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Abstract

This paper describes a combination approach of a digital finite element modeling technique and the Kriging method for structural
optimization. Since the digital modeling technique includes some inaccuracies in a modeling process, applicability of the Kriging method
to noisy data is investigated. An estimated surface generated by the conventional Kriging method will be wavy and not appropriate to
approximate optimization with noisy data. Therefore, a new Kriging-based approach is proposed. The new class of the Kriging method
and a digital modeling technique is applied to an eigenfrequency optimization of a structure. Numerical examples illustrate a validity and
effectiveness of the proposed method.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

In this paper, a combination approach of an approxi-
mate optimization method and a digital modeling tech-
nique for approximate structural optimization is
discussed. A digital modeling technique will reduce a mod-
eling cost, however, an object function can be evaluated
discretely. Therefore, approximate optimization method
will be available for structural optimization using a digital
modeling technique.

Several approximate optimization methods will be effec-
tive for an engineering optimization. In addition to conven-
tional methods using polynomial-based approximation [1],
spline interpolation [2], neural network (NN) [3], radial
basis function method (RBF) [2] or Kriging method [4,5]
has been recently studied for an approximate optimization.
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Especially, NN, RBF or Kriging method is applicable to
generate an approximated surface of a non-linear and com-
plex unknown function because of its flexibility. On the
other hand, those methods may not be suitable to generate
an estimated response surface with using noisy data, since
those methods will generate an approximated response
surface to minimize approximation errors at a sampling
location. For example, an estimated surface by the conven-
tional Kriging method will be complete interpolation of
sampling data [6]. This fact means that those methods will
regard noisy data as exact data, therefore the approxi-
mated surface will faithfully include noises in sampling
results. In some cases as optimization with noisy data
caused by modeling errors or numerical errors or experi-
mental data, those methods should be carefully used for
approximation. Some conventional methods, such as a
polynomial-based approximation method, will be more
applicable in those cases, however it will be difficult to
assume an appropriate base function, especially in the case
of highly non-linear, high dimensional and unknown
response function.
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Therefore, in this paper, the Kriging method is
improved to be applied to estimate a response surface with
using noisy data. By comparing both estimated results of
the proposed and conventional Kriging method, at first,
effectiveness of the proposed Kriging method is discussed.
We propose a combinatorial use of a digital finite modeling
technique and the proposed Kriging method for an approx-
imate structural optimization problem. By a numerical
result of shape optimization problem solved by using both
a digital finite element modeling and the Kriging method,
applicability and effectiveness of the proposed method is
investigated.
2. Approximate shape optimization using digital finite
element model

An digital finite element modeling technique with fixed
regular grid such as the Voxel technique [7] reduces mesh-
ing cost for finite element analysis, and this technique will
be usable to generate a finite element mesh of a complex
shape, since this technique is compatible with an image-
based modeling technique. Fig. 1 shows a scheme of mesh-
ing process using a digital modeling technique referring to
a complex smooth shape. By superimposing a region of a
smooth shape and a fixed grid model, a digital finite ele-
ment model can be easily generated. Although this process
will cause to increase mesh size and a computational cost
for numerical analysis, a recent improvement of computa-
tional performance enables us to practically use such a dig-
itized finite element model. As the other examples to use a
digitized finite element mesh, we can find several results of
topology optimization, which have been obtained by using
a fixed regular grid mesh [8].

This modeling technique will be available to evaluate
several properties of a structure qualitatively, however,
one of the problems to use the digital modeling is difficulty
of evaluating an influence of detail shape or size variation
of a structure. For instance, a digital finite element model
may not be able to express a small variation of surface of
a structure. Fig. 2 shows a digital finite element model
which is generated by two different exact shapes. As shown
in Fig. 2, such a digital modeling technique may include
some inaccuracies or noises in a modeling process. Because
of this problem, a detail shape or size optimization using a
digital modeling technique will be difficult to be solved.
Since a gradient-based optimization method requires sensi-
tivity calculation for a design variable, the detail variation
must be evaluated exactly.
(a) Smooth model

Fig. 1. Scheme of digital fi
In order to avoid this problem, several kinds of approx-
imate optimization method will be available. In general, an
approximate optimization method generates a continuous
and smooth response surface to be optimized from discrete
sampling results, therefore a differentiable design surface
will be generated. For example, Terada et al. reported an
optimizing result by using the Voxel technique and a poly-
nomial-based approximate optimization method [9].

