project is. described: and: the: predesigm

test status is reviewed. Introductiom oﬁ this material provides: mot:.va;t:.on_
@ for-Section IV mwh:.cln ai stea;d.y-—sta.teshydzaulms; model. fi orrowr imras. 7
confined;. leaky* aquiferis: developed f or-z nonhomo geneous: porous: medium
l contaxmng injection/extractionr wells. Section V provides apphca.tzona
of the model:pre sented in Section IV. Sections. VI and VIL present the-
I discussiom and th1& conclusions and .recommenda.tionsa for future Work:;
In Appendix I the- geologic history, stzatig::aphy and geomorphology of
_l the baylands are discussed and a comprehensive picture of the hydro-
geologic envi;:oriment is drawm. In Appendix IT the: analysis of Sectiom IV

is. extended ta. a.nisot::opi;c. probléms-




oI, BAYLANDS PROJECT

The Santa Clara Valley Water District (SCYWD) has proposed to
carry out advanced waste treatment and injection of municipal waste-

water into an aquifer in the Palo Alto Bayfront area to serve as a

barrier against seawater intrusion into the groundwater. Figure 1 shows

the design for this project. Nine injection wells are located along a 3,2

kilometer line running parallel to the bayfront. Ten extraction wells are

located landward of these injection wells. Design of the intrusion

barrier is based on the idea that the line of injection wells will form
a pressure ridge which will block the landward movement of the-denser
seawater. Extraction occurs s¢ that there will be no net input of re-
claimed water into the aquifer. ideally, all of the injected water is
eventually extracted.

The predesign phase of the project suggested that modeling of
groundwater flow within the shallow aquifers of the area would be 2

- straightforward task. Wells'were drilled along the northwestern edge of

the study area (near I-1). Logs and well tests showed that there were

two shallow zone aquifers (at depths of 6 and 14 meters) separatea by a
leaky aquitard. A third, thicker aquifer was found in the deeper zone
(55 meters). The deeper aquifer was hydraulically separate from the
‘shallow zone aquifers. The description of the shallow zone given in the
. predesign report (Jenks and Adamson, 1974, pg. 4) was that '"the alluvium
consists of a series of essdntially flat lying sand and gravel aquifers
separated by extensive clay aquicludes and aquitards.' A qualified
warning was given, but its implications were not appreciated at the ‘At'i_m'e:
' "Concerning the shallow deposits, there is .'é“fi.dezﬁce 'ofn vari- |
ation in thickness of these aquifers throughout the area and
evidence thé.t particular thin zones mavy pinch out and inter-
finger with other similar zones. However, due to leakage

\ ;
between the various individual zones, the shallow deposits




ca.n; be-considered. a smgle extensive: a.q_ulfer through—

outth:e: arez.' (Tenks and.Adam on,. pg., 4)

Since 1t was. felt that thes test site was. repres entative: of the-entire
area thes desigm of the--m]ectzon-extra.ctmm system:, wa.s: carried outom
: the basis: of the EredeSIgn te.sts- ~Lhesertests-suggesteda’ tEahSmis sz,vxty'w*‘wﬁ
Mw":zfagt;; ”/ day' (8700 gpd/ft). a.nd, a. coefficient of storatr.v:,ty' of 0..000036
for injection well I-1 inx the lowe.r: (14 meter)* aquifer (Jenks: and A.da.mson)
The vertical hydraulic conductivity of the confining aquitard was: calcu—
lated:-to:be-0.13 cnxr/day (0. 032 gpd/ftz) with a. stora.tlvzty of 0. 00I.. The
maximunr mjectlorr ratewas: de.termme.d_ to be- 1020 mx / day (187 gpm).. ‘
A T600 m / day (tw-cr.v milliorr ga.l}.ons: per da.y)- advanced waste treat— o
ment faci].ﬁ.:y:’wva:s;- proposed (and subs eé,uent].y- constructed).. - Assumings
that all of the- high: quality-effluentwas in jectéd’; to.establislc the- hydra.u'lit:
barrieramaverage- 1n3ect1cm: rate- of 844 ot / day ( 154 gpm). would be
required:-for ea;c}nwell.lm ther injection: systentr.. o
Asia long,-terrr: goal, the SCYW.D. facility will be used. for research |

to determine the feasibility of such a system for reclaiming water for

potable uses.. To answer questions relevant to this long-ternr goal,.
&l » Stanford University propo sed a three-year progranr designed to acquire
5 fundamental knowledge cénce rning. the;tra.nsforma.t:".c.ms;. of contaminants
' I and aquifer-material resulting fronr the injectiom of treated wastewater.
E This research was funded by the U.S. Environmental Protection Agency
gl under GrantEPA-R-804431, authorized for three years beginning' Ma;y' 1,
r 1976. The ma_joAr‘ objectives of the research projectare as follows
S{I (Roberts, et al. , VL9 78)+ P\
!’ 1. To determine the effects which the mJec‘&ed wastewater wﬂLha.ve
l on the chemical,. physical, and blolog:.ca.l quality of the basin and
i‘ ' s injected waters,
[ » ,



1
24 To determine the effect which injected wastewater will have |
on the hydrologic and mineralogic characteristics of the aquifer.
3. To seek the optimum quality for injectéd water which will result
in 2 high quality groundw‘ater and minimum damage to the hydro-
logic characteristics of the aquifer. ) I
4, To develop generalizedhmathematical models for describing the
movemenf of water, the changes in hydrologic characferistics, I
and resulting changes in water quality from wastewater injection
in order to make the results of most value for application in other l
similar projects., .
The objective of primary interest in the present work is the first part I
of 4, i.e., development of generalized mathematical models for de-
scribing the movement of water in the hydrogeologic environment. I
I

1
3
1



. EINITE ELEMENT- MODELING OF INJECTION-EXTRACTION SYSTEMS

As pomted: out in the Int::oduc.tmrr, the Lxrst ta;slc m: aclue,vxng; a
J:ealxstzc: mode.L oﬁ the: fa.te: oﬁmj ected: reacting conta;rm.nants: iz to ade—
qua_tely' model the.- groundwa.ter flow hydraulics.. The eq_ua.t:;on: gove:m.ng:
thes h.yd::auhc:s: of aleaky a.quer systenx ig obtzined by' combining- - A
xrey! s-ula.\mmth:: thes p:mc:ple of” c:onserv-aiﬁdn'_" of mass: (B eé.r‘? i9 72). N -
Consider steady flowr i amraquifer of areal extent lying om amimper—
meablerbedand conﬁﬁed; fronor abave:hy a: slightly permreable-aquitard of ‘
specified thickness and. permeability.. Above the aquitard is a second |
(adjacent) a.quifer; Treating the lower aquifer as: two-dimensional in- the

horizontal plane with: a= t::ansmzss:vxty"f one- f{inds: that the- g_ove:niﬁg;j o

ﬂ.

equationr for stea.dy’-sta.te rovw is-

a_?';’ (faﬁf%)ﬂ - T:i%(ir.ba;)+c;=o. oy
where-: ‘o L L

R = hydraulic head o (L) .
Taﬁ. = ti:z-inémissivity* t‘en*éor”. R ( L—Z/ T}

x, = -loca.tion-. vector-. - (L

K = permeability of confining bed (aquitard) (L/T)

b = thickness: of confining bed: (L)}

h, = head in adjacent aquifer B ¢ Y

e R R

Qk. L quur'cg strength per unit area ' (/T

N’W = pumbe«r of source-sink wells

8(o,0) = Dirac delta function. ]

, v, ) = location of source-sink wells, k=1,2,...,N

5

o

R
]
™
"

indices. which run from 1l to 2 |

g
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The first term in equation (1) represents thF divergence of the velocity
field written in terms of Darcy's law, the second term represents leak-
age to the adjacent aquifer and the third term represents sources and
sinks (Qk being positive or negative, respectively).

To simplify the presentation which follows it is convenient to work

with the operator L defined by

3 3 K
Lin) = < s 8xﬁh> - En (2)

Then equation (1) may be written

A, Galerkin~Finite~Element Method

Application of the Galerkin-finite element procedure to aquifer
analysis has been described by Pinder and Frind (1972)[also see Pinder
and Gray (1977)]; only a brief review will be given here. To solve equa-

tion (3) we assume a trial solution of the form

A(x,y) = Z thX y) “ . (4)

where the <p (x y) are a system of llnearly 1ndependent functlons (baSIS
functmns) chosen beforehand h, are undet’e#mlned coeff1c1ents, and N
is the total number of nodes. (banls functmns) -1in the f1n1te element net.
The domain () having boundary T, as showri in Figure 2, is divided into
a number Ne of subdomains (elements). Each of these has, for the

type of basis functions used here, eight node| points on its boundary. The

type of basis functions used in this work were introduced by Ergatoudis,'
i




at-al. (1968) a.nd; are: fo::' uses withe curv-ed. iso au:ametnc. quadrilateral
elements. The tezrrr 1sopa;:amet::c: means: that therfunct:ona.l. represen—
tatiorr of thes cu:ved;baunda.nes and the- £unc:tmna.l. representatiorn of the
a.pprox:mate: solutiom (4} are- g;vem by the» same- systenr ofl fu.nctzons, ga-

(Pinder and Gray, 1977, pg.. 122y, As. shown: in: Figure- 3 - the: ba.sn:

shape-of one of_ these: e.-lements.lsz a..q._ua.dnl&tera—l but-the: szdes: Ere dfg P ‘"“""‘"f'
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torted i & wayr prescribed: by the: locatiom of the node points.. ’]'.'Eere: exist

many othertypes: of basiszfunctions: used im finite element analysis. [S ee

for insta.nc.;er Pinderand Gray (1977, Chapter 4) foran extensiver lis.t:.l_
The: basis: function wifr,.yr has: a= non-zero valuer only over-those:

elements: which: Ifa.vee: nodex i orx theirboundary; qyi—(x',y)f has: the: value-

unity-atnode i andizeroratall othernodes:
g e fLiimp .
b yy =8 T {at g
One-carmrsee thatthe-:unknowm coeiflczentsah' i (4) are-the-values:of the

a.ppronma.te:solutmrzta (3% at the node.s points: (x- }r) Now*, if (4) is the-

true solution to (3), the-following. 1dent1t3r must hold.:

-

K

L(ﬁ):+——h +Q =0 o ' | (5)

b

Im general (5) is not satisfied exactly; however, we canm try to. make-it
oy .
armr identity by finding a solution - h such that (5) is orthogonal to. the set

of basis £unctions o(j =1,2,. Nﬁ) over the domam. Qr

mﬁ‘h>+ T h +Q} 0,dQ=0 il= L,2,...N_ (6)

Equation (6) forms the heart of the Galerkin-finite element method. It
can be shown (Oden and Reddy, 1976, pg. 326) hat if the coefficients hj

-
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are determined so that (6) holds, the resulting solution (4) is the "best
approxlmatlon" to the true solution (3) in ter#ns of the basis functions
goj(J =1,2,... Nn). Before applying (6) we mLy eliminate the second
derivatives, which otherwise would impose unnecessary continuity con-

ditions between elements, by application of Green's theorem. First we

define the symmetric bilinear operator

[517s) ~

A i dh K =~
E , = T —-}— e ——— em—
(0 2m) = T g 7%, B TR eh

Then Green's theorem may be written

fL(ﬁ)coidQ: fh/E:(cpi,ﬁ)dQ +f T SRy ar
Q T g ¢
= f E(co h )dQ - mlqndl“ ' (7)

where we have used Darcy's law to erte q_» the outward normal velocity

to the boundary, in place of -Taﬂ o8 lcx ‘(!,a being the direction cosines

of the outward unit normal vector to 1") Applying Green's theorem (7)

to equation (6) we obtain

ffE((p h)dQ '/{Z

Substitution of the expression for the approxir’njte solution (4) into equa-
tion (8) gives the matrix equation for determination of the unknown

coefficients: : >

-]]l-

on fq de | - (8)
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The-matrix g EI('@;:, ml)d(l“ is: called the''stiffness'’ matrixand the rights
hand: side: vector- of (9) is the: generalized forcing function. The: stiffness:

matrix is. symmetric. Because:the basis functions: or are defined to-be-

'SE N s s

non-zerc: only over-those: elérriénts; which have-no de= i omtheirb oundary;.
werseer tha.t" w1th: a- proper: numbemg: of-nodes;.. ther stiffness matrixis:

alsa ba.nde,d; and: sparse.

B. Basis Functions,; Functiomr Representation arid-. '

Transformationr Betweenr Domains:

. As evidenée‘d;by équa.tion:(9),’ applicatibm of the fiﬁite element
method requires evaluatiom of areal integfals: over the non=-simple-do—
mains of elements.. This:is baccomplis.hed; by c-ariyipg;'ogﬁth&- integration:
over a simple-domain which ma';irber uniquel}t mé.p.ped; into: ther physical.
domain of the-relements. The: physical pla.xiex is: called: the global domain:

‘while the corresponding simple domain is called the local domain (see
for instance Pinder and. Gray, 1977, pg. 110). When usingtbciua;dratic,v
isoparametric, qua.drila.teral elements the local domain c'onsists of a -
two unit by‘ two unit square in £ - 7y coord1nates-. Flguz:e 3 shows an.
example of the local and clobaL representatmris of an element. The map-

ping from the: loca]. ta the: global domam is quely determ:.ned by

’ 8 N SRR
= Z}-xi@-ﬁ&' n
1=

=12~



8
y = Z v,0,(& 7 (10)
i=1

where x and y are the global domain coordinates of a point of the ele~-
.th . . o

ment, Xi and Yi are the i  node coordinates in the global domain, and

@, are the basis functions of the element. The basis functions are

polynomials in the loca]: domain coordinates (Ergatoudis, et al., 1968):

corner nodes .

1
©, = -Z(l + Eo)(l +'770)(1 - £ - -no)

where go = ggi and n,= nny gi and n are the node coordinates
(either = 1)

side nodes (see Figure 3)

For nodes 5 and 7,

1 2

and for nodes 6 and 8,

1. 2
= - + 1 ~-.
9 2 (1 go)( n)

Representation of an arbitrary function in local coordinates is given

by an expansion similar to (10):
. 8 _

. = : 11

Algn) = 25 2p(80n) | (11)

i=1

where a, are the nodal values of the functions | To specify the function in
i

global coordinates all three expansions in (10) and (11) are required; (11)

is used to find the value at a particular point (E:*n) and (10) is used to find the

-13-
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I . co::responding gldbal point (x,.y) - The ﬁrob—le : of going: fronr the: gl'obaJ.
tox Iocal. representa:tzom is=not sunpl& since th tzansforma.tmns; i ( I;O)
and (L1} are not: easily inverted.. Fortunately, ].t' isy se:ldom: neces sa.:*r

-

to: gor i th:s d:rect:on- . -

E‘qua.t.ton; (I1). may bercast mtcx a:mores usefu]. fornr for analysis

I withinca partzcula:: element. Eacl of the: basis functions is: a: polynom:a].

3N

‘‘‘‘‘‘

-

i g‘ and _77.. IE (Ll) 1s, expanded. and. eqp:.valent:tezmse are: g;rouped,, onef*"ﬁ‘“ww"

" obtzins the- expzes smn;.

AlE = Tepte et
f'csg«_ o -!»c:Tg% mt+ ey gn; | , (12}

Thes corifes}-:onder;ce*' betweer the: eoefffeient& i (11) and:( lZ.)i’ iss showmin
T'a.ble l. Equetiem( 12;).' has:.advaﬁtagesza~ over (1ll). T.f.i‘one: were-interested:
i evalua.tzng;‘the functiomrat a.number ot pomts\ onerneed only use: the::

(&, mr pomts: dn:ectly 1n_( ].Z.I., I ( ll) ‘one- would haver te regenera.te the:
basis: functxons:for ea.ch_ ( 5;17) pomt a.ncL ther carry out therexpansion.

(Iz typical E’ E‘:codes the.basis. functions-are generated i ira separate-sub--
routirne. One enters. w1th the. (&.n) pomt and returns with the. values: of
the-functions, thezr de nvat:.ves, etc., atthatpoint.) A second a.d.va:ntége'
“of (12) is that fora pa.rtlcula.r £ (or nf-the-fornris an: exphc1t quadratic:
in g(or g). Ihx&ls,-. the key to generating contour plots, as is: shown: -
below. ' . | |

Nows cohsider the: mapping of boundaries or the values of a function

a.long‘ the: boundaﬁ:y of an element.. Along each side: of the element bound-
ary the basis. functléns for-all nodes not s:.ma.ted omnrthe partlc.ula.zr side.
have zero value. Choose the side £ =1 for ex%.mple (see Flgure 3 for

the nu.mbenng scheme) . Then the expansion in Kll) becomes

AL, n} =a,0, ta,p a6¢6 ‘
=ag ¥ %'(as mamt 'é'(as'*'"é(z,‘zas)"z (13)
s
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{ and the tangential derivative along the boundary is

] dall,g _ L. . |
: an > (a3 az) + (a3+ a, - 236>’7 . (14)

In particular the mapping of the boundary is specified by

- 1 L ‘ 2
x=xg ¥ Ty xInt Slxg +x,- 2xg)m
1 ! : 2

Y=y, t s ys-v,0nt 5 (ys+ v,- 2y,)n (15)

In evaluating the integrals of equation (9), or similar integrals
which follow, the mapping or transformation between local and global
domains is of little v‘a’.l’ue unless it is unique and can be inverted (at least
numerically). Cou_;;g.nt‘_and John (1974), p. 261) show that a transformation
is unique and inveffﬁb}lé; i:f'the determinant of the Jacobian of the trans-
formation is not zero.. In the transformation between local and global
coordinates the regions most sensitive to violation of the condition on
the Jacobian are the cornér"nod_es of an element. Itis well known that
to keep the element from folding over on itself, thus destroying the unique-
ness and invertability of the frémsformation,i the angle at the corner node
must be greater than zero and le‘ss than 180‘degrees. 'Using the results
from tiae last few paragraphs on mapping of boundaries one can constrain

~-s..-the location of nodes of the element so-that uniqueness and"invertab'ility o
are preserved.

As an example consider corner node umber 3 of Figure 3. The

slope of the side 2-6-3 at node 3 is, according to (15),

3 1
2y Sy -2
dy _dy dn| _ 2737 272" 7% (16)
‘dx-d'ndx_l_é_ +lx - 2x
=¥ 7R 6
-15-
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Similarly, for the 4—7-3 the. sloper a.t noder 3 is

. 3. +_]: 4 2 _ . e
ae| _IBYEIVEET
dx: L- é,-::.-{-—f-,-]“-x ~ 2%, A )

23 Z 4. s

fls
Kis
ﬂn‘

ﬁii slmwwo&-.i‘i-

6‘2;+— 180-> & > 6. - - A - (18y

where

If these: conditions are notfulfilled thérr the mapping is degenerate and
* cannotbe used. The cons-frair_xts- for other corners: of the-elementare- |
fo rmula.ted_ in a similar fashiom.. These constrainté‘ carry over to comr—
plete. La.grangmn: 1sopa:ra:metnc: quadratzc elements (but then:the: Jacobian

is also sensitive: to the: location: of the center node). U’se is made: of"-

these constraints. wh'err checking: the: conditions: omr isoparametric''circles
and "'e_;llips es' (see section IV.E and Appendix II}..

Before leaving this discussion of basis functions and; function
expansions: it is: of i‘nterest td mention a particular ‘prob]'.em'which arises
with specz.flcatmn. o£ nonhomoge.neous parameter fields: (such as the.

transmissivity). Wherr functional coefficients are used: (see: Pinder, Frind

i
b
W1
&

and Papadopulos, 1973) the nodal values are assigned and the field. is™”

interpolated using the basis function expansion. Most parameter fields

are: inherently positive valued. (transmissiﬁty, _»}poro"sity, leakage-

16—




coefficient, aquifer thickness, dispersivity, etc.). When the variance
of the assigne‘d values is small and the magnitudes are fairly large
there is little difficulty. But, when there 1‘5 a large range in assigned
values a problemn of negative values may arise, even if all of the
assigned values are positive. For instance, assume that the value of 3
is assigned to all of the corner nodes and the value of 1 is assigned to the
side nodes. Then the interpolated value at the center of the element is
-1 (see (12) and Table 1). It is _difficult to develop useful general' con-

ditions to guarantee positive definiteness of the ‘entire parameter field

but it is easy to develop such conditions for values on the element
a3 - a2z

2(a3+ az- Zaé)'

if this lies between -1 and 1, then it is within the element. Substituting

boundaries. Indeed, from (14) the extremum is at n=-

this value of ¢ into (13) one finds

2.
.. (a3 -az)
extremum 6 8(a3 + a, - 2&6)
I A < 0 and !nl < 1 then there is trouble. A more useful

extremum
condition follows if it is recognized that in practice one is'usually inter-

ested in specifying a uniform (not necessarily constant) gradient across
an element. This is accomplished by keeping the extremum points
outside of the range -1l<n<l (or ¢ instead of ). This leads to the
following condition along the side 2-6-3: |

ey e i

a_ + 3a

2 3 a 2 3
. 4 < % = 4
when az > a.3 and \‘1\
3a2 + a3 a.2 + 3a3
4 = % < 4

-17- T
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whem a.3 >2a,. Similar conditions?a:::e: found’; or:ther other’sid'e's»-.. I
these: conditions: are met:for all suies then there: wzlLbe: no: problemr _
withs violating: thes po s:.t:.ve: def;nltez c:oncht:omwuhm: the element" Agrg:

gecond exampla conszde::_speczfytng;, xz, = 4000 a.nd. a -—_4(10;. Then to

3 2
guarantee a uniform gra;dien.t one: must hava LBOO T < 31Q0. -

Einally an intezesting theoreme conce::m:ng: thers pecificationf of AT
parameter along a boundary, or ever speczhcanom of the-boundary-itself;

is. mentioneda

Theorem: The elop.e- of amr interpolated: parameter representation at the-
side node-is. equa.l.to.:th;e: slope: of the-linerdrawn through: thertwo corner

node=values.
This: theorent followe: directly fronr (14} with- =0 and is of great value-
when visualizing the shape-ofa functiom or the: shape of the:-bounda.rr

througlr specified points. The validity-of this theorenr does:not- de pend:

uporm the- location: of the: mid-node- a.nd* thuss,. is of grea.t:value: when:

vrsua.l:.zmg: the-effect o the mterpola.ted:. s hap; of the boundz.r.y* (and thuss:

omnr the .T' acobian of the:transformation) of moving the m:.d..-s1de node¢ -

C. Problems with Wells; Local Solutionr Improvement Methods

Amr actual well. has afmxte radius and: the ma.gmtude: of the- velocth
at thewell wall is very large: but stlll.flnlte.. In the: chosen: modeL the .
flowfield is emnsmned as bemg two d1mens1ona..L and. mJeotxon and: extrac-
tiomr wells are as surned to existat. specrﬁc: points. To geta. fln__:.te dig~
charge into or out of a point the: velocity must be 1n.f1n1te, and. this is _
the main: difficulty presented by wells.. Nexthez: the finite dlfference nor-
finite element methods are.able- to accuzatel}r s1mula.te rap1dly varyzng
fields, let alone those which become smgula.r

General problems presented by the presence o£ s1ngula.z £unct10ns

in the true solutionmr are well reoogmzed.v in.the: f mte-‘ element lz.teratu:e,

Each of the following produces a particﬁlar"_type~ of;'singularity'r the:

e k = ‘ ~-18~
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point-load or point-source, the presence|of a corner in a structure,
the presence of a fracture or crack tip, and specification of discontinu-~
ous data. There are three general approaches to improving the solution
in the local regibn around a singularity. First, the finite element mesh
may be refined. Second, a singularity may be introduced through use
of a singular transformation between the local and global domains. The
third approach is to augment the solution space [the fﬁnction space
spanned by the set of.basis functions @j(i, vi(;j =1,2,... Nn)] by adding
higher order functions or functions of a partiéu,kar nature specific to the
problem at hand. Carey (1976) and Gartling and Becker (1976) present
two examples of the first approach (mesh refinement), the work of
Carey being more readily applicable to problems containing sihgular
regions. For a discussion of the second approach, that of introducing a
singularity through the local-élobal transformation, see Henshell and
Shaw (1975) and the references ';herein. “The third approach, solution
space augmentation, has found greater application and is of primary
interest here. |

Fora general.discussion of the third approach see Strang and Fix

(1973, Chapter 8). Pian (1964 A & B) added higher powers_to the poly-

nomial basis functions of particular rectangular elements. Krahula

and Polhemus (1968) used the same technique, but with trigonometric
functions as well as higher powers added to the set of polynomial basis
functions. The work of Cavendish, Price and Varga (1969, presented

at the Symposiufn on Numerical Simulation of Reservoir Performance

very interesting in that they dealt with the same problem considered here.

~ They pr'esented a general discussion of the GLlerkin method and included

the problem of calculating accurate pressurebldistribution's and pressure
gradients around wells. The technique is ess;entially the same as that

of Krahula and Polhemus: trigonometric func‘tions are added to the

-19-
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existing; set-of basis functions of ar rectangulaj element conta.mmg; a
well. These tngonometrn: func.t:ons are therI treated like ordinazry .
basis funct:r.ona W:Lth; then: c:oefﬁcn.ents detezmzned; by ther regula.: finite-

element method

applied im the: structural engineering field. ha.&beemngemhy*Marle}ti s

'6“&'.\ T P R

i
©
i
l An extension of the thizd a.pproach: ta non;-:ectangular elements, as-
i (1970) and Rao, Ra._]u; and Murty (1971). Morley dealtwith methods for
incorporating: special solutions into the fi.’nite: elementanalysis:. of the-
l problent of the bending of a square: plate: with- a: square-hale-imits: middle..
These: special solutiones: are- the biharmonic eigenfunctions: of the- problem;
l the: solutions: describe: the: exact analytical structure-in tlzez v1c1n1ty‘ of:
' discontinuitieé,; and irc pa:ticﬁla:: the eigenfunctionszdescribe- the singu-—
la'.riti‘es-. iz the: moments at the corners. of the: hole. Imone’respect
l Morely's  method differs fromrthe-otherss mentioned: the:eigenfunctions: are:
thases of thes entire domaim rather tham tho.ee:v ef;’ a particular suh-regieir;.
Rago; etal., divide= the doma.ux: intor la.rge- primary- elements:: contammg;:"
'""stress: concentrations!' a.ncl seconda.ry* elements wh:.ch: are- regular -
finite elements. The solut:.orr withim a pnmary element is compo sed of -
functions, not necessarily eige-nfuncti‘ons,, satisf&ing the- differential
equa.t::om and: certa.:m.bounda.zy conditions on: the. suh~regmrr.. Again,. the
coeff:.c.lents of these functlons are-de termmed. fronr the~ regular-finite: — .
element method.. |
' Forall of the ex;mfiles of increased local solutionraccuracy men-
tioned-thus far-each regiom of desired solutiom imprdvement' requires:an
a.ddltmn of unknowm coef£1c1ents to the vector { h. - [see-eq. (4) 1. a
problem arises when there are a large: mnnbe:.‘;= of such regions or a
large number_ of added functions. The size oﬁ the-»-” stiffness" matrix,
as well as its bandwidth, is greatly inc.fe'e;s ed.|
In 2 quite- recent paper-Hayes, Kendall and Wheeler (1977) treat

the- problen&: of: stead.y-‘statev. simulation of well fields and use a. fechnique;-v

20—



which is similar to that presented herein. 'Rather than increasing the

dimension of the FE solution space they changed the form of the approxi-

mation to

p(x, y) ='ij o;lx,y) + wix, y)
J
where p(x,y) is the unknown function being approximafed, the sum is
the usual FE basis function expansion and w{x,y) is a special function

of the form

Q 2
wix,y) = w(r) = ;_?I.ln(.‘;—)(l -%) », T<R
=0, r>R

At the well (r=0) this function exactly reproduces the source/sink singu-
.lar{ty for a non-leaky aquifer. Also, w(r) and its gradient vanish at

T =R, R is chosen so that the support of w (the region over which w
has a nonzero value) is con.frned to a small number of elements, usually
one. In their formulation w becomes part of the forcing function and is
integrated over the domain. In this fashion the singularity is locally
removed from the problem (although the delta function is still present

in the forcing function). The stiffness mat.riic rer;lains unchanged but

the right hand side vector has areal inte'gral's involving products of the

RIS LY e AN R L a3 e

grachents of w and the ba31s functmns @,

ity cemig R w Tra e T
R o A ,»,. D A d
Y, o z

Next a new techmque is presented Wthh is conceptually simpler

and computatmnally more efficient than the ethods just discussed.

D. A Technique for Singularity Removal |

One approach (not used here) to simula;{:ion of a well field problem
is to straightforwardly solve the matrix equation (9) for the coefficients

h.. The well discharge ka(xk,yk)' is assigned by having the point
J

21




' H’,~ viz.

szmple: techmquer.. Instead of as s:.gmng; the: we&d:.scha—.::g,e::toa ., pa:tt

(xk y: ) coincide w1th. a node- pomt (corner) - e so-luti’on-. obtained in:.

this: fashiomr is perfectly adequate i the: far-field regmma.wa.y' fronr the

well but ther accuracy ‘decreases* as therimmedi: rte: vicinity of the well

is a.pproa.ched..

The: method presented below is an extension of the; followmg-very’

CPEIERT ’w\ww.%u..uvﬂ‘ﬁacl "”wﬂ' gy red Y
SO

" node we: pla.ce: the: WelI within amr elementand distribute: the: dlsc:ha.:ge

among the-nodes: of that element. ‘If one: determines: the: d:stnbutzom oﬁ

chscha:rge by integrating ngb over the: element one: fmd& that the alloca~—

th
tiorr to: the- i=node: is: Qkfpiqu{y‘ where (x o) k) is- ther loca.tzozr. of: the:

" well withir the: element: [ remember-that @ = de (Jc?ﬁf Y’Y'kz I-

The: technique: suggested-hereimr is:to approximate: the: true: solution:.
h{xz y)”by-ﬂte.-combi.ﬁa.tiom of what amounts to. a- Green's function: & for-

a-well of: strength: Qk withir an- element plus: a_‘fmlte-elements oluuoxr

~—

e e e e

h=lr = G:+—~§:h -—CZ-I;H: ' )
j=L 5 (

This. conceptis: shown: sc{hema.tically-in; Figure 4. We:find that the singu-

.-

.larpartof h is rperesented exactly by G and fI becomes regular; and.-

hence determinable by' the- finite -elemént method, within elem-ents con-—

tainingwells. The distributiom of discharge: to nodes of the elementis

'determined by evaluating. a boundary integral obtained by applying Green's

theorem: to-the function G.