In order to solve a more general problem, however, a
higher dimensional problem must be solved. Additionally,
an approximation method must be applied to a highly non-
linear and unknown solution space. Therefore a more flex-
ible approximation method such as NN, RBF or the Kri-
ging method will be more available.

These flexible approximation methods will be applicable
to highly non-linear and unknown solution space, but it
may not be applicable to a noisy system. Since a sampling
result using a digital modeling technique will include some
inaccuracies, in order to construct an optimization system
using both a digital finite element modeling technique
and a flexible approximation method, applicability of the
approximation method to noisy system should be
investigated.
3. Kriging method for noisy data

In this paper, the Kriging method is used for approxi-
mate optimization. The general Kriging method will gener-
ate an approximated model, which passes through the
sampling points similar to the other flexible approximation
methods.

This feature will be desirable for deterministic exact
sampling data, however, for inaccurate data, it sometimes
causes a non-desirable problem. For instance, some noises
in sampling data will cause fluctuations in approximated
surfaces. Therefore, in order to apply the Kriging method
to approximate shape optimization with a digital modeling
technique, applicability of the Kriging method to noisy
(b) Digital model

nite element modeling.
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data should be investigated, because a digital modeling
technique will include some inaccuracies in modeling
process.

Several types of the Kriging system have been proposed.
The maximum likelihood estimator (MLE)-based Kriging
system, which was reported by Sacks et al. [4], is generally
used for an approximate optimization. However, the ordin-
ary Kriging method with an empirical semivariogram-
based parameter estimation is used in this study. The
ordinary Kriging method provides an estimate valuebZðs0Þ at a location s0 as

bZðs0Þ ¼ wT Z ð1Þ

where w = {w1,w2, . . . ,wn}T is a weighting coefficient vector
for linear prediction (Eq. (1)), Z = {Z(s1), . . . ,Z(sn)}T is ob-
served values as sampling results at sampling location
s1 . . . sn.

To determine w, we will optimize a set of semivariogram
parameter to minimize a mean estimation error. Using a
semivariogram function c, Eq. (1) can be rewritten as

bZðs0Þ ¼ C�1c� þ 1� 1T C�1c�

1T C�11

� �
C�11

� �T

Z ð2Þ

where Cij = c(si � sj), c�i ¼ c�ðsi � s0Þ and 1 = {1,1, . . . , 1}T.
In this study, the following Gaussian-type semivariogram
function is used.

cðhi; bÞ ¼
b0 þ b1 1� exp � hij j

b2

n o2
� �� �

hij j 6¼ 0

0 hij j ¼ 0

8<: ð3Þ

where b = {b0,b1,b2} is a set of semivariogram parameters.
In the conventional method, c* will have the same form as
Eq. (3). Therefore, the ordinary Kriging method gives a
same estimated value as the sampling value at sampling
location. b0 in Eq. (3) indicates the nugget effect, and this
term causes discontinuity in an estimated surface [6]. If
b0 is not considered, the estimated surface will smoothly
interpolate given data, but this fact will cause to generate
a noise-included estimated surface. In the Kriging system,
therefore, the nugget effect should be considered, especially
in the case of using noisy data.

On the other hand, to eliminate discontinuity of an esti-
mate surface, a semivariogram function for an estimated
value is improved. Because of an assumption of second-
order stationarity of sampling space, the condition
c(0) = 0 must be satisfied, but this restriction is removed
in an estimated surface. Namely, we assume

c�ðhi; bÞ ¼ b0 þ b1 1� exp � hij j
b2

� �2
 !" #

ð4Þ

Since it is considered that discontinuity of an estimated sur-
face is caused by that of semivariogram function for an
estimated surface, using Eq. (4) will enable to eliminate dis-
continuity of an estimated surface.
4. Improved empirical semivariogram for noisy data

To determine a set of semivariogram parameters, we can
use an empirical semivariogram. Cressie proposed a robust
efficient estimator for changes in the scale of data using this
type of semivariogram [10]. An empirical semivariogram
model used for determination of a set of semivariogram
parameters can be expressed as

ĉðhÞ ¼ 1

2jNkj
X
Nk

ðZðsiÞ � ZðsjÞÞ2 ð5Þ

where Nk is a set of data, which satisfy jsi � sjj 2 ðRk�1;
Rk�; 0 < Rk�1 < Rk 2 R1. Rk is an optional real constant
to classify a set of sampling data. In general, Z(si) will be
an exact observed value. If Z(si) includes some noises e, how-
ever, jZ(si) � Z(sj)j will include an estimation error of 2e or
less. Since the nugget effect b0 can be interpreted as an aver-
age jump value from an exact surface, it can be assumed as
jej = jb0j in an average meaning. Assuming a degree of dis-
persion of data equal to a twice of an average nugget effect
b0, the empirical semivariogram Eq. (5) can be expressed as

ĉ�ðhÞ ¼ ĉðhÞ � 8b2
0 ð6Þ

Eq. (6) is used in minimizing the Cressie’s criterion instead
of ĉðhÞ itself. Since Eq. (5) will be non-linear on b0, some
effective algorithms such as Brunell’s approach [11] cannot
be used. Therefore, in this study, a conventional non-linear
optimization procedure is used for the minimizing process.