The: boundary: value problem describing the Green's function corres-—

pondlng to a.po1nt source of strength Q withinan element. Q with

boundary ],"

L(G) = -Q 8(x-x,y-y,) in oy

‘(20)
-G

]

0 'ornre - ]
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In thls last equatlon it is 1mportant to note the distinction between the

where L is defined by equation (2). The finite element solution ItI is

continuous ovér the domain {2, and addition of G does not destroy
this continuity since G = 0 on the boundary of the elements for which

it is defined.
Incorporation of the Green's function into the finite element state-
ment of the problem given by equation (9) is easily accomplished. First

the domain of integration, {2, is divided into a number of subdomains

(finite elements) Qe,. e=1,... Ne.

subdomain ('singular!’ element). Substitute equation (19) into (8) [ equation

We want to embed G'in a particular

(8) is written for an arbitrary element Qe; the interelement boundary
integrals derived through application of Green's theorem cancel due to

interelement continuity] and expand using the linearity of E(cpi,h) to

obtain

-, K
Q +3°h,

.é[E(wi,I:I) 7+ Ekwi:G)dQe = .é[

e
0,40°- ‘1[ q_odl  (21)

Next for elements containing wells, multiply (20) by @ integrate over

the element Qe, and apply Green's theorem to the second-order terms to

obtain the identity

,[[E(w G)ao® ,[/ch 5(x- xk Y-y, )dQ +f 22y It

3 l" 1 ﬁaxﬁ
(22)

e e
. mi

Loy

element domain Q, and boundary ]" , and the entire domain and

boundary Q and I The final result is obtained by subtracting equation

(22) from equation (21):

| ' | 3G |
~ k
> [ e iea-y [[ Eno0a-2 [, aer @
e Je e YJe -k <k £
Q Q I
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wrheregls over-all elements and.z is only over the bou.nda.me& sof
thaser elements conmm.ng wells. In; equatlo -'(2.3) the- entire- doma‘.m': ‘ '7
baundary mtegra.l resulnng;jrom specﬁ:ymg:ﬂu:c (Nemna.nn) bounda::y
' cond1tzons',_ ha.s Beemleft out’ mzproblems of aquifer a.nalys;.& anes
usually works: with e:.ther specified: hea.cL (Dirichlet). bounda.zr conditions:
or no flow bounda.nes", in which case g =0 ani the: bounda.r.y*mteg_na. e L

st b F Y RS ATIIT T &»ﬂm.»wf\mmm!‘m‘”ﬁ“"m
~ yanishes anyway.

E. Evaluation of the Interelement Bounda;r.y— Integral

Comparison of equations (23) and: (9} shows: that the- onlyr remaining:
trace of the: well withirrthes finite- element statement of the= probl’ezt: is: the

boundary 1ntegr‘a:].

- f 0T, &ar f_z ar® j; oA e

T&e:propér‘techni-quef_or evalua.tmg: this inte g-_:ﬂ;aL is theemaimfocusrofs
thiss sub secﬁorr., While-:-eva:lua.tiorx: oﬁ this. inte g}r:a]; appears strai gth-
forward, a rev1ew of the: htera.ture shows that there are-certain subtle--
ties to be-overcome... For 1nstance , we- sha.l].find. that thev result pre—
sented by Pinder and. Gra}r (1977, pg- 124) is oplyr true—~ for- elex"nents. with
straight sides - The: fundamental point to Re_gp'-- in. mind when a-.ddre ssing-
such integrals is that tﬁe beundary I"° and its behavio = within the inte~—
gral are cornpietely specified once the location of the fnod&poiﬁts: are:.
chosen. | B |
Before- ther proc edure for-evaluating the mte gral i equa.tlon (24)

is discussed we- menuon a technique, due to Be T, for mvestlgatmg

counterparts: (the: field within the 51ngula.r elem

homogeneous am.sotrop1c problems in terms of the:.requ:walent J.sotropic'
nt must be homogeneous

if we are to find the analytic function G). Usmg Bear's 'modified: i inspec-

tional ana.lys:.s” (Bear; 1972, pg. 676) one: finds the transfo::ma.t:.on, of:

-24-
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an isotropic problem. This transformation is (for the x and y princi-

3%n 82ha «

T za + T = - (—b—> h =0

xa ox ya oy a
a a
o e e |

/ azhi azhi K

T\ + — |- <b—>.hi =0
dx i

coordinates and parameters which carries an anisotropic problem into

pal axes) (Bear, 1972, pg. 297)

* T 1/4

xa
Xi' a(T )

va

7 1/4 f
Y =Y <_La)
i a\ T 1
xa

(25)

K K '
oy e (%) - (%)
1 a

where the subscript a refers to the anisotropic statement of the problem
and the subscript i refers to the equivalentﬁisotropic statement of the
problem. In equation (25) Q is the total flow crossing any line within

the two-dimensional surface of the aquifer. The transformation in (25)

carries the equation.

Byi

A

Thus if we can find a solution for the equivaLént isotropic problem we

can use the inverse transformation to find the solution for the anisotropic

problem (see Appendix II), The function G found by solving
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principal axes: of thef latter are coincident with tl-xe*- x: and: y axes..

'N"dw'-,: the- value of the integ_ra_].' in-equation: (24) depends: upomn the-

type- of basis functions used,. the shape-of the: singularelements con—

tammg,wellsh and:-the: farm: of the: functiom. G.. Since: the: distributiomr of

head around: a_welI.m: a two ~dimensional model of an-is otroplc: aquifer—

issazradial func.t:on: of;the distance from: the:well,. a= naturzl s hapesfor

singularx element& iss@ circle-(i.e., the finite: element a.pproxzma.tron: of

a c1rclek witha: wel]. located: a.t the: centers

e‘ﬂ‘:r botlr. the: isotropic and anisotropic problems,, wheze:ther

For a:circular element w:.thr

awell at- its center the- d:ife::ennal. equation: defmmg; thex Green! szfunc.tmtr

equatior (26}, becomes-

2 , S . '
- f3°c _18G\ K __ e
T(arz + r‘ar)‘ -3 GT-—-Qké(x, y) im

GG =0 onr ],',',e“'

Because both: represehtations serve to introduce a discharge Qk’ into
the: flow domain,. the delta function description of the well rﬁa.y be re-

placed by the-—following; conditiom at the well:

A A |
o { =T 52 ) = 3 -
=0’ T

Thus the boundary value problem defining G becomes

26—
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27T | (27

f6)- 00

where Io and KO are the modified Bessel functions of the first and

second kind of order zero, R is the radius of the singular element,

Y

and B is the leakage factor defined by B = —

z In the case of a non-
leaky aquifer B - o and (28) becomes

Q
" R | :
G = mﬂn(-;) {29)

The specific discharge, q . across the singular element boundary T
is given by

N lj‘... e S S A e T R e e
™" %r| __  27B | I\B (R 1\B E25Y
. r= o -ﬁ}- .
0 . ' !

q, = E}% nonleaky (30)

where Il and Kl are the modified Bessel fundtions of the first and

second kind of order one. Since for a singular element R is a constant,

27
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T | ise equal. te = c:onsta.nt- and cam be taken OuTldef o£ the inte g:and; oﬁ
m .

eqxza.txom (24:) Tﬁus. wes now want to- evaluate

- "
oty 631173‘&« i G S T AR AR IR E e s S R R S

L'Integratmg: specm]’. attention must be paid to the bounda.r*;r o

specificatiom.. I light of the constra.mts against degenera.te: elements a
possible: pzoblen'r: arisesc th;e- 1nte.nor: caorner angle betweern: two s:des of
the- isopa.rametnc:. element might violate: the: conditiomr that threrangle- be
lessithan 180 degrees; - The=discussion which:f ollows: presents:. the-case-
of azcircular element (1sotrop1c: problem) ; the=caser of: the- ell:.pt:.c: ele—
ment (anisatropicprablem): is: presented m:.Appendxx:II'

The= is'oparametric: circle-has:its: node: points: orr the=true- circle-
and: itsboundaries are-located in a.cc:arda.nce: w:tlm equattorr (15).. Con—
sider an 1sopa.ra.znetnc cn:c:le-.- w1th: thes globaL coo:dmate: system: origin.
located: at thescircle's: cente::a.nd. thezx'-ax:;s_ oxng' through-node- 6 of

E"‘gu:r:e— 3. Nodes 2 and 3 11e— along, the: plusr an& minus 45 degree-rays..

Nodal coordinates are as follows:

(x j,,y )y — ("_R_— , _P.{_,>
f31 Y3 bz sz |

(vx4a-}'r4) -u—( - L s —Ei_._>
U R

(x:

7.;y7) - (0, R)

- =28~



Then according' to (18), 91 = 129.6 degrees while 82 = 39. 6 degrees.

Thus 9 + 180 = 140.4 which is greater than 9 and the constraints

are satlsfled. Figure 5 shows the true circle and its FE approximation.
Actually, because of the symmetrical shape of the“_isoparametric

circle we can go further in discussing its properties. Consider the same

orientation of axes mentioned above. If we use equation (11) for the

global coordinates, substitute the node points, and use the basis func -

tions, we find after gr.ouping equal powers

and

where IJ'I is the Jacobian determinant of thevcoordinate transformation. -

sf

(Note that R%> |7]> 2L2=2L 2% S 0.) Finally, we mention that Henshell
(1976) has discussed the magmtude of the distance between corresponci-
ing boundaries of a true circle and its isoparametric model. |
We have now reached the point where we can directly evaluate
the integral of equation (31), i.e.,
sy R e B AP R e gl AR e g R e R s e e e e e T

e
L "qn /; ;4T

T

We carry out the development for a true c1rch with the finite element
approximation belng applied only at the final stage To start, the follow~

ing identity for general curves is used, viz.

e ) it

5



| -

l = :eTL'+»(dw)~‘ B aE R R
z, Z_.2
l A true circle of radius: R is spec:r.f:.ed.by x +y =R so .

o B S R :"“W i ST FAT R R S e

and.

“Alongs :c%' + y’Z = R} T lSZ indeed: constantwhick Justlﬁes. our: ha.v*mg‘ taken

Iy

it outszde of the-inte grand The- 1nteg;a.l. becomes

Now:, since- q is constant along. E , each side-node- of: the-boundary will
receive: the:same- contnbutmm of the- dlscha.rge, ‘the same-being: true:for
each corner-node, and the ::ota]v. d:.scharge.- to-all nodes is: Z‘qu‘n,’ To-
simplify matters we need only evaluate the integré.l. for-a particular side
node- (the: basis functiom of a: side node has non-zero value oﬁly" along the
si;l& ort-which-. the: node- 1i¢s)r..'.. A~I§o,- .s,inc:'e% the- value: of the integral must
be invariant fot ché.nge__s in orientatiom, we Zma.y’itra;nsﬂlatet- and rotate the:

. element so that;:he‘ side.'hode lies along the- éos}itive x-axis of a coordi-
nate system whose ong:.n is: at the element's c#nter (the- well) Fina'lly,
along the side for whlch the: ba51s function has non-zero va.lue one: of the:

local variables, say ¢, is constant, so along thatboundary

e ;71' AR

S
-

-30—




Tz = el LA

PP U N

From Figure 3 we are mterested in node 6, whose basis function along

the £ =1 face is P = I - 77 Using the boundary representatlon of

(15) the final form of the integral to be evaluated is

where

1 1 27"
yo= [Yé HERERR AR AR R PR AL ]

But with the chosen orientation we know that

R . |
Y35 7= YZ"—'-——R and Ve 0, so
[z [z
dy . R_
dn [Z
2 _1.22
Yy = 3R'p
e B0 e it o o R R
| _ 1oy 2
I, = qR ——T0— dp = q R
6 n n
; -1 2 -
2-n

. - ) o
The corresponding result for a corner no%e is

217an-4'an‘_ 21,
4 —qn 2

-31-
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Thus,. . '
I, (side: node) =q R
b o ‘o

I'i‘ (corner node) -cpmg ( ?.— )

q-, uatiom(32). gives thevp:::mar.ygzesultsroﬁxmterest'ﬁ%&l”scr’“smce’one Fpa BT S
o£ the transformation betweeman: a.n:sotzop:c: and equivalent isotropic
problen: stated-that the-total. dis cha.r ge-crossing: respectiver segments: of
the aquifer is thex same;,. the- results:; of (32) hold: fp;t:w&- anisotropic
"singular ellipse!' as Wel]:a.s:- the- isotropic'' singular circlel’.. Tﬁis. is:
showm im a lcnger, though: mozrer mst:mc:tx.ve: fa.shxon:xmAppendzx:IIZ _

A pplication of: the= techmquem ise stmghtfox:ward: a.nd-_ only- the=method:
“ for generatmg_' thes forcmg functlon: must be- modified: i a- standard: FE.
computer cade. If the: ele.ment:conta;ns. a.well ther the=well dis cha.rge:
is allocatedacco rd.mg;, ta equa.t:on: (32). A C'o:ner- and: 31de: nodes.ha.ve:
these=values: from: the:! smg;ula.z: solutiomr added: ]to: the:farcmg;functmm

vector [:wrth: T given: brequa.t:on (30):[

F. Velocity Fields:

Before- turning to apphca.tmn of the method presentecL herein it is
worthwhile. to. mentionr how the- FE solution may" be-exploited.. Direct
utthzatlon. of- the: hyd::aullc head solution i is. possible: because the solution
is a continuous functzon throughout the domain. That the: FE solution is
ina formr which-is readily exploitable is one major- adva.ntage not shared

by finite chfference methods. Thls subsecnon; :LS concerned with methods

for obtaining veloc:ty fleldb from the hydraulic head. solution. Themn we
examine a. method for generating families of s reaml:.nes ‘and,. fmz.ll}r,

an integration scheme for determining time of %:r.avel,\ along the: stream~
lines. |

. Y



1. Quadratic Velocity Field
The simpiest means of obtaining a velocity field is to directly.use

Darcy's law:

oh
q =-T ~=—

o ap ox_. ' BET Y ' (33)

B

Since h is a polynorriial in the local (£, m)-coordinate system qa is
finite everywhere (assuming that the Jacobian of the local-global trans-

formation does not vanish). In particular (see Courant and John, 1974,

pg. 261), a'\ aA

h h

Y = - Txx ox - Txy oy
T (§£§_§+§£in)_T (ﬁaé_e.+§_én
xx\9¢ 9x n 9x xy\ 8¢ 9y n dy

(34)

For the final forms in (34) we have explicit representations for x, vy, h,

, T =T , T and |J| in (£, n) basis function expansions over each ele-
= Xy yX Yy

ond ?7
ment and thus the representation may be used directly to calculate qx‘\at a

i s o SPecific ,—(-g., m) point.::A.convenient Tepresentation-of the velocity over ': e

an element may be found by expanding the nodal velocities from (34) in
a basis-function expansion. Thus, if (gj, nj) is the jth node point, the

simplest representation is

= ' |- Ty = 35
qa(ﬁ.‘n) E qa(gj,nj)(,oj(g,ﬂ)‘ 5 X=X,y (35)

272 _
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Now;, while: T exxsts [elthe rfromr ( 34-) or (35;)‘_'1: and: is finite th:ough.-—
out the d.oma.:r.m itis discontinuous: a,long: inter-element bounfdz:rfes-. | -
Indeed, our expe:tence: shaws'. thatinrcases withr a stzong' hyd:atﬂ.zc: head “
gradient the- jump i Ty may-be:larger compared with its: ma.gmtude, ,.
Two methods-for m:xprov:ng om thisx st:axght-fo rward representatiomare:
d_tscussed;belaw ik . AN i '
O'ne method,f or obtammg' amr improved ve‘locﬁ:y field representa;uom
iss to a.veragemthe- nodzal velocities: ’ipa.lL elements:con—
tiguous witho a: gx.ven: node. Them with: qx and: % representmg the .
averaged components of T, 3E the j j-  node,. the: continuous: velocity com.-—
ponents:are givemr by

| O Ne

D

1-1» 3

??Z? e
r =t YI -

- (36)

where: (pj are the-usual basis functions‘:;‘ A pnobl’efn arises with applying

(36) when the: Green's: £unc:t:'|:or§f has beenr embedded in the: solution.. We do

- notwant the:finite: element velocity to be  continuous. across. boundaries:

of elements: conta;lm.ng wells. because the: velocity derlveifrom the--

~Green's function does. notvan1sh on the element boundary.. Wishing to:

take: full advantage of the.z embedded. solution, we found a method for
alleviating this problem as follows: when deteéinining the average nodal
cemponents for elements confaining the- WelJ..s' we- include: the: analytic
(Green's: £unct10n) velocity contnbutlon. Thu$ if qG . and qu Te
the a.nalyt:.c components at node J and. n’: the: number' o£ elements con-

tiguous with node: j is. s, the a.‘vera.ges-,&a.ref g1+en by

-34 -
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AN

=~ (e)
e
e=i qxj > +quj]

[ < (e) ]
l_(‘ 2 i )* Gy;

Using these components in (36) one obtains the desired velocity distribu-

(37)

i
0 |~

Iyi

_ tion everywhere except within elements containing wells, To find these

components use

Y
H
+Q

wxj xj B quj

G=1,2,...8) (38)

(39)

. . . L s, T¥
. D . . . . 3 e e e Tes - e . T e el AR AN .; RSN

. . PRI . R LR e ettt P A S L R A —
L A SN AT A rr>~¢‘-lae 2 1ty -

"The veloc1ty fleld derived from the a.bove equatlons is contlnuous every-

where except acToss element boundaries conta ning wells. Across
these singular element boundaries the veloc1ty‘1s continuous at the node
points but there is a jump elsewhere because the basis functions cannot

exactly interpolate the x and y components of!the Green's function

velocity. The discontinuity in velocity is acce]i:tabl'y small.




2. Smoothed Linear V"eloc1ty Eleld

A second approach:for-ob ta.mmg: am lmproved'.' velocity distribution

is ta smoaoth the- element Ve“lQCItY" repres entj.at:.on; obta.ix;ed,'f"ronfj Darcyls:
laws before: ave :agiﬁg the: contributions: at a. node-to find the’ continuous:
velocity field... This. second approach is knowm as: stress averagingim

the E,. EI'. structure& literature.. _‘S eegHintomand: Campbell. LL%?ékfanaW‘j.'f e

w‘.- ﬂ"’\n‘“’ L Ch bt

‘ dxscussmn: of. its attributes. " To develop the method considerthe: x-
component of the: velocity givem im equa.—tioir (34).. To smooth this: repre-
sentation we: find.’.the least squares fitto (34) in-ternts: of the: linearbasis:

functiom-expansiom:

S J-ZL%% &m - e

-

wheres LlJ-j_ are fhe bilinear basis: func:tiohsé (see=Table-Z)... The a.ppzoxifj~

matiorzerroris: giverr by ef&, k= céég, ) “Efx(. £k and: the least
squares: fitis founchby* chdosing' the co’efffcienf:s* ic (40 ) so:thatthe: squaze-
of the e::rortzkesz omr its: least po sszble: va.luer iee.., find the: minimunr

of E. = f [ e d.Q Accordmgly one has the sy§tem of equa.tlons

Qe?
e 2 ./] &?(Elrﬂ)'d&f. =0 ; i=1,2,3,4
9q . 9., “O° |

<i xi Q

]

from which: one obtains

[/.dllb a = -
e b J.dxdv q_. f qxlbidxd-v

4xd 4x1 A  lgxl

or, upom transforming to (¢, p)-coordinates

—36—
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(41)

11 11
E W iJided q = g :
[1_[1 quqJJl | £dn qu .311[1 qx\bil 7| d¢ dn

For parallelogram shaped elements {including squares and rectangles)

Hinton and Campbell (1974) mention that when 2x2 Gaussian quadrature
is used to evaluate the integrals in (41) the resulting léast squares fit is
an interpolate through the four Gauss points. . Indeed, for parallelogram
shaped elements the Jacobian determinant is a tonstant and may be can-
celled from the system (41). Then each of tlﬁe coefficients in the matrix

and forcing vector is at most a third order polynomial in £ or 7 and

is integrated exactly by the quadrature scheme. The problem of mini-

mizing the error becomes one of minimizing

7

where'. (gk; nk) are the Gauss points. The minimum value equals zero
when the basis function expansion is an interpolate through the values of
(34) at the Gauss points, For parallelogram?elements Hinton and

Campbell give the following solution to (41)

. Jp— -7 w
] 3 1 3 1 I
L1 1+ 3 "2 b- 3 "2 %
“., A -1 LS AP 3 . 3 -
%2 "z L+ 3 B I

{ ’ - . L T
~ | T, 3 1 31 I
%3 -3 T2 R R %
_ 1 3 1 3 v

| %4 L -2 -7 "2 brom d i .

|
|
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where q , E=here, Vi aze thei  Gauss pointvalues of g_ obtained

fronr (34).. For-thes general case of isoga:gme;t:ic"élements; the ’ma-.t::i::

l : ysten:r: (4¢1): mustbes inverted: (by- some: ty'per of Ga.tissi;a.n; éliminat:’r.on) to:
find the: smoothed. corner nades va;luess ofi q%: Aga:.n:,., usmg; 2.:::2. Gaus s1a.n..
I q_ua.dratu::e: to: evalua.tes the- mtegra.la the-interpolate: of the Gauss: pcxnt

s v S T R RS A AR R A AN el e R
g Gl oS T A e R ve e B P e D o oda val ues: are them averaged:

according to the: scheme-: of the first method described above: to. find the:
continucous: velocity: field: (which- nowrhas: only corner nodes: in its expan-

sion).

G.. Stréémlines-.

. Eronrthe:derived:velocity field:it: issan easy task to: generate

streamlines. Theequatiomof a- streamline is.

ar

A

(43)
where u and' v are the. x and y components of the velocity vectors,
respectively. Using thetransforma.trons ::-»Z:t(p ‘s etc: [ see equa~

j 3]
tion ( 10)] forx, y, wand. v as well as _

o 3 A :
dr‘-“;ZYi( 5g o6 —,TLd‘fT)

one finds that the equa.t:.on. for the strea.mlmes may be: tra.nsfoa:mech to

local coord1na.tes as

CO

| 38—



where

(253 72) (B30 )

de,
B = \ V.. x, ——
(Zeo ) (5me)(ze
J J
To find the streamlines all one need do is integrite equation (44) in the
local coordinate system and transform to global coordinates. The im-
proved Euler's method (which is a second order Runge-Kutta scheme)

was chosen for carrying out the integration.

Consider taking a step of length D in local coordinates. Then

approximately
- 2 2
D = Af + An
. _ A , |
With An= EAg [from (44) ] this becomes

2= agt (1+(47)

SO
: D
- 4
Ag 2172 (45)
L+ (=) ) . ,
STt et R R R S e T i \"A’E-'-‘:-B,Z-'»,/'}.'~€'"¥"‘.’£ff."“'-.“" Tt
and simllarly
- D P ‘
=. : | ' 46
on 2172 . (46)
B
h+(2))

Equations (45) and (46) give the step along the streamline in local coordi-

nates. The directions of the step are given by




__(see Carnahanm, Lutherand lekes,c_,L‘?G-‘?mpg;JzéZ.),..,m .

A>0 - Am>.0

, v : , , . (47)
U B 0FEe AE SO . ' -

The: algorithnr for th’é second order Runge-ICzlLta s'ch;'en‘ze.: is. ag follows:

.asm#w-n"»—*r 5o e G

I sta:ta.t?pomt( & ‘n)'o , evaluate: Ay and By, and take: the: step:
according: to: (45),. (46) and:( 4.-77 to. reach: ( &n} ”
2. if (g, 77)" does not lie within the: elementmave: back along: the:
stepta the element boundary,
- _evalua.te:ALand: B, I and:a.verage: ass A '--(A. +A ),
| =3 By B | .
N take: ther stepragainm fronr (5;_7;)' u;smg Land. B a.nd.be:.ng;
‘ sure to: rema.m:mthm: or-om the: elementbou.ndary,_,
S5e. repea.tthe: step;. etc.., move omta the: next element;. a.nd.

- repeatagaim. |

Thisvscheme: was: used-to generate: the: streamlines: showmn in the- sub—

section on applications.

. H.. Times of Travel_

The scheme: used for g,eneratirigf the-times: of travel a_lo'ng: streanr—

lines is very simple-also. Each: time the final step:is taken i construct=—

'ing a streamline between two points: we- evaluate the: magnitude: of the

velocity at both-ends. Then, we use

£, :ta_*_ < global S o (48)
\ _ E"(V'O -PVI) :




3 ..
i

z

u'i . where dsa is .the increment in vector length along the streamline and

' Dglobal is the step used in the Runge-Kutta scheme transformed to

;; global coordinates. To generate breakthrough curves one need note that
‘,EI the closer one gets to a well the more pronounced the effect of the singu-
! larity. At the well the flow is essentially radial. If streamlines are

; set off at equal intervals around the radius of the well, each interval

' carries the same discharge. Accordingly from the breakthrough times
for each streamline at the extraction well, a l}near extrapolation may

‘ be used to find the breakthrough concentratione.

: 1. Plotting Contours

A final topic before applications are ';mentioned is the method for

"l . gene‘ra_.ting contours. The method follows from equation (12). Assume

the expansion
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minie s SIS

._.A(g,n) =Zaj‘ﬂj(5’”’7)
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3 is ava.llable (tha.t is, the components aJ are known). Then to plot the
i i

:x contour A = & one needs to solve
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where the c, .are given m Table 1. P1ckmg a value of £ (_g i"g ) one e

_ may solve the res'ultlng quadratlc equa.tlon for the roots, ;7 . One has
P - {(c, +¢c e *2)+(' teo ftec =1:2)
Stlep T8 ege C3 T CgbTeqen
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I£ 77» lies withim the: range -L'< 7;- <L (g— is ch;osen:.tcr be within this:
range) therr therpoint( g‘ 77)* is: a- point orr the: contour.. This may be-trans—
formed by equation= (10) to find the co rresponding global point.. Oner needs:

points: ta: specify the: contours: wzthm: arm elexnenw
DRI ) e 2 use: the=contour- rna,y— ::un:rough].y' pa;:a:lIe]_ to: one: of”
the-local coordinates.. '

l to: search throughz a:seriessof £ ﬁoints and: thenx through a s_e:ies; ot {‘



V. APPLICATIONS

As mentioned previously, application of the technique presented
herein is straightforward and-only the method for generating the forcing
function in a standard FE computer code must be modified. If the element

—

contains a well then the well discharge is allocated according to equation

o |
l
1
i
i
(32). Corner and side nodes have these values from the singular solution l
added to the forcing function vector (with 9, given by equation (30)).
Also mentioned previously are a number of techniques for exploit- l
ing the hydraulic head solution to obtain furtheir results. Since the
hydraulic head is specified in a basis function expansion its derivatives l
exist everywhere and may be profitably used in further analysis. .These
results generated from the basis function expansidn of the solution (con- '
tours and streamlines)} are of great value when visualizing the finite ele-
ment solution. They represent a particular ad{rantage which the finite l
difference method does not possess: rather thaﬁ having to interpolate
between node points to find contours one may use the continuous FE solu-
tion. But, as is the case with 'any of the numerical methods which re-
duce a partial differential equation to an algebraic sysfem', the solution
generated will not possess all of the properties of the "trué” solution,
In the case of the generated contours of hydraulic head this show's up
wh.en one follows a contour between elements. While the contour is con-
tinuous, its tdngent is not. If one required a solution with continuous
tangents (which amounts to‘having continuous first derivatives of the
solution), a system of basis functions possessing a hi'gher order of con-
s linuity. should.be used {e.g., Hermitian elements,see Pinder and'Gr'a'i}i':“;""-’“”""'"’*‘5"5": e
- 1977). One can always improve on the solution o} tained throAugh applli-
cation of numerical methods, but this will require increased computational

expense.




A&, The 'I'fuem Problem

Asa fn:st exa.mple c:orrsr.der thre: sr.rngle T&Iem: problent of a we’lI.:'
loéated. im the: middle: of & ca.rcula:: lsla.nd: and: pumpmg_—: fromr a confined:
non.-leaky aqu:.fer under stea.dy sta.te c:o ndz.t:o n'sh Th:.s purely* radial
‘ nat: the distributior of flow

problem was: used: to determiner whe.ther 0
n&#m A e T ST RN .ﬂnvmmsm

profaor-ax

“fromr tixe: smcrula:r-element conta.mmg: the: welI is: rc:orrec:t. If the distri<
butiomis: ca rrectthemthe head atall nodes: o thes singulaz element )
boundary would be the': same~. If the- dzstnbutmn. is: not correct then the:
heads: for the: cornerand: side- nodes: mldﬂfer.. The: s. olunon: (not -
cluded here) showed. that the: heads are th:e.- same..

- —

B,  Source-and Si:ﬂé i Infinite- Aquifers Isotropic Cases

A: more- interesting:;;exa.mple-:_cdncernsa- the-combination of source-
and: sinlkcwells: puinping‘ ancinfiniteraquifert. The-analytichead solutions:

for bath the- lea.ky- a.nd..non.-lea.ky cases.are: known-,— v:z- "

. L (44)
h :.._g_.. { ln( _2_> } non-leaky

is. the distance from’ the: injection well and r

As shown i Figure 6, r >

1 .
is the distance from the extractiom well. For the-non-leaky case the.

contours of constanthead. form; a. fa.mlly' of circles (Apolonios circles;

Bear, L972)--, With ¢ = exp| AmTh
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To obtain the finite element solutions over a finite domain the

analytic heads from (49) were used as boun\iary conditions on the do-

main. Also, by symmetry, the perpendicu ar bisector of the line con-

necting the wells is a line with zero head (zero head at infinity is taken

as the datum). Figure 7 shows the element mesh used and a compari-

son of contours of the finite element head solution with the analytic
solution for the non-leaky problem. The di%tance between wells is 305

meters (1000 ft), the radius of the singular element containing the well

is 30. 5 meters (100 ft), and the rectangular domain shown is 1830 x 1070

meters (6000 x 3500 ft). In this domain (half the source-sink combina-

tion) 23 elements and 856 nodes were used. The transmissivity of the

aquifer is 112 metersz/day (3000 gpd/ft) and;‘]‘ the pumping rate is 680
meters3/day (125 gpm).