In this paper, the Kriging method using Eqs. (3), (4) and
(6) is proposed, and it is applied to a digital finite element
modeling process based structural optimization. This
improvement and the smoothed Kriging using Eq. (4) are
the key idea of the proposed new class of the Kriging
method.
5. Investigation of applicability of the Kriging method to

noisy data

In order to investigate applicability and effectiveness of
the proposed method to estimation of a response surface
with noisy data, at first, a one-dimensional mathematical
function is estimated. In this case, the following function
is used as the exact function.

f ðxÞ ¼ �x sinð2xÞ þ 0:2xþ 1; 0 6 x 6 5 ð7Þ

At first, estimated results by the proposed method in the
case of a noiseless problem are compared with that of the
conventional approach.

In this case, n = 11, 26 and 51 sampling results are used
for estimation. n shows the number of sampling locations
(grids). Fig. 3 shows a sampling condition for noiseless
data. The solid line in figures shows an exact curve of
Eq. (7). Fig. 4 shows the estimated results by using the con-
ventional ordinary Kriging system without considering the
nugget effect (K1). Fig. 5 shows the results of using the con-
ventional ordinary Kriging system with considering the
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Fig. 3. Sampling condition of noiseless data.
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Fig. 4. Estimated surface of K1 with noiseless data.
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Fig. 5. Estimated surface of K2 with noiseless data.
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Fig. 6. Estimated surface of P1 with noiseless data.
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Fig. 7. Estimated surface of P2 with noiseless data.
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nugget effect (K2), Fig. 6 shows the result of using only Eq.
(4) (P1), and Fig. 7 shows estimated results by using the
proposed method using Eqs. (4) and (6) (P2).

From Fig. 4, it is recognized that the conventional
method without considering the nugget effect gives very
smooth and appropriate estimation. From Fig. 5, it is
found that the conventional method with considering the
nugget effect generates a discontinuous surface, and the
estimation errors in function values tend to be larger as
the sampling number decreases. This tendency can be also
found in the case of using P1, but it is recognized from
Fig. 6 that the estimated surface of P1 is continuous and
smooth.

Fig. 7 shows the estimated surface by the proposed
method. It is recognized that the estimated surface is con-
tinuous, and includes less errors than that of K2 or P1,
especially in the case of a small number of sampling data.

As a next example, the Kriging systems are applied to
another set of sampling data with random noise. It is con-
sidered the case that there is single data for each grid. The
sampling results with random noises are computed by

�f ðxÞ ¼ f ðxÞ þ ð�1ÞP �max f ðxÞ � p � ef ð8Þ
where 0 6 p 6 1 is a random value and ef is a small real
constant. We assume ef = 0.05 in this case.

Fig. 8 shows the sampling condition. From Fig. 8, it can
be recognized that some noises are included in the sampling
results. Figs. 9–12 show the estimated results of K1, K2, P1
and P2. From Figs. 8 and 9, the estimated surfaces by K1
are continuous and smooth, and pass through the sampling
results. This result shows that K1 gives a complete interpo-
lation even if some noises are included in sampling results.
The estimated surfaces by K1 are locally wavy, and it is
considered that K1 will not applicable to approximate opti-
mization with noisy data.
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Fig. 10. Estimated surface of K2 with single noisy data.
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Fig. 11. Estimated surface of P1 with single noisy data.
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Fig. 12. Estimated surface by P2 with single noisy data.
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Fig. 8. Sampling condition of single noisy data.
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Fig. 9. Estimated surface of K1 with single noisy data.