With these parameters the analytic solution for the head (in feet)

is

i90
7
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As a measure of the error we have used

error = E—.—}-l—- = -?—}:.-ln ~r—§-
T oQ/2mT T 10 rl‘

¥
fhe maximum node point error occurs at the two upper corner nodes of

the smgular element contalmna the well (1n the Flcure)
rH, ‘“-.""-ff‘ r-‘v. s DN Sren g . "

f the error 1s -O 063 wh

ich corresponds to a negatzve error in head of
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0. 1 centlmeters Within the singular element
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where we have gse&. ‘eq;ua‘.tionszf ( L9})?,,- (29} a.nd. ('. 95’*.. Wee: note: again thats
atthe well t&e.- Gzeeni‘sa fﬁnctiom Gand a.c‘:tt:é;j; (analytic) so—lufiom‘ }r ares
equal. Inour result K = 30 5= (radlus of the~ c::u:cula.:r: element contam—
ing ther well), =5 -30 5 and; 3 at the: well is: equa..L te: ha.lf. ther sunr of

Mthe‘sz&énadethezdﬁoﬁtha e'lemem'fmmtrs« one-qu&rte:r thes surmw ofF thres;sémamoyagemmniss

A )

corner node-heads: (& el = 2-22m). Thus, atthe singularpoint the
errorz s»-0.0LL which: c:orrespond.s ta minus. LLL centimeters.

Figure-8 shows: therprofile oﬁ the: a.na.ly-tlc: hea.d. solution: along: the:
centerline: through the-wells: for the lea.ky”a.qulfer counterpart of the:
previousr examples. Also: included:are th:e flmte: element node- solutions:
and: thex solutlon.. atthe= element.’& center-as: det¢rm1ned, from-the- basiss.
function= expansmn—.. Thehydz:aullc; r351$ta:nce.,¢ % , 152500 days: ancL
therheadiim the:a.d;acenta;quetls ta;kem as: zeﬁo.. A gaim, conrparxson:
witle thes ana.lyt:c: solutiom:iszseem tmbe very' gobd.. The: error- w1thm: the~
smgula.r: elementis: glven: by~ e

Error = E—Q—}P—I:I + K. (7;2) - Ko(%)
At theewell we: ha.vevs-‘an',‘ errorof -0.076 whiclir»clarre sponds. to. -7.4 centi~

meters..

C.  Source: and Sink in Izifi’nit& Aquifer: Anisotropic Cases

Figure 9 shows: contou:cs* for-the: leaky'r, a_w.?isotropic counterpart of
the previous. examples. Irr F 1gu1:e 9-a. the- majdr pr1nc1paL axis of trans—
mlssnm:y- coincides w1th the centerhne through the injection-extraction
well system.. ‘The: x and" y transmlss1v1t1es a.:%e» 55..9 and 223. 6 metersz"
per day (m accordance with- equat:.on; (2.5) I ~w\55 9 x 223. 6)1/2 =112
m / day so companson can be made with the ~pr vious: examples. The.

leakage coefficient and. dlscharge are the same as in. the other source-

smlc.ca.ses.. In:E:.gm:e-«‘) -b: the:axe.&a.:e.revers d:.w:.th;_ I” —»2.2.3 6 and..
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#5700 6de’s "in the far” field regzon where ‘the solution does “not change rap1d1y

_ 2
TY = 55.9 meters /day. A comparison of the two plots shows that the

situation depicted in Figure 9-b would be preferable if one were inter-

ested in establishing a barrier (e.g., the salt-water barrier mentioned

in the Introduction) to flow in the direction of the centerline through the

wells. The mound of pressure covers a gréater width perpendicular to

the direction of flow so an increased spacing between wells could be
used.

D. Velocity Fields, Streamlines and Times of Travel

If one's only interest was in determining the hydraulic head through-

out the field the analysis could cease at this point. The technique used

vields an excellent approximation to the analytic hydraulic head; partic-
ularly considering the coarseness of the FE mesh. But, obtaining an

improved distribution of head around a well is not an end in itself. The

primary goal is to apply the method to problems of contaminant trans-

port where the distribution of velocity around|a well is extremely impor-

tant.

The velocity field is obtained by differentiating the head field. That
the head solution is to be differentiated provides one reason for choosing

quadratic, isoparametric quadrilateral elements. Linear elements yield

a constant velocity over each element while our experience shows that
mixed order elements lead to poor results when the solution is differenti-
ated. The type of elementfs used in this:work and the singular solution for
elements containing wells combine to provide enough freedom to obtain an
accurate solution near wells yet they do not have an excess1ve number of
The dlscussmn now turns to the two methods for obtaining im-
proved velocity distributions with correSpondl g streamlines and to

generation of breakthrough curves. The case pf an injection and extrac-

tion well in an infinite non-leaky aquifer is again considered. The ana-

lytic solution for the streamlines is (Bear, 19 2, pg 321)

-47-
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L= tan { = 2 (50§

where nr= Z.ﬂ’%b and: 2d is the:distance: between; wells, (see: ET 1g3.1:e 6) -
Equatior (50) ma.y' be— cha;nge: 1nta %m»-% ,

Nxe—-& cotL) ‘ +—yz'° =d (L.%cot;—qi—
which shows: that thes streamlines: fornta famﬂ.y of circles: with: centers:

a.t(d.cot'ip—— O) and: radii d(L +cot” L\p )L/Z'

ot tra.vel. betweer points:= may- be- calcula.ted; either fronr the ongma]. work:

dl csc;-—-l-' - Anz:].yt:c:- mnes{

of Muskz.f:( 1934} o from: a-simplerfo rmula developed. by Z’aghz.. (L977)...
Forbreakthrough times iram injection-extractiomr sys ten this: latter B

formula: takes: the: particularly-simple: fo zrm .

2. I —Ecot—
=" 2 4 } (51)
sy - :
jo o il

Directintegration along the centerlme: betwe en wells gl.ves the: following:-

for-the-time-to: 1mt:.a.l.breakth3:ough;

 4pgbd”
p oo 2HO2C
mim | 3Q

Using equations: (50) and (51) one: can compare the FE solutions with their
a.na.lytic. count'erpartse _

The- samer pa.rameters were usecL in the velocity sample problem'as
in th&hydrauhc head problem: Q. 680 m” /day (125 gpm), gb =0.91 mr "
(3 feet), d =152.4 m (500 feet) and T —~112.i /da.y (9000 gpd/ft). The

chosen mesh consists: of 13 x.9 33..9 meter s?uare* elements covering o

i ?2 =

-
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an area 440 x 305 m~ (396 nodes and 117 elements). The side nodes

of the middle element were shifted so as to form the circular element

containing the well (radius = 24 m). Again, the mesh covers half the

injection-extraction well cornbination, the other half beiﬂg identical by
symmetry. |

Figures 10 and 11 compare the numerically generated streamlines
(dashed line) from the smoothed linear and quadratic veloc1ty fields with the

analytic streamlines (solid line) for the first quadrant of Flgure 6. Note that

the agreement is excellent. The FE streamlines were found by starting at

a point on the analytic streamline near the well and integrating the equatlon

of the streamline using the second-order Runge-Kutta method described ear-

. 1
lier. The local error is defined by E(x, y) =Ej Wix,y) - bix o' Yo )} and

thus is equal to zero at the mjectlon well [ai;tually at the 1n1t1al point

for the streamline near the well, (xo, yo)} . Y(x,y)/m is given by .

equation (50). Examination of computed values of E, or more simply

streamlines alternates in sign for the various streamlines., This type
of behavior is well known in the structural FE\ literature where the FE
stfesses are known to oscillate about their anelytic values (see Hinton
and Campbell, 1974). TFigure 10 shows that this oscillatory behavior of
E is'not as apparent for the stress averaged linear field streamlines.
From these two figures it appears that the solution derived from the
smoothed linear velocity field is preferable as far as the computed
streamlines are concerned. But the values of E(x, y) also show that the

smoothed llnear and quadratlc veloc1ty fleld rnethods glve equlvalent

e S AT e st LTS
P PR TR T T [ORA S S

resuits w1th1n the Elre‘:lzlar element contalmng the well (whzch is to be

| expected since the velocity within the circular element is primarily
determined by the analytic Green's function). hus the improvement

in the smoothed linear method is achieved outside of the circular element.

Figures 12 and 13 compare the correspon ing analytic and F'E

LT RSN T ST

breakthrough curves for the smoothed linear and quadratic velocity field

examination of Figure 11, shows that the error for the quadratic field l
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_': methods.. Aga.m,w the- c'fg I:eement:. is exc:ell nte T&e quadratzc: method -
- predlctsz & more: a.ccu::ate: tzme.- to: 1mt1aL br akth:ougln but the: overall f:f: |
_l is:better for the smoothed. l:.neaz: method.. =
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. aquifers is usually much less under "natural'

V1. DISCUSSION

In this section a number of points related to the present work are

discussed. The first topic far cons:.derat:.on is the chosen simulation

model and the results generated therefrom. The second topic is dis-

persion phenomena. Generalization of the method and time dependent

problems comprise the third topic.

A, Simulation Model and Results

The finite element model presented in Section IV is a very general

model for steady-state analys:Ls. But, consideration of practical prob-

lems suggests that the restriction to steady-state problems might seri-

ously limit application of the model. For instance, there is an unsteady

start-up period when pumping is initiated as well as variation in the

injection and extraction rates over time. Also, it is anticipated that

after the initial start-up there will be periods‘when the pumps will be

shut off. These considerations suggest that the steady-state assumption is

impraé’cical. The basis for the steady-state a\ssumption is the long time

frame to be considered in the movement of contaminants. Transport

between wells in the present case will take from months to years. Con-

sidered over these time frames the variations in well discharge will act

as a small perturbation on the overall transport process. During periods ‘

of well shut-down the flow within the aquifer will, for practical purposes,

]
stop. The hydraulic head distribution will rapidly return to its "natural"

state and leakage between adjacent aquifers will be importaht only over

..very long time frames (the difference-in hydraulic head between adjac ent R

conditions than when water

is being injected' into or extracted from one of t&ne aquifers). In simula-

‘tion of short to moderate length no-flow periods only the kinetic com-

ponents of chemical reaction models need be run. If chemical equilibrium

models are used then these no-flow periods may be completély removed

-51- . l
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A

from the input record for both the hydraulic and contaminant transport

models. In sum, since the central focus of the present investigation

is convection-disperéion-reactioﬁ of contaminants, the steady-state

flow assumption seemns adequate.

There are a number of severe restrictions implied by the use of ‘

. s steady-state flow model,  For the ‘present work the 'Most seve palof s

these is that the density field must be uniform throughout the region of

flow. If the density field is not uniform the dynamics will change as the

field moves about (it takes more force to changé-:- the momentum of a

heavier liquid.so the velocity field must change). A second restriction

is that one cannot consider the interaction between chemical and bio=-

logical species and the porous media, e.g., clnging due to precipitation,

ion exchange, or bacterial growth.

In the c’orripute-r code used in the FE simulation of hydraulics the

over the domain. Our experience in simulation of nonhomogeneous
fields suggests that this restriction to continuous parameter fields is
more a requirement of conceptual aesthetics fhan a requirement for rea-
sonable simulation results. For a field consisting of sand and gravel
lenses embedded in a silt and clay matrix it is conceptuall;y preferable
to specify the transmissivity as a discontinuous field. This is because
the transition between the sand and silt is abrupt. A simulation attempt
of such-a problem using a continuous field ruﬁs into severe problems
with keeping the transmissivity non-negative (see Section IV.B). The
other parameters (porosity and leakage coefficient) were specified as
constants over .each individual element. These parameters could also
be specified as a continuous field, but then the order of the Gaussian
quadrature scheme used to evaluate the integrals within the stiffness
matrix would have to be increased. It was f2lt that the added expense

|
was not justified. |

52~
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When evaluating the usefulness of the numerical model presented
herein one must compare it not only with analytic solutions but also
with FE solutions obtained from placing wells at node points. For the
far field (away from the Well; the two FE methods producé,equivalent
results. This is because of the local character of the finite element
solution (emphasized by Oden (1972); the type of solution, or constraints

on the solution, in a particular area are not felt in regions far removed

from that area). It is only as the well is approached that the distinctive -

features of the type of approximation used for the well show up. To
compare the two FE techniques the proSlem {lused in Section V. D {foz
examining the generated streamlines was simulated with the well placed
at a corner node. The region 427 by 305 meters (1400 by 1000 feet) was
modeled using 560 15.2 meter ~(50 feet) square elements and 1777 nodes.
The hydraulic head at the well was found to be 5.63 meters (18.5 feet)
rather than the analytic infinite head. At thj adjacent side nodes 7.6
meters from ‘the well the simulated head was 17 cm greater than the
analytic head and the error slowly decreased with increasing distance
from the well. Except very near the well the simulated results were

acceptable but the solution obtained through use of the model of Section IV

was superior throughout the domain.

BT

A moments consideration makes it apparent that the velocity ob-

tained by differentiating the head solution near the node-placed well

- {equation 34) will not be very good but it is not clear how one should go

about assigning a velocity at the well itself. (A velocity component at

the Well is requn‘ed 1f we w1sh to snmulate the transport of an 1n_]ected

. A -‘-’\'o l".'-‘»
5 2Tt e TR L N A e e s e R ST s L RS B SR S

» contamlnant) I the fleld is. not averaged in 1orne way then 1t is impos-~ :

sible to send off streamlines in the direction of the element boundaries;
since the magnitude of the x and y velocity cbmponents are approxi-
mately equal the only direction a streamline can take at the well is along

the bisector of the element. Also, the jumps in velocity magnitude and
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% *3ofé very real problems with placing the well at a node point. For

direction are very large when cros sing element boundaries. If the

velocity field is averaged using either of the m‘ethodsb suggested in

Section IV.F then the velocity field become$ continuous but there is

still considerable error in magnitude near theﬂwell., At the well itself

the averaged velocity is nearly zero! Thus, one can see that there are .
contaminant transport modeling these problems dictate that some type -

of improved appvroxirnation technique be used..

Concerning the hydraulic. head solution generated from the tech-
nique of Section IV. D, there is very little to be added to that mentioned
in Section V. The generated head is very close to its anelytiC' value
throughout the: domain.. Completely satisfactory results can be obtaiﬁed
using a very coarse mesh (see Figure 7').

The object of most interest is the velocity field obtained from the
hydraulic head solution. This velocity field is used directly in the con-
taminant transport model. Based on the results presented herein it is
not pose'j.biet_t'e"conclude. which of the two improved velocity field methods
presented ‘i-n_Section IV.F is preferable. Conceptually the smoothed
linear field is preferable. There are three reasons for this. First, .
while the node ’pbints are the best sampling points for the primary vari-
able (hydraulic head), they are the worst saqpling points for the d‘eriva-
tives of the primery variable (velocity). Hinton and Campbell ('1974)
suggest that this might be related to the fact that interpolation functions
tend to behave badly near the extremities of the intefpolation region.
Sampling at internal points should therefore give better.results. (See
Strang and Fix, 1973, pg. 168, for a note on why the node poiﬁts are the
best po‘ints for sampling the primary variables.) The second reason for
preferring the smoothed linear velocity meth‘o is that the process of
smoothing serves to filter out unwanted modes of defo;:-mation or flow

due to the incomplete higher degree terms of the quadratic polynomial
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velocity field. Third, it is contrary to one's '"'analytic'' expectations
to represent the hydraulic head and velocity field.by the same series
of functions when the latter i;s derived from the former through differ-
entiation. If we did not have to consider the transformation between
local and global representations of a function, it follows that differen-
tiation of a quadratic representation would yield 2 linear r_epresen;:ation.
But, as the examples of Section V. D show, none of the abc;ve reasons
can be compelling. Apparently, averaging the contributions to the
velocity at a node from surrounding elemeﬁts serves to do the same
type of smoothing as the least squares fit of the linear velocity fiela to
the quadratic one. It is left to future work to determine which of the

velocity field generation schemes is the best.

B. Dispersion

In modeling the transport of contaminants in a porous media the vel-

ocity field is used in two distinguishable ways: convection of contaminants

and mechanical dispersion. Since mechanical dispersion of contaminants

is so intimately connected with the velocity field a few qualitative comments
on the role of the velocity field are called for, Mechanical dispersion is
the name given to the mixing and spreading of a contaminant or tracer

as it is convected through the porous media. The two basic elements
‘which contribute to this type of mixing are the flow and the presence of

the pore system through which the flow takes place (Bear, 1972). The
basic equation which describes the transport of an ideal tracer (i.e.,

one of unlform den51ty which w1ll not enter 1nto chem1ca1 reactlons) is

SN ,,".‘rl:-_vv:-_'\'/v;"-?' ERRE
‘. el ey by k et s AR SR
x-"'-';p"«\k.\v- f«. St A B Xy o] NGRS R AL -vq?n"_ AT L) NI e Y R ¥ R -

dc¢ _ 0 , oc 3
at  ox (Daﬁ 8xﬁ> 0% (ac)

where D' p is the coefficient of hydrodynamicN dispersion,.a second
[87 |

|
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order symmetric tensor. D&E is the sum clf the coefficient of mechani-
cal dispersior‘i (DaB) and the coefficient of molecular diffusion in the .
porous media. Unless the field velocity is very small, mixing due to

molecular diffusion may usually be ignored and D' o= D

ag

There ha.ve been Jnany theoretlcal derzvatlons etpressm.g then aminiir i %

coef:E1c1ent of mechamcal dispersion.in terms of fundamental properties

of the porous media and characteristics of the flow. A number of these’
models are reviewed by Bear (1972). The major point of interest here
is that all expressions for DO‘B require the velbcity vector v_= %g*,
where: 9y is the Darcy velocity and § is the porosity (va is theractual
velocity at which a parcel of water moves through the porous media).

The most widely used representation is that of Scheidegger (1961):

) ' v -V
= - _g___li.
, Daﬁ anV 50;5 taprag =

This expression is valid for isotropic dispersion where 2 and aj are
the media's longitudinal and transverse dispersivities and V is the
magnitude of the velocity vector. The longitudinal and transverse
dispersivities are properties of the media only, being independent of |
the flow.l Scheidegger's model suggests that the coefficient of dispei-sion
is proportional to the first power of the velocity. |
As discussed by Cherry, et al. (1975), determination of the

magnitude of the longitudinal and transverse coefficients of dispersion

(dispersivity) is very difficult and requires a \inowledge of the velocity

field. | They group the methods for determining the velocity into

three classes: 1) artificial tracers, 2) environmental isotopes and

3) application of Darcy's law. They consider the first method to be

most accurate.
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Problems associated with determination of coefficients of dis-
persivity are most readily apparent when one compares the magnitudes
of coefficients determined in the laboratory and the field.- Cherry,

et al., quote laboratory values (for uniform materials) on the order of

e S e (Gl SN S PR

-2 _
10 = to l centimeter for the longitudinal coefficient 'aI in the model

DL = aI'V

where DL is the longitudinal coefficient of mechanical dispersion.
Field coefficieht's' are determined by first simulating the hydraulic head
distribution and adjusting the coefficient of transmissivity until the simu-
lated field matches the observed head distribution. Then contaminant
concentrations are simulated with the dispersion coefficients being ad-
justed until a match is obtained with observed contaminant values.
Coefficients obtained in this fashion are on the order of 10° to 10°
centimeters. Thus we find a difference between laboratory and field
values of about a factor of 10 ‘ |

An obvious reason for the large dlscrepancy between laboratory
and field dispersivities is the scale on which flow is occurr.ing. In
numerical modeling there are additional problems associated with the
scale of resolution of the numerical techniriue. These problems of
scale should be exemined in some detail in future work.

A ]

C. Generalization and Time Dependent Problems

e LR 2 u:(\,. m‘»/u*'w‘a.’h‘?{al:’bo\
st et 50 sz The-technique of embedding an analy'tzc 51ngula.r solutmn into the

finite element method presented herein is ai example of a general

rigorous approach to combining analytic and numerical methods. "I‘he
analytic function is superposed on the approximating solution and does
not enter the problem with an unknown multlplmng coefﬁment (i.e., in

augmentation of the solution space with extr$ functlons, see Sectlon IV C).
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One can easily envision the use of other analytic solutions, e.g., flows
around bodies,- certain types of boundary cong itions, oth_er types. of |
singularities. The method could be used in otherfields, e.g. ,A struc-
tural mechanics, heat transfer or electrostatics. The key lies with

the problem which remains. to be solved after embedding the analytic

T T JPDREL AP, 2 IR
¥ i .\,\-_ AL A RS *rw” RIS, {“,—v\yxi Lo e a Ll 2R 07Ty R I S

v golutions” The situation given in Sectlon IV. D is probably the best con-

ceivable. If, for the leaky aquifer case, we had restricted ourselves to -

embedding only the Thiem equation (G¥*), then the forcing function of the

resulting system of equations would also contaim the term -ffi—g G*(pidQ

(i.e., the leakage induced by the Thiem equation). Use of Q the:

appropriate Green's function of the operator has even removed this term.

From the present point of view the- most| interesting generalization

is that to the leaky-aquifer, time-dependent problem. In analogy with

equation (27), the boundary value problem defi}&ning' the Green's function

is
sec_a'c , 136 K o o
T at . 2 r 8r  Tb 1
ar
lim raG Q
=0 ar 27T
G =0 on I"e
G=0 at t=0 forall

where S is the aquifer storage coefficient. Applying the Laplace trans-

formation to this partial differential equation ('s“ee Street, 1973) and solving

the resulting ordinary differential equation we ﬂind

G = e (| KNT) - g J(NR)

I(’N)
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s K = . "
=PT - T and G 1is the Laplace transformation of the
Green's function G, i.e.,

where N2

m\

-G-(r,p) = fG(r-, t)e-tpdt'
)

The convolution of the inverse Laplace transformation of eéach of the

—

terms of G, which is the desired solution G, is a far too complicated

function to use profitably as the embedded solution. As such we look for
a second function .\ (r,t) which will cancel the singularity at the well
but not necessarily satisfy the other constraints on the problem (in par-

ticular the element boundary conditions). Such a function could be that

~of Hayes, Kendall and Wheeler (1977) but here we look for.a function

which may be embedded within the FE method in a more systematic
fashion. -

We consider two problems simultaneously. The firstis that of a
well (point source) in a nonleaky aquifer and the second is that of a well

in a leaky aquifer. For the former the approximate solution is

-~

ho=H+ A (r,t) - A¥R,t)

1 1
where Al satisfies
2
a ;\ 8 A 3 A
S 1 _ 1 + _1_ 1
T 3t 2 r Oor
or
U A L AT SRR AN A*“mfﬁvQ B P Fag s £ TR I A R T TR T S e
oo limr — = - '
or 2nT
-0 ‘
Al -0 as r-~-o \
A = 0 at t=0 \
1
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where A satisfies

and for the latter the approximate solution is |

~

h=H + Az(r, t) - AZ(R,t)

e B f e £ A
Dt TS AP BN K Lo

, .
A
§—3A2 =a 2,+L“z. X,
T ot ' 2 r 9r Tb 2
or
lim r-aAZ'- 2 )
ar 27T
r-0

A2 -0 as r-m

A& =0 at t=0

The solution for the first equation has been given by Theis (1935) while:

that for the second is given by Hantush and Jacob (1955). These solutions

are
© .
Q / 1 -u
Al(r,t) =TT ) Te du
r S '
4Tt
and
' @
2
Q 1 r K
Az(r,t) = 1T f = exp<-u - IToa )du
rZS ]
4Tt \

Now, using the -same procedure as in Section\IV. D the final FE problems

x
|

to be solved are’

. ~60~
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'gfsqal (o, s Hdd ; vs = (h_- A+ AT)} @dQ
l :
or f fqn(’aidr

r°

for the first case and for the second

K
fS(p +E(¢g,H}dQ '/{Z-}S——-+—g-(ha+ A"z")
aAZ
e
- T3 ./e-zoidf - /qncoidf

T T

@idQ

In the above note that A1 is the same function as Al except that 1t is

-evaluated at T = R, the radius of the circular element contanung the o

well, At any particular time is a constant over the singular ele-’{_fi

A
ment and thus E(oi, A'Jf) = -'S—gai 1‘}1 Smi‘lla:r statements hold for AZ"j
Note also that the allocation of the well discharge to the nodes of the -
singular element is the same as for the problem presented in Section IV, E.
Only the magnitude of the normal velocity changes (it is now a function of
time). The only obvious distinction between these two results is the
presence of the term - —i-{— A lgpidQ- in jche forcing function of the former.
The reason for its presence is that the boundary value problem defining

‘the function A (r,t) did not take into account lea.kage from the adjacent ..

1 S EPARETE =t T pisi i b T K T 003

SR ’*‘waqulfer. Thus Whlle the representatlon of A (r t) is s:.mpler than that of

1 /\Z(r t), the pr1ce is pald for the former ’q:y its presence in the forcing
function. In each case the starred function serves to cancel the value of
the singular solution on the boundary of the circular element so that the
approximation h is continuous throughout the domain. A-second ‘distinc-

tion between the two FE problems is in the element boundary integrals

~-61-



“
S
E .

of the normal velocity. The third and last distinction is in the function

used in the time correction for the unsteady boundary conditions on

%
A
]_"e, —Q.S a—thwidﬂ, k = 1,2. The FE problems can be solved using the

usual methods for time dependent problems (i.e., finite difference the

. o i ne N,

Generalizations to similar problems are easily carried out using
the same procedure. A slightly different type of generalization is to
change the geometric shape of the singular elen}.ent containing the well.
If a square is used for the norﬂ.eaky aquifer (the case where a circle
gives the Thiem equation) the Green's function becomes a Fourier
series expansion. Our experiéhce‘ shows that evaluation of the boundary
integrals of the normal velocity for the first six or seven terms of the

Fourier expansion is sufficient as far as the far field FE solution is

concerned..
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VI. CONCLUSIONS AND RECOMMENDA TIONS FOR
FUTURE WORK

Conclusions concerning the approximation technique presented

. - 3 * - ’
herein and the finite element numerical model are given below. Recom-

mendations for further modeling work are also given. Conclusions con- _

cerning the Santa Clara Valley Water District Project are glven in

Appendix I
The conclusions drawn from the presexﬁt work are as follows.

1. The approximation technique presented in Section IV.D is an example
of a simple but rigorous systematic method for combining ané.ly'tic
- and numerical methods.. The method as described will handle the
analysis of steady-state hydraulics in a confined, leaky aquifer for
a nonhomogeneous porous media containing injection-extraction
wells. The method is superior to others found in the literature.

2. The technique vyields excellent results fbr both 'the primary vari-
able (hydraulic head) and for the derivative of the primary variable
(velocity). Here '"'excellent'' is judged according to the érror in
the model simulatioh result when compared with a known analytic
solution. Concerning the fourth of the stated objectives of the
Stanford University research project (see Section III}, the model
presented is certainly more accurate than our knowledge of the

Tequired field parameters.

- 3. Useful constraints were formulated which guarantee uniqueness

and invertibility of the transformation between the global and local

. ’ ','x

|
!
|
|
|
|
|
_|
\
i
i
\
|
|

representatmns of 2 functlon. ) Also, __constralnts were formulated «ognzvc l

P S ” . EOEN s AN
,4.,__:;._,;‘.;’)3_.-\'" r"““\ AN DR L R I Faver wibve SRR UL .

_ which guarantee p051t1ve deflmteness of appropriate model "
. parameters. These latter constraints are particularly important
when considering strongly nonhomogeneous fields.
4, - The method presented for generating a family of streamlines and
determining the time of travel along respective streamlines is

very helpful when visualizing the finite e ement solution. The
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5.

1.

2.

3.

4.

accuracy of the streamline solution (measured by E in Section V.D)

is very éood, and as the breakthrough curve shows, the time of

travel along a streamline is also very accurate.

The method presented for plotting contours is of great value whemn

+ s+ visualizing the hydraulic head solution. or nonhomogeneous: ™ iridhim it s if

. parameter fields.

The following topics are recommended for future research.
Further experiments to determine which f the velocity generation
. schemes is the best (quadratic velocity field or smoothed linear
velocity f-ield).. Experimentation with other schemes would be
worthwhile-..
Investigation of methods for incorporating analytic solutions within
the Hermitian family of finite elements. The Hermitian family is
of special interest because it yields a continuous representation
when differentiated; thus, the vel‘ocity field could be determined
directly from the head solution without ajveraging. In order to
apply the method a way must be found for relaxing the continuity
constraints on derivatives across the boundary of the element
containing the well.
Investigation of time dependent problems using the schemes
presented in Section VI, C,
Use the model presented in Section IV to investigate the role of
unknown coefficients in nonhomogeneous field simulations. A
stochastic Monte Carlo scheme could be used to investigate the
range and uncertainty in generated resul‘ s. This would be of

particular interest when compared with well test data.
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APPENDIX I

Hydrogeology of the Palo Alto Bavlands Area

In this appendix the relevant geologic history, stratigraphy and

geomorphology of the near-surface (60 meters) deposits of the South

Bay area are rev1ewed the purpose bemg to prov1de an understa.ndlng

ary s Somd
A R ) Rt Ta SE SR - B T N S At LT PR M 5 S 94-— e R e S L 0 Ao Y htel D
A E g ]

“5f the complex enwronment chosen for the 1n3ect10n-extract10n system.

Both local and fleld groundwater modeling are discussed. The appendix
serves to highlig‘ht the problems one runs into when investigating actual
field sites. There is always a need for more field data and the type of
numerical model used must remain open to change.