Table 1
Estimation errors in each estimated result for noiseless data

Method Average absolute estimation error

n = 11 n = 26 n = 51

K1 0.004 0.001 0.000
K2 0.884 0.219 0.029
P1 1.006 0.302 0.062
P2 0.180 0.007 0.015

Table 2
Estimation errors in each estimated result for single noisy data

Method Average absolute estimation error

n = 11 n = 26 n = 51

K1 0.109 0.096 0.104
K2 0.596 0.261 0.116
P1 0.671 0.325 0.134
P2 0.188 0.058 0.044
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Fig. 10 shows that the estimated results by K2 also pass
the sampling results, but the surfaces are not continuous as
same as the previous result. However, tendency of the exact
function can be well expressed by K2 rather than K1. From
this result, it is considered that the effect of noise can be
decreased by considering the nugget effect. And from Figs.
11 and 12, it is recognized that P1 and P2 give the smooth
and continuous estimated surface, and P2 generates better-
fitted estimated surfaces for noisy data.
Comparing Figs. 9, 11, and 12, it is recognized that the
proposed approach can generate a better estimation of the
exact function of Eq. (7). Even though tendency of the
exact function seems to be well-estimated by using only
Eq. (4), accuracy of estimation with Eq. (6) seems to be
superior to that of using only Eq. (4).

In order to discuss the accuracy of each method, estima-
tion errors for each case are investigated. Tables 1 and 2
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show average absolute estimation errors for each case. An
absolute error means difference between an exact value of
Eq. (7) and estimated value. In this case, 100 estimated
grids, which are generated at regular intervals, are used
for evaluation.

From Table 1, K1 can generate a better-estimated sur-
face in the case of using noiseless data than the other meth-
ods. If very dense sampling data are gives, other methods
can also give better-estimated surfaces, but K1 is by far
the best in this case.

In contrast, it is recognized from Table 2 that K1 or P2
give better estimations in this case. P2 is superior to K1 for
n = 26 and 51. Estimation errors of P2 decrease if the sam-
pling number increases, but that of K1 does not decrease.
In addition, Fig. 9 shows that some local fluctuation occur
in the estimated surface. From these results, it is considered
that K1 is not so better than P1 or P2 in the case of using
noisy data.

From the viewpoint of an approximate optimization,
discontinuity or fluctuation in a response surface is not
preferable, therefore, the proposed method will be effective
for approximate optimization with noisy data.
6. Eigenfrequency optimization of a steel bar

As a numerical example of the combination approach
using both the proposed Kriging method and a digital
modeling technique, a structural design problem to deter-
mine sizes of two holes in a steel bar to control an eigenfre-
quency of the structure is solved. The structure is modeled
by using the fixed grid digital modeling technique to reduce
z

x
0.4m

Fixed

0.1m 0.15

Hole

Fig. 13. Scheme of the t

z

x

Fig. 14. Example of finite elemen
a modeling cost, therefore the sampling data will con-
stantly include some inaccuracies or noises in the modeling
process.

Fig. 13 shows a schematic view of the steel bar with two
holes. The radiuses of the holes are optimized. A finite ele-
ment model for this problem is illustrated in Fig. 14.

In this case, it is assumed that this structure is used
under about 2 kHz loading cycle. Since this structure has
2nd and 3rd order eigenfrequency near 2 kHz, the size of
holes is determined to maximize a difference between 2nd
and 3rd eigenfrequency. Under this assumption, the opti-
mization problem can be defined as

find r1; r2

to maximize jx3 � x2j
subject to 0:005 6 r1; r2 6 0:045

9>=>; ð9Þ

where r1 and r2 are the radiuses of the hole, and x2 and x3

are 2nd and 3rd eigenfrequencies.
In this case, 9 sampling points are generated with regu-

lar interval for each axis, totally 81 samples are used for
approximate optimization. Fig. 15 shows sampling results
for this problem. From this figure, it can be recognized that
the sampling results will includes some inaccuracies.

To this set of sampling results, a conventional ordinary
Kriging method with Gaussian-type semivariogram (with-
out the nugget effect, K1) and the Kriging method based
on the proposed approach (P2) are applied.

Approximated surfaces by K1 and P2 are shown in Figs.
16 and 17. From Fig. 16, it is recognized that K1 generates
a wavy response surface. Estimated values at sampling
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t model of a two-holed plate.
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Fig. 15. Sampling results for eigenfrequency optimization of the two-
holed bar.
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Fig. 16. Estimated surface obtained by K1.
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Fig. 17. Estimated surface obtained by P2.
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locations accord with the sampling results, however, this
surface will be difficult to use for approximate optimiza-
tion. In contrast, the estimated surface generated by P2 is
very smooth, and it will be applicable to approximate opti-
mization. This result shows that the conventional Kriging
method without considering the nugget effect should not
be applied to this problem, and the proposed method will
applicable to this optimization problem.