Four physiographic units are recognized within the basin contain=-

ing the: Palo Alto baylands (Sokol, 1963). These are the northeastern
slope of the Santa Cruz mountains, the valleyliof. the San Andreas Fault

Zone, the foothill belt and the Santa Clara Valley. For a discussion of
the hydrogeology of these units see Sokol (1963). The Santa Clara Valley
is a result of a combination of downwarping and faulting. During the
Qua.terna.ry1 the valley has accumulated an aggregate thickness of 300
to 450 meters of continental sands, silts and elays interrupted by fairly
thick sequences of marine clays (State of California, 1967). In the

injection~extraction project we are interested in only the upper 6Q

meters of deposits. The recent geologic history of this section follows.

b ]

According to Holmes (1965), the last two or three million years have
been geologically classified as the Quaternary period. The Quaternary
is further divided into the Pleistocene (Glaci%rl) and Holocene (Recent)
periods. The Pleistocene is marked by periods of rising and falling
sea level, corresponding to the retreat and advance of the glaciers.
Here we are interested in the Sangamon interglacial age (high stand of

the seas), the Wisconsin glacial age and the post-Wisconsin or Recent
age. _ |
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Recent Geologic History

Two pri.hcipal features stand out in the history of Southern San
Francisco Bay deposits: tectonic subsidence and the rise and fall of
sea level during the PleAistocene (Glacial age). Atwater, Hedel and
Helley (1977) have interpreted the recent geologic history through in-
vestigation of sediments and fossils collected for bridge foundation
studies. Early estuarine deposits were from the Sangamon interglécial
high stand of the sea (70,000 - 130,000 years ago). During the subse-
quent Wisconsin glacial age the sea level fell afid part of the Sangamon
estuarine deposits were eroded and covered by alluvial sands, silts and
clays. The post-Wisconsin sea level rise has once again introduced
estuarine deposits into the Bay area. Duri‘ng the recent rise, the sea
level reached the Golden Gate .approximately 10,000 to 11,000 years
ago. The rising sea spread across the land area as rapidly as 30 meters
per yeavr. From 8000 to 6000 years ago the rate of sea level rise de-
creased and from 6000 years ago to the present has averaged 0.1 to O.Z
centimeters per year. The Bay reached the vicinity of the thalweg (the
line marking the deepest points of a stream channel) of the' stream drain-
ing the "Bay valley'' across from Menlo Park 8000 years ago and the
Palo Alto baylands 2000 to 3000 years ago. During this period tecto'nic,
subsidence was occurring, though at 2 much smaller rate. Figure 14
(after Atwater, et al.) shows a section of the Bay at Dumbarton bridge
(3.2 kilometers northwest of the Palo Alto Baylands).

Stratigraphy

Howland (1976) has investigated the hydrogeology of the Palo Alto

“baylands. Fortunately, part of his area of study coincides with the site

of the injection-extration project. Figure 1% shows his inferred corre-

lations between sediments in the Dumbarton Strait and Palo Alto bay-

lands.
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The following sediment descriptions are taken from Howland
(1976). -
SEDIMENTS FROM 20 TO 6GMETERS BELOW THE SURFACE

The sequence is dominated by firm gray silty clay which contains

-

a few minor lenses of sand and gravel. At depths of about 45 to 60

_ meters the sediments are predominantly mixtures: of sand'and graveki~iasmami

PR R ALY LU SR

The laﬁ:er deposits are highly variable in thickness. The deposits

RS

from 20 to 45 meters are interpreted to be of estuarine origin while

those from 45 to 60 meters are alluvium.

SEDIMENTS FROM 20 METERS BELOW THE SURFACE TO THE
BAY MUD
Howland described these sediments after investigating approxi-
mately 70 engineering 'boringé and 30 well logs. The locations are
shown in Figure 16 along with the location of t!fhe injection-extraction
system. Figure 17 shows a fence diagram consiructed by Howland.
Two members are delineated on the fence diagram below the artificial
fill and Bay mud. The first is a silty and sandy clay group. Minor
lenses of gravel and sand of about 30 cm thickness occur throughout :
this member. The second member consists of loose to dense coarse-
grained deposits consisting mainly of sand and gravellwith some silt.
S5orting is moderate to poor.
The two members agye complexly interfingered and variable in
areal extent and thickness. Two beds of the sand and gravel deposits
can be traced for some distance in the central part of the area (along
section G-C). The bed at 14 meters continues in section G-A, whereas
the bed at 7.6 meters seems to lense out and b\ecome a sandy clay.
Toward the southwest the beds seem to coarsen}.. If they are continuous
in this direction they probably thicken and effec‘itly merge., Toward the

Bay the section becomes predominantly more fine grained (clayey)
with considerable thinning of the coarser deposits.

‘\
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NEAR-SURFACE DEPOSITS
Toward the Bay the surface is covered by artificial fill and Bay
mud. The Bay mud was deposited by the post-Wisconsin rising sea

(now).

Geomorphology

The deposits of immediate interest in the SCVWD project are of
alluvial or.igin. To gain further insight to their nature it is necessary
to discuss the geomorphology of alluvial fans and alluvial piedmont
slopeé. ‘

An alluvial fan is a body of rather coarse-grained sediments built
up by 2 mountain stream at the base of 2 mountain front where a steeper
slope passes abruptly into a more gentle slope (Reineck and Singh, 1975).
When se‘v'.e:r_'a‘l alluvial fans occur adjacent to each other they may grow
and coéles_ﬁc_eto_fprm an alluvial piedmont slope (compound alluvial fan).
Fans rnaybedrnded into three zones (Blissenbach, 1954): the fanhead
(upper fa.ﬁ'fsé'gment), the midfan and the base. It is the last zone which
usually gracies into the zone of coalescence with other fans. The char-
acteristics of single ailuvial fans are discussed by Blissenbach (1954) .
and Hooke (1967). beke noted that while deposition is localized,
shifting of the locus. of deposition results in ‘relat.ively uniform deposits.
Blissenbach vrnenbtionve.d' the main conditions for formation of alluvial
fans: areas of bold relief aﬁd arid to semiarid conditions. There must
be profound erosion and transportation together with a strong tendency
for deposition as the mouﬁtain streams reach areés of low gradient.

Fans formed in humid environments are usu%lly flatter than those of

arid environments. B'lissenbach (1954) give‘i a discussion of depositing
agents on alluvial fans. .
Streams which carry the sediment load change their‘ course by

| ‘
lateral migration and by overflowing their banks, carving new channels
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and abandoning the old ones (downstream). ponsequently relatively
uniform deposition is found throughout the fa.\n or piedmont slope. The
coarser. channel deposits downstream on an abandoned channel are

left to be covered by finer ovéfbank deposits from flooding of neighbor~
ing channels. Thus, discontinuous sand and gravel 1ens»es.ma.y be

formed.

e - The material depo sited far down: the base 'and Wlthln ‘ther zone- ‘ofHaTe T

coalescence is more like floodplain sediments than like sediments from
the upper zones of the fan. These deposits are ’usefully placed with the
classification of Reineck and Singh (1975) who mention three major
groups: channel deposits, bank deposits and flood basin deposits. (In
the case of rivers which migrate actively laterally, recognizable bank
deposits may not be found.) Réinec’k and Singh (1975) presenta de~-
tailed discussion of the three major groups (and their eight subgroups).
The major point here is that the primary type of channel depos‘it is a
point bar. Point bars are deposited along the inside bank of a curve in
a stream. The flow traversing the insicie- bend loées its ability to carry

the coarse bedload (the suspended load is not affected). As the stream

. migrates the coarse point bar deposits are covered first by finer sands

and finally by the fine silts and clays of flood plain deposits. Thus, a
noticeable characteristic of point bar deposits' is a grading from coarse
sand and gravel on the bottom to fine silt and c¢lay on the toj).. Other
channel deposits show poorer grading. Flood plain deposits are from

the suspended load of 2 stream when it floods and overtops its banks.

SCVWD Injection-Extraction Site

With the preceding background we turn t} description of the site
chosen for the injection-extraction project. From the work of Atwater,
Hedel and Helley (1977) and the inferred corre a.tions of Howland (1976)
we see that the hydraulic barrier separatlng thf: deeper zone (55 meter

aquifer) from the shallow zone aquifers is composed of Sangamon
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estuarine deposits. The 55 meter aquifer is composed of alluvial
material froth a pre-Sangamon glacial age. The shallow aquifers lie
in alluvium deposited during the Wiscbnsin glacial age. ~ During the
period of deposition the ocean shoreline was located out beyond the
Golden Gate on the continental shelf. The South Bay and Santa Clara
Valley were a river valley with tributaries enfering from the adjacent
mountains. .These tributaries formed alluvial fans alcng the border of.
Santa Clara Valley. A particular example is the alluvial fan formed by
San Francisquito Creek (see Figure 16). ‘.

Palo Alto baylands are located along the southeastern margin of
the San Francisquito Creek Basin and the deposits beneath the baylands
appear to have been built up mostly from this source. Sokol (1963)
has extensively st:tldied the hydrogeology of this basin. From investi-
gation of specific yield1 maps he determinied that the upper reach of
San Francisquito Creek (out on the allﬁvial fan) maintained approximately
the same course throughout the Lateipleis'tocene and Recent time. The
same maps suggest that the lower reach has migrated during formation
of the fan. On Figures 16 and 17 one can find the present location of
San Francisquito Creek. The underlying sand and gravel deposits
were probably laid down by the creek as it migrated back and forth
across the face of the fan. The center of the arc of migration is toward
the northeast (as suggested by the thickness of the unit along section
E-D). The deposits which comprise the injection-extraction region of
the SCVWD project are in the far southern end of the arc.

|

The specific yield is the volume of water yielded per unit horizontal
area per unit drop of water table (Bouwer, |1978). Sands and gravels
have greater specific yields than do silts dnd clays. Greater values
of specific yield correspond to coarser deposits which lie closer to the
channel than the finer floodplain deposits.
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Returning to Figures 16 and 17 (after Howland, 1976) note that
the two sand and gravel units shown along the center section G-C
corresi:ond to the 7'.v6 and 14 meter aquifers found in the predesign
tests. Figure 17 and the high values of transmissivity (108 and 43
mz‘/day for the lower and upper, respectively) suggest tha..t, at least

locally, these units are continuous over some distance. But the conclu-

....sion of Howland that the 14 meter aquifer: continues:-in- section-G - A Ay S s

be inappropriate.

Table 3 gives the transmissivity values for the upper and lower
aquifer injection and extraction wells of Figure 1, as determined by
step-dra&down pumping tests (preliminary data, Brown and Caldwell).
Note the variability in transmissivity values between adjacent wells
throughout the: field. Also, the well-logs show that it is very difficult
to correlate adjacent sand and gravel units. .

Figure 18 shows the profile of relative sand and gravel unit con-
centration for 31 well-logs of the injection-extraction system. Rather
than viewing the profile as two distinct aquifers it is easier to view it
as a probability distribution function for coarse lenses (versus depth).
The expectation of finding a lense is greater than one half only within
the ranges 4.9-6.2 and 12.8-13.7 meters. From the well-logs it
appears that samples from adjacent wells (except near the I-1, E-l
pair) are statistically independent. While one would certaiﬁly expect
positive correlation for wells drilled close enough together, adjacent
units become uncorrelated within the range of distances between wells
found in the injection-extraction field. (Indeed, the example of I-2, to
be discussed below, shows that even locally the chances of finding
corresponding lenses at depths for adjacent | ells may be deemed inde-
pendent). Figure 19 shows a plot of percent|of aquifers thicker than a
specified thickness. This plot was generated from the logs of the
injection-extraction-observation system and imay be viewed as a cumu-

lative distribution function.
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The statistical picture drawn in the previous paragraph is further
clarified through description of depositional processes at the base of an
alluvial fan. Coarse-grained units are mainly channel deposits (partic-
ularly point bars). Thin sand lenses may be attributed to the near
channel overbank flows of natural levee and crevasse splay deposits
{Reineck and Singh, 1975). The streams change their course through a
combination of continuous migration (which extends point bars in the
lateral direction of migration) and random jumps. When the stream
returns it may erode part or all of the previousscoarse deposits. Thus,
the entire picture may be viewed as a random process.

Accordingly, the best description of the field, apart from the first
doublet pair (I-1, E-1), is probably that of a collection of individual
sand and gravel lenses (from channel deposits) embedded in an exten-

sive silt and clay matrix (from overbank flows). Figure 18 suggests

stronger correlation between deposits at about 5.5 meters and 13.2 meters,

but these should not be construed as continuous aquifers. Locally ground-

water flow may be simulated using a leaky aquifer model. But field
modeling should probably consider the entire thickness of Wisconsin de~
posits as a single aquifer whose hydraulic conductivity is substantially
less than that suggested by the individual coarse-grained lenses.

The discussion in this appendix has implications for the success or
failure of the SCVWD injection-extraction project. The principal goal
of this prbject is the establishment of an effective hydraulic barrier

against sea-water intrusion into the groundwater aquifers. Design of the

Warren and Price {(1961) were the first to use stochastic models for
investigating flow in nonhomogeneous fields. More recently Freeze
(1975) (also see Dagan, 1976 and Gelhar, et al., 1977) has used a
stochastic Monte Carlo method for studying one-dimensional flow in a
nonuniform media. An extension of this approach is probably the best
way to surmount the limitations of a deterministic model for the pres-

ent field investigation. Applications of such techniques are still in
their infancy. ‘ ‘
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injection-extraction system was based on the conception of two distin-

guishable, though separate aquifers inm the shallow zone (above 20 meters).

An important question raised by the present discussion is whether such a

barrier is required in this irAmediate area. The results presented herein

show that the conceived aquifers are actually a2 system of discontinuous

lenses which will not readily serve as an avenue to sea-water intrtsion.

tive, continuous pressure ridge along the entire axis of the field. In

view of the poor hydraulic conductivity of the upper zone and the discon-

tinuities in the aquifers of interest, injection at a pressure sufficient to

establish the barrier would have the undesired effect of causing surface

flooding near the well.

Injection Well I-2

To gain experience with direct injection on a field scale the I-2

injection well was investigated in a pilot study (see Figure 1 for location).

There are four observation wells surrounding the injection well at a dis-

tance of approximately 7.6 meters and one additional well at 16. 8 meters.

The logs for these wells are shown in Figures 20 and 21. Note the ex-

treme variability, even over such a small area.

With an injection pressure of 103 k Pa (15 psi) a steady-state dis-

charge (into the lower aquifer) of about 82 m3/day (15 gpm) was origi-

nally attained. The steady-state hydraulic head distribution is shown in

Figure 22. Immediately ®»ne notes the very small drop in head between

1-2 and P-4. While this is an extreme departure from a radial distribu-

tion of pressure, it may have been anticipated from the logs (note the

lense in I-2, P-4 and S-3 of Figure 20). What could not have been antici-

pated is the drop in head between P-4 and S-3|

drop is nearly the same as that found between

tion wells (where in P-1 for instance, the len:

Thus the lense which runs from I-2 to P-4 is

from that found in S-3.

The inferred configuxz

-78%

The magnitude of this
I-2 and the other observa-
se does not even appear).
hydraulically-disc ontinuous

ration is shown in Figure 23.

Cieaens Bs second-questioniisswhether it will prove feasible to establish an effec - " uisst
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An attempt was made to simulate the flowfield using the confined
aquifer model developed in Section IV.| The inverse problem to be
solved was to vary the coefficient of trénsmissivity until the observed
head distribution was reproduced. (The actual discharge and a reasonable
leakége coefficient were used.) After some work it became apparent
that with this model, solution of the inverse problem required an unrea-
sonable distribution of transmissivity. A high value was used for ele-
ments containing the lenses (in an attempt to reproduce the small drop
between I-2 and P-4). To reproduce the dro'p"m head between I-2 and
observation wells P-1, P-2 and P-3 the transmissivity had to decrease
to very low values. But then, to allow all of tl:xe flow to leave the region
the transmissivity values out beyond the observatior wells had to be
increased. If this latter increase was not allowed the magnitude of the
drop in head was reproduced but the value of the hydraulic head (or
pressure) at the injection well was too large.

An alternative to the results of the‘prec eding paragraph was found
if the value of the hydraulic resistance oi’ the confining layer was de-
creased significantly. : Using a higher transmissivity for elements
representing the lenses and a transrﬁissivity of 1.12 mz/day for the
rest of the field, with a hydraulic resistance of 25 days and a discharge
of 82 m3/day, the hydraulic head contours shown in Figure 24 were de-
rived. The result seems adequate for alﬂ the observation wells except
P-4. The hydraulic head drop betwéen 1-2 and P-4 is still much too
large. DBut a change to the spatialb resolustion level necessary to repro-
duce such a small pressure drop was deemed unjustified since the point

of interest is already made if one examines the magnitudes of hydraulic

~ conductivities for the "aquifer' and ""aquitard". For the aquifer (K = T/

_aquifer thickness) the hydraulic conductivity is 0. 92 m/day while that

The hydraulic resistance (a scalar quantity) is the ratio of the thickness
of the aquitard b and its hydraulic conductivity k. The aquitard hy-
draulic conductivity was determined to be 0. 13 cm/day for I-1 and 0. 06
cm/day for 1-6. An average of these wasﬁ used for I-2: k = 0.0%4 cm/
day. From the well logs an aquitard thickness of 5.8 meters was
chosen. Thus, the hydraulic resistance iF b/k = 6200 days.
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for the aquitard (K =b/resistance) is 0.23 m/day. These values are
of the same: order of magnitude which means| that flow through the aqui-
tard should not be strictly in the vertical direction (see the '"'law of
refraction of the gradient', Bear, 1972, pg. 266). Thus the flow is

three dimensional (and nearly 3-D radial near the lenses) and confined

While one could use this quasi three dimensional model with high
vertical leakage there are still a number of obstacles in the way of
velocity prediction. One problem is: how should the aquifer thickness
values be Specified in places where lenses are not found? A second

problem stems.from the combination of high transmissivity values for

‘the lense connecting I-2 and P-4 and the overly large hydraulic head

drop; the resulting velocity is excessively large. It appears that one
must leave the two .dimensional model for one which is three dimensional,
but here the proble-rﬁ of specifying. the porous media geometry is even
more overwhelming.:- One alternative, if the possibility of no model is
excluded, is to usléﬁ‘:‘:‘éh_éﬁ‘;_st'ochastic Monte Carlo method of Freeze (1975)
extended to three dimén.sions. The cost is significantly greater but the

model is conceptually much superior to a deterministic model of the

field.

Doublet Pair, I-1, E-1

St

A second example for application of the confined leaky aquifer
modei developed in Section IV is furnished by the doublet pair I-1, E-1l.
A's noted earlier, there is reason to believe that the aquifers found in
the predesign tests of I-1 may be continuous QVer a larger area than is.
typical of the rest of the field. Reasons for "us belief are furnished by
the high transmissivity values at the injection and extraction wells, logs
of other near-by wells (Jénks and Adams, 1974), and in pa{:ticular by the

fence diagram of Howland (Figure 17).
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In setting up the simulation, reliance was placed on Howland's
observation that there is a2 general thinning of the deposits toward the
bay. Also, from the logs of I-2 and E-2 we know that the aquifers pinch
out in that direction. Toward the foothills we can expect some thicken-
ing of the deposits. Finally, as noted by Howland (and shown in the
fence diagram, Figure 17), the aquifers thicken and effectively merge
to the northwest. With these trends and the transmissivity values for I-1
and E-1 the input data was estimated and the simulation carried out.

With an injection and extraction rate of 680 m3/day the hydraulic
head contours shown in Figure 25 \}vere generated. Transmissivity con-
tours are shown in Figure 26. The breakthrough curve at E-1 (ratio of
injected fluid in the withdrawn fluid) is shown in Figure 27. Also shown
in this figure is the breakthrough curve for the same conditions except
that the field has a uniform transmissivity of 112 rnz/day. Note that
the effect of haviﬁg the aquifer thin out toward the bay is to increase the
rate of breakthrough, as would intuitively be ~expec~£ed.

The breakthrough curves were generated directly from the velocity
field and as such, do not include the effects of dispersion. It is expected
that dispersion would considerably reduce the time to initial break-

through and the front of the curve would not be as steep.



APPENDIX II

In this appendix we evaluate the inter\element boundary integral
for the elliptic element of the anisotropic p&'oblem. The procedure is

more complicated than for the circular isotropic element but the result

is the same.

Properties of the Anisotropic Solution

Equation (28) gives the hydraulic head solution for the isotropic
problem. Using the transformations of (25) we find that the solution for

an anisotropic problem with principal transmissivities T and T  is

<, %)
Q . r! o\ B! r!
G = K -] - I (= (1. 1)
1/2 o (B') Rt o (B')
27 TxTy) ‘ IO (F)
where
\{2' YZ 1/2
r! = . +
(T /T )1/2 (T /T )1/2
x 'y vy X
1/2
| (TXT )1/2
BY = —&m

and x and y are the global coordinates of the anisotropic problem.

From the form of the function G of (II. 1) it is apparent that the head is

constant on the ellipse specified by

2 2
3‘__2.. + > = constant
a b -
» 2 2 1/2 . T :
where a = 1/b =(T /T . Consider thelellipse corresponding to
X ¥y
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the boundary of the singular element, r' = R'.| The direction of stream-

lines crossing the ellipse (see Figure 28a) is given by

q
tang, = =L = % | (L. 2)

qX

Here,

x [RL
3G _ Q-y | (_r_'_) o(B') (_R_'_>
T 27B'R’ lKl BT * L

and a similar expression is found for q- (K, (-) and Il( +) are the

1

modified Bessel functions of the second and first kind of order one).

The magnitude of qa is-

(2. 2 _ _Q g) o\ B, (_&) 2, 2
lQO.I - qX+qY - 2TBIR! %KI(BI + (RI) Il B! X +Y :
LIBT
AT (II. 3)

Next we want to find the direction of the outward unit normal vector
to the ellipse. According to Courant and John (1974, pg. 231), the nor-

mal to a curve at the point (x,vy) is
(&-_X)F? -(n-yF_=0

where (g » 1) 1s a point on the normal and F(x,y) = 0 is the equation of
' 2 2 >

+ L2> - R'" = 0 and the equation of

. b

the normal may be written in the form of a straight line:

the curve. For the ellipse, F =

N

2 : 2.
a a
xb b~/
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This last equation gives the tangent of the normal to the ellipse (see

Figure 28b) |

' ‘ az 4 yT '
tanf_ = 2. X, . X ' (1I. 4)
2 2 X xT
xb v

Evaluation of Interelement Boundarvy Integral

With equations (II. 2) through (II. 4) we can evaluate the boundary
integral given by equation (24)

oG e _ e _ e
- f“’iTas BXR 2,dT = f@iqaﬂadf‘ = fcoiqndl" (15)

e

T

In Section III T° was a "finite element'’ circle with q, constant on the
circle, and thus 9, could be moved outside of the integrand. But for
the ellipse 9, is a function of the position on the ellipse and must re-

main within the integrand. Because za is a unit vector we can write
- = * IIQ
a, = a5t = la, lcose, | (11, 5)

where 83 is the angle between the streamline and the unit normal to the
surface (see Figure 28c).3 To find c0593 we use Equations (II.2) and
(II. 4) in the form ‘

=0

F(g:"n)=‘n' 1

DAV

g 4

ya®
Gleg,n = n-—5¢-b, =0

xb ‘

|
Now, according to Courant and John (1974, pg. 234), the cosine of the

ahgle between the curves F =0 and G = 110 is
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cosf =
2 21/232 2.1/2
F°+F + GT)
(E n) (i n

SO
R'Z
cosh
, 2 2.1

(v%a 4 zb4)1/2( 2 A /2

Then from (II. 3) and (IL. 5),

5 (“R'> l
QR' R o\ B! R'\{ , 2.4, 24.-1/2
9% = Z2gBT K1<§r) ’ -I—(_IET)II(F)}' ya+=b)) . 6)
o\ B! '

Next we look at the differential along the curve:

2

- dx .

Using the equation of the ellipse we find

1

R'2 + azyz(a4-1)

R a2y dy

dT =

Finally, we examine the basis function expan#ion for the boundary (s.ee

Section IV. B). Along the boundary (see Figuﬁe 3 for numbering scheme)

- 1 S 2

For the isotropic circle we know that




Yzz--J—_Z-—, Y6=O, y3='/—2_f-

The corresponding points on the ellipse {with major axis coinciding with

the x-axis) are found from equation (25): Yo = -al_-yl = byI._ So for the

anisotropic case {with R = R')

Y _ R' O . R'
- - 3 y‘ - ) Y -
2 a\/z 6 3 ag/—z
and '
{ lZ |
ix _ R ) Z _ R 2
d‘n - = ’, y = -—2-: 77
a\/z 2a

A check for element degeneracy using Section IV. B shows that the ele-
ment mapping for the ellipse satisfies the c?nditic}ns for uniqueness and
invertability of the transformation between global and locil}fdbfria'.‘ins.

Before assembling the integral we note that

4 2.4 -1/2 a

i
(y"a >
[ 2 .

®'%+ yPalats 1yt

Using the same proceduré as Section IV.E we evaluate the integral for

2 . .
node 6, whose basis function is 0 =1-n. The integral is

1 >
2 ' dx~ 4
I, = fl(l'”)qn\/de -d%d,-,

or, with {2.6), (2.7) and (2. 8),
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R -
K (= 1 2
_ or'| (B—'-) °(B'> ( ') d-n)
§ o = 767 |1\BT) T ] (g HE f — 7
i R
K —
_ QR! (5_'_> o(B' (g)
= Soa K\ & +———-——-I R LiE (II. 9)
' o(B'

Equation (II. 9) is the same result as found for the isotropic case in

. R
Section IV, E. Thus the procedure for implementing this approach may
be directly extended for an anisotropic"problem with the shape of the

singular element given by the ellipse

2 - 2

X . + _Lr_ = R'Z
(T /T l).l/Z (T /T 1/2
Xy y x

The side node and corner node flow allocations remain the same.
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TABLE 1. Correspondence Between Functional Coefficients

in equations‘(ll) and (12)

c, = - :1}- (a1+ a2+ a3+ a4) + —i—(as-i- a.6+ a.7+ as)’
c, = l(a -a]) .‘
2 2 6 8

c3 = %—(-a5+ a7)

€4 ° %(al_ 2t a2y

c5 = %— (_a1+ a2+ a3+ a4) - %(a5+ a._{,)

Cp = %(ali- a2+ a3+ a4) - -;—(a6+ a8)

c, = j‘l:(—al- a2+ a3+ a4) + %(as- a7)

g = i—(-a + a2+ a,- a.4) + %—(-a6+ a8)

TABLE 2. Bilinear Basis Functions (see Figure 3 for

notation)

_€_
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TABLE 3. Transmissivity (m°/day) for SCYWD Wells

(See Figure 1) (Preliminary Data)
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Agquifer

Shallow Deep
43,5 108.0
134.6 116.7
33.6 6.4
7.0 < 1.0
29.2 4,8
12.6 5.0
61.5 22.3
131.1 1.9
48.2 -
6.2 130.8
15.0 2. 6'
6.5 6.8
32.4 4.7
62.7 44,5
11.5 4,7
51.0 7.9
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Mean 40,0 26.5
Std, Dev. 39.0 43,8
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FIGURE 4.

Schematic Representation of Approximation Technique
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Qhe: Holocene estuarine deposits

. Qpha: Late Pleistocene to Holocene alluvial deposits
Qpe: Late Pleistocene estuarine deposits
Qpa: Llate Pleisrs)cene alluvial deposits

Oha:  Holocene . aliuviol deposils

|
FIGURE 14. Geologic Cross-Section of Bay at&Dumbarton Bridge

(after Atwater, et al., 1917)
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Dumbarton Strait Paio Alto bayiands
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Depth Below. Mean Sea Level {meters)

Clay, siity and éc]nd:y clay with some siit

Sand and Gravel

~~  Disconformity (IO4-IO5 yeors)
Conformable or slightly disconformable (O- 10_4 years)

Qhe: Halocene estuarine deposits
Qpha: Late Pleistocene to Holocene |alluvial deposits
Qpe: Late Pleistocene estuarine deposits

Qpa: Pliocene (?) to late Pleistocene terrestrial and
estuarine deposits

FIGURE 15. Inferred Correlations Betwee Dumbarton Strait and
Palo Alto Baylands (afqer Howland, 1976)
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FIGURE 16. Location of Well Loys and Fence Diagram (after Howland, 1976)
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FIGURE 17. Fence Diagram of Baylands Area (after Howland. 1976)
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FIGURE 18. Profile of Relative Sanid/Gravel Unit Densiiy

from SCVWD Well ngs
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PERCENT GREATER THAN GIVEN THICKNESS
FIGURE 19. Distribution Function for Sand/Gravel Unit

Thickness from SCVWD Well Logs
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) w sand, coarse
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FIGURE 20. Profiles at I-2
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 bay mud clay bay mud :
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FIGURE 21. Profiles at I-2
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FIGURE 22.
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FIGURE 23. Fence Diagram at I-2
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HYDRAULIC HEAD
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FIGURE 24.

Simulation of Hydraulic Head Contours Around I-2
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FIGURE 2S5. Hydraulic Head Contours fgr I-1, E-1 Pair
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TRANSMISSIVITY CONTOURS ( meters”/day)

FIGURE 26. Contours of Transmissivity Used in Simulation of Figure 25
|
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FIGURE 27. Breakthrough Curve (Nondispersive) at E-1
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FIGURE 28. Ellipse Containing the Well
a. Streamlines Crossing Boundary
b. "Normal Vector to Boundary

c. Unit Normal and Streamlines at Boundary

)"

\--———-——-—/———————-—‘



	numerical modeling of regional ground water first scan
	numerical modeling of regional ground water 2nd scan.tiff
	numerical modeling of regional ground water 3rd scan.tiff.tiff
	numerical modeling of regional ground water 4th  scan.tiff.tiff
	numerical modeling of regional ground water 5th scan.tiff
	numerical modeling of regional ground water final scan.tiff.tiff