In order to evaluate quality of estimated optimum solu-
tion by the proposed method, the estimated optimum solu-
tions by K1 and P2 are investigated. Since it is difficult to
find the optimum solution using the estimated surface by
K1, the estimated optimum solution is found from 14,641
candidates (121 regular grids for each axis) estimated
by K1. The optimum solution in the estimated surface by
P2 is found by using a gradient-based optimization
method.

In addition, the optimum solution obtained by using a
smooth mesh is also investigated. Fig. 18 shows an example
of a smooth mesh of two-holed steel bar ((r1, r2) =
(0.09, 0.083)). It is considered that this smooth model
reduces an influence of noise in digital modeling process,
and sampling results will form a smooth response
surface.

The estimated optimum solutions are listed in Table 3.
Relative errors in Table 3 are computed by the following
equation

err ¼ jx
est � xSMj

xSM
ð10Þ

where xest shows a value obtained by estimation, and xSM

shows a value obtained by using the smooth mesh.
From Table 3, it is recognized that K1 and P2 can esti-

mate well an accurate optimum solution obtained by using
the smooth mesh. Relative estimation errors of P2 are
almost same or a little smaller than that of K1 in this case.
From this result and the illustrated results of estimated sur-
face (Figs. 16 and 17), it is considered that the proposed
method is applicable and effective to the approximate
structural optimization.

In order to investigate effectiveness of the proposed
method, a polynomial-based approximate optimization
procedure is also applied to the sampling result. In this
case, second or third order polynomials are assumed. The
approximated surfaces are illustrated in Figs. 19 and 20.
From these figures, it can be recognized that the polyno-
mial-based approximation also generates valid surfaces,
and the third-polynomial based approximation generates
more appropriate surface. However, the estimated opti-
mum solutions are (r1, r2) = (0.274, 0.450) by the second-
order polynomial approximation and (r1, r2) = (0.354,
0.450) by the third-order polynomial approximation. From
these results, accuracy of an estimated optimum solution
by the proposed method is superior to that of the polyno-
mial-based approximation, and this result shows effective-
ness of the proposed method.
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Table 3
Estimated optimum solutions by each method

r1 r2 Relative
error for r1

Relative
error for r2

Optimum
function value

K1 0.427 0.430 0.007 0.044 1.179
P2 0.414 0.450 0.037 0.000 0.964
Smooth

mesh
0.430 0.450 0.000 0.000 1.053
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Fig. 19. Estimated surface obtained by a second-order polynomial
approximation.
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Fig. 20. Estimated surface obtained by a third-order polynomial
approximation.
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7. Conclusion

This paper proposes a new approach for shape optimi-
zation using both a digital finite element modeling tech-
nique and the improved Kriging, which can be applied to
noisy data. The new class of Kriging using an improved
semivariogram for an estimated surface and an improved
empirical semivariogram can generate a smooth and con-
tinuous surface, and it is applicable to approximate optimi-
zation problem using inaccurate sampling data.

The numerical result illustrated problems in applying
the conventional Kriging method without or with consider-
ing the nugget effect to generate an estimated surface for
approximate optimization with noisy sampling data. From
the first numerical example, it is recognized that the
improved Kriging can generate a smooth and continuous
surface even if noisy data is used. It is also recognized that
the proposed method can reduce an influence of noise, and
discontinuity in an approximated surface caused by the
nugget effect is removed. A conventional Kriging with or
without taking the nugget effect into account cannot
generate an appropriate surface for approximate optimiza-
tion, and this result shows effectiveness of the proposed
method.

In order to investigate effectiveness and applicability of
the proposed method, which uses both a digital modeling
technique and the improved Kriging, to a structural opti-
mization problem, sizes of holes in two-holed steel are opti-
mized by the proposed method. In this problem, the
structure is modeled by the digital finite element modeling
technique, therefore the sampling results include some
inaccuracies. In case of using the conventional Kriging
method, therefore, the estimated response surface is also
wavy. The proposed method is also applied to the same
sampling result, and the proposed method can generate
the smooth and not-wavy estimated surface.

Comparing with the estimated response surfaces and the
estimated optimum solutions by several methods and the
exact solution obtained by using smooth mesh, effective-
ness and applicability of the proposed method to approxi-
mate structural optimization using a digital modeling
technique are illustrated.

As the next step of this study, it is necessary to investi-
gate an influence of sampling condition such as sampling
density or its irregularity on an estimated solution. Appli-
cability to a higher dimensional problem should be also
investigated.
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